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PREFACE 


TEXT-BOOKS on the Differential and Integral Calculus for school- 
boys and university students fall into two main classes; those 
which are based, implicitly or explicitly, on geometrical intuition, 
and which overcome the difficulties in an elementary presentation 
of the fundamental theorems either by omission or falsification, 
and those which develop the subject rigorously on the basis of the 
Dedekind number theory. The Dedekind theory, or an equivalent 
formulation, is suitable only for the mathematical specialist, and 
the student who seeks to acquire a knowledge of the Calculus for 
application in other fields is obliged to depend upon an account of 
the subject which leaves him the servant, and never the master, 
of a fundamental technique. 

After considering this dilemma for many years, and aftaies many 
fruitless attempts to reconcile the claims of these two methods, 
I came to the conclusion that the solution of the problem lay in 
a simplification of the Calculus itself. 

The simplified system, it is clear, must fulfil two principal re- 
quirements ; firstly, it must have the full technical power of the 
current system, i.e. must serve to find rates of change, areas, centres 
of gravity, and generally must in all its applications differ in no 
respect from the classical Calculus. All ‘ordinary’ functions which 
are differentiable or integrable in the current system must be 
differentiable or integrable in the simplified system (and of course 
the results of these operations must be unchanged). Secondly, the 
system must be founded in ideas so simple that they can be appre- 
ciated by any student with a School Certificate knowledge of 
arithmetic and algebra. 

It is believed that the ‘Uniform Calculus’, in the main, fulfils 
both these requirements. No doubt, time and experience will bring 
to light modifications, or even drastically different methods of 
development, which accomplish the task far better; no one 
looks forward to that progress more eagerly than the present 
author. 

The less the Uniform Calculus is found to diverge from the 
classical, in practice, the better will one of its objects have been 
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accomplished. The student who already has some experience in 
ordinary differentiation and integration will be able to use this 
work without perceiving any difference at all; the following obser- 
vations are directed, not to him, but to the expert. 

One of the more difficult, but essential, steps in the current de- 
velopment of the Calculus is the proof of the uniform continuity 
of a function which is continuous in a closed interval. The diffi- 
culty is of course obviated by taking uniform continuity as the - 
primary attribute, and this procedure is practicable since the 
familiar proofs of continuity of the elementary functions serve 
equally to prove uniform continuity. So, too, the simplest proofs 
of a surprisingly large number of elementary theorems, e.g. the 

x 


fundamental theorem f f(t) dt = f(x)—f(a), and theorems on the 


inversion of the order of repeated differentiations, require a con- 
tinuous derivative, and it seems preferable to obtain this continuity 
as a consequence of uniform differentiability, rather than to postu- 
late continuity ad hoc. The proofs of the uniform differentiability 
of the elementary functions are no more difficult than the proofs 
of their differentiability at a point. 

It is of course true that there are functions differentiable in 
the ordinary sense but not uniformly differentiable, but these 
may fairly be described as uncommon functions with which an 
elementary work is not concerned. A well-known instance of such 
a function is f(x) defined by the conditions 

f0)=0, fl) = a%sin(1/z), x £ 0; 
this function is everywhere differentiable in the classical sense, . 
with a derivative discontinuous at the origin, and therefore it is 
not uniformly differentiable in any interval which contains the 
origin. 

The ‘Uniform Calculus’ is not, however, a mere collection of 
those parts of the current theory which treat of uniform processes ; 
for one thing what has hitherto been considered is far from forming 
a comprehensive system, and—what is more important—there is 
no indication in the current theory that a calculus of uniform 
processes is susceptible of a more elementary foundation than the 
calculus of non-uniform processes. 

The restriction to uniformity (and other simplifications) make 
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PREFACE Vii 
it possible, within the field covered by this work, to dispense with 
such notions as sections and exact bounds, and with the classical 
foundation theorems like that of Heine-Borel on covering intervals, 
and the Weierstrass theorem on the existence of a limit-point of a 
bounded set (or its weaker form which asserts the convergence of a 
monotonic bounded sequence). 

We have taken as our foundation-stone the notion of a conver- 
gent sequence of terminating decimals. Such a sequence is shown 
to determine, digit by digit, an endless decimal which is called the 
limit of the sequence. In the first chapter this idea is developed 
in a purely practical manner, emphasis being laid on the numerical 
determination of the limit in actual cases ; the formal proof of the 
existence of the limit is given in the Appendix. The next step is to 
show that no new difficulty arises when the terms of the convergent 
sequence are themselves endless decimals, and this result is equi- 
valent to Dedekind’s theorem. A somewhat similar treatment of 
convergence is to be found in Baire’s famous paper ‘Fonctions 
discontinues’, Coll. Borel, 1905, and Acta Math., 1908, though the 
order of procedure is reversed and our defining properties are 
there derived from the classical formulation. 

The standard functions like e*, sinz, cosa are defined by their 
expansions. The power series is a natural extension of the poly- 
nomial, and the step from polynomial to power series presents no 
difficulty to the student who has seen the development of the 
number concept from terminating to endless decimal. The simplest 
power series from this point of view are the geometric series, and the 
series which can be derived from it by differentiation and integra- 
tion. The exponential series is then introduced as the series which 
is unchanged by differentiation ; taking the odd and even powers 
of the exponential series separately we meet the hyperbolic func- 
tions, and then, alternating the signs, we reach the circular func- 
tions. By these steps the fundamental series arise in a natural 
manner and the beginner is not left to wonder why just these 
series are studied in detail ; the periodicity of the circular functions 
must however appear as a remarkable and unexpected consequence 
of the addition theorems. The only natural definitions of the 
circular functions which make the periodicity immediately 
apparent (apart from the trivial one in which an inverse circular 
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function is defined for a certain range, as for instance by a definite 
integral, and then extended beyond this range by postulating 
periodicity) are either by the expansion in partial fractions 


or by the expression of sin x as an endless product 2 [] (1—2?/n?z?), 
n=1 


but these definitions do not lend themselves to a simple develop- 
ment. 

One point of notation requires special mention. The notion of a 
decimal zero to n places of decimals, i.e. a number of absolute value 
less than 1/10”, is required so frequently that a specific notation is 
used for it ; we have denoted by 0(n) any decimal which commences 
with a sequence of n zeros, and have expressed the fact that a 
particular decimal x is of this form by the equation x = O(n). This 
notation was reluctantly adopted only after long and careful con- 
sideration, its main drawback being of course that the similar sign 
‘o(n)’ has already a well-established usage in the theory of orders of 
magnitude. This theory has no part in the present work so there 
is no immediate danger of confusion, but it would certainly have 
been preferable to avoid it if possible. Unfortunately no other 
notation, invented for the purpose, served as well or suggested the 
desired idea so forcibly as the one adopted. The abbreviation 
‘d(n) = Or), n > n,’, standing for ‘d(n) = O(r) for any n not less 
than n,’ (the term ‘any’ has the universal not the existential 
connotation, throughout the book) is used extensively and is intro- 
duced quite early in the first chapter. 

There are no diagrams in this book. All the propositions and 
proof processes are purely algebraic, even though the language of 
geometry is occasionally used as a more vivid form of expression, 
for instance when we talk of a number between a and b as a point 
in the interval (a, b), or of the tangent to a curve, or the area con- 
tained by a curve. The reader may find it helpful.to translate this 
geometrical language into rough sketches, for a graph may serve 
in analysis as illustration, provided illustration is not mistaken for 
demonstration. But a diagram in the text catches the eye and 
tends to bring into play an oft-misleading geometrical intuition, 
before there has been time to follow the argument, with a con- 
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sequent failure to see the need for a detailed analysis of what is 
deemed self-evident in the picture. 

The text of the book covers the Calculus Syllabus for the General 
Honours degree of London and the provincial universities, and the 
London special degree. The first eleven chapters contain all that 
is needed of the Calculus for the ordinary and advanced papers in 
‘the Higher School Certificate examination. The order of chapters 
may be varied slightly to suit individual requirements..: For instance 
Chapter XI, on differential equations, may be taken before 
Chapter X, which deals with area and arc-length and curvature 
in a plane. A number of theorems have been marked with an 
asterisk, and these may be omitted at a first reading. 

In addition to the ‘drill’ examples there are over four hundred 
harder examples, with complete solutions. The solved examples 
are of various types. Some play an integral part in the develop- 
ment of the book, and should be regarded as additions to the 
chapter whose number they bear. Others indicate alternative 
lines of development, or generalizations and extensions, of the 
theorems in the text; the majority of the examples, however, are 
exercises in the technique of the Calculus. 

In the preparation of this book most of the standard works on 
Analysis were consulted on one point or another, and although 
almost every demonstration has some element of novelty in it, the 
debt owed to these works is a great one. To Professor E. H. Neville 
my warmest thanks are due for many valuable suggestions, and for 
his generous and unstinted help in correcting the proofs. I should 
like to express also my gratitude to the Delegates and Staff of the 
Clarendon Press, and my pleasure in the excellence of their work. 

I am indebted, above all, to Professor T. A. A. Broadbent, who 
read the manuscript and criticized the text down to the smallest 
detail. From the choice of words to the order of development, 
every aspect of the book has benefited from his penetrating obser- 
vations and helpful suggestions, and I welcome this opportunity 
to thank him and to acknowledge how much I owe both to his kind- 
ness and to his judgement, knowledge, and experience. 

The ‘Uniform Calculus’ is not an attempt to solve philosophical 
problems in the foundations of mathematics. The selective modi- 
fications which have been made are made solely with a view to 
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simplifying the technique, not to meet the well-known philoso- 
phical objections to the current system. Though no use is made of 
proof by reductio ad absurdum, the Uniform Calculus is nevertheless 
not strictly finitist, for many of the arguments are based upon 
undecidable disjunctions ; for instance the proof of the fundamental 
theorem on the determination of the limit of a convergent sequence, 
and the proof that a continuous function which takes both positive 
and negative values takes also the value zero (though the proof is 
finitist if the function is rational). As far as possible, however, 
the emphasis has been placed on practicable constructions, and in 
this respect at least the present approach may be philosophically 
preferable to the Dedekind-Russell formulation. 
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SEQUENCE AND SERIES 


THE DECIMAL NOTATION. LIMIT OF A CONVERGENT 

SEQUENCE. PROPERTIES OF POWER SERIES 
In elementary arithmetic we meet several kinds of numbers, the 
natural numbers we use for counting, the fractions which record 
a selection from a total, like 5 out of 8, and the positive and 
negative integers which record increase and decrease. The natural 
numbers alone, however, are fundamental, for all calculations with 
fractions or integers are based upon calculations with natural 
numbers. For example, to find the product of two fractions we 
multiply the natural numbers which are the numerators and 
denominators of the fractions, and to find the sum of two positive 
integers, like +2 and +3, we add the natural numbers 2 and 3. 
The familiar numerals 2 to 9 are, of course, only abbreviations for 
the natural numbers ‘one and one’, ‘one and one and one’, and 
so on, and such numerals as 10, 25, or 173 are also abbreviations, 
but in a different way, for these are numerals in a scale notation 
in which the digits represent so many units, tens, hundreds, etc., © 
according to their position from right to left. 

The expression of numbers in a scale serves to facilitate calcula- 
tion; to add or multiply in the scale of ten, for instance, we need 
but tabulate the sums and products of any two of the digits one 
to nine, and in the scale of two only the two results 141 = 10, 
1x1 = 1 are needed. The smaller the scale the smaller the addi- 


tion and multiplication tables, but this advantage of a small scale 


is offset by its failure to represent large numbers by means of 
comparatively few digits; for example, in the scale of two the 
number ninety-nine is a number of seven digits whereas in the 
scale of ten it has but two. 

The convenience of a scale notation was extended to fractions 
by the introduction of the decimal fraction, which marks one of 
the great steps in the development of mathematics. A decimal 
fraction (or, shortly, a decimal) records a selection from a total 
by means of single number, like -702, the dot serving to distinguish 
-702 from 702 and the number of digits alone showing that the 
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selection is made from a total of 10° (the scale number 10 being 
taken for granted). 

The decimal representation of fractions is, however, not quite 
as simple as this suggests. A fraction like.} is not represented by 
any terminating decimal, since there is a remainder unity when 3 
is divided into any [power of 10; to express the fact that the 
remainder recurs we write a dot over the partial quotient, so that 
} is represented by -3| -3 does not stand for any of the terminating _ 
decimals -3, -33, -333, etc., but is a new number sign. We might 
say that the sign -3 stands for the endless decimal each of whose 
digits is a three. 

Although we first meet examples of endless decimals in attempt- 
ing to find a decimal representation for certain fractions, it has 
long been known that there are endless decimals which do not 
represent any fraction so that, in general, an endless decimal is 
a new kind of number; for example, the endless decimal which 
arises from the familiar process of extracting the square root of 2 
is not the decimal representation of any fraction, for (in a sense of 
which we shall have more to say shortly) the square of this endless 
decimal has the value 2 whereas it can quite easily be shown that 
the square of any fraction p/q differs from 2 by at least 1/q*. . 

Since an endless decimal consists of an endless succession of 
digits we are obliged| to identify it by a description or a name; 
we have already met instances of this, such as the specification 
of the endless decimal, each digit of which is a 3, by the sign -3, 
and another familiar|example is afforded by the endless decimal 
which expresses the number of radians in an angle of 180° and 
which is known as ‘7’. In addition to specific endless decimals, 
named and identified} we can consider the general idea of a decimal 
as an endless succession of digits. 

The step from the terminating to the endless decimal is the step 
from Arithmetic to the Calculus. The arithmetical operations 
with endless decimals are of an essentially different character 
from the operations with natural numbers or terminating decimals. 
In elementary arithmetic, if we wished to multiply the endless 
decimals -3 and -6 we should multiply the fractions 4 and 3 which 
these endless decimals represent and should call -2, which repre- 
sents %, the product of the decimals. Since, however, as we have 
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observed, there are endless decimals which do not represent frac- 
tions, this method of multiplying endless decimals is not generally 
applicable. If we consider in turn the products -3x-6 = -18, 
+33 X -66 = 2178, -333 x -666 = -221778, -3333 x -6666 = -22217778 
we perceive that, step by step, we are constructing the decimal 
-2222.... We should have little difficulty in convincing ourselves 
that the more 3’s and 6’s in the multiplier and multiplicand the 
longer will be the run of 2’s in the product, i.e. the more digits, 
of the product will become fixed. From the second product 
onwards the first digit is a 2, from the third product onwards the 
second digit also attains its final value, and so on. But if we seek 
to prove that this is so, we cannot look for the proof in the products 
themselves, for however many multiplications we carry out there 
will always remain multipliers and multiplicands with more digits | 
and so, for aught we have shown, we might reach products which 
do not commence with a run of 2’s. That the successive digits of 
the products do in fact gradually settle down is proved by showing 
that every product lies between certain values. Since each of the 
numbers -3, :33, -333,... is greater than its predecessor, and so, too, 

‘each of the numbers -6, -66, -666,..., therefore each of the products 
“3X 3, -33x-66, -333 x -666,... is greater than its predecessor; 
moreover, if we choose any of the numbers, say +333, and add 1 
to its final digit, we obtain a number, -334 in fact, which is greater 
than any of the decimals whose digits are all 3’s, and similarly -667 
is greater than any decimal whose digits are all 6’s, so that each 
of the products +3 x -6, -33 x -66, -333 x -666, -3333 x -6666,... is less 
than -334 x -667. Thus each of the products, from. the third on- 
wards, lies between -333 x -666 = °221778 and :334 x -667 = -222778 
and so each product necessarily commences with the digits -22. 
In this way we can determine properties of a succession of products 
without carrying out the actual multiplications. 

If we denote the numbers -3, -33, -333,... by a1, dg, @,... and the 
numbers -6, -66, -666,... by 5,, 62, bs,... we may exhibit the proof 
that the digits of the products a,b,, a.b,, a3b3,... settle down, in 
a more general light. Since each decimal a,,,, is formed by adding 
a digit to the preceding a,,, it follows that for any p the number 

—a,, commences with n zeros and accordingly 
—a, < 1/10"; 


ay, +p 


anip 
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for example -333333—-33 = -003333 < -Ol. 
Similarly . Bnp—On < 1/10" 
and therefore 
Onin Onsp < (@n+1/10%)(b,+1/107) 
= Gy,by+(Gn+5y)/10%+ 1/10. 
Furthermore, for any n, a, < -4 and 6, < -7 and so 
Onsp Onsp—On On < (11/104+1/10)/10" < 2/10" < 1/10"-1, 
This shows that (unless the (n—1)th digit of the product a,,b,, is 
a 9) the product a,,,,6,4, has the same first n—2 digits as a, b,. 
E.g. ifn = 4, since a,b, = -22217778, therefore a,,46,,4, for any 
p, lies between -22217778 and -22317778, i.e. all the products 
a,,b,, after the fourth, commence with -22. 

The property of the sequences aj, da, d3,..., 61, bg, bg,..., and 
@,b,, 2,b,, @3bg,.... which can be deduced from the inequalities 
An 4p —An, < 1/10", By 4 p—Dy < 1/10", and Ay.490n4p—An On <1/10"-1, 
that in each sequence the difference between the nth term and any 
succeeding term can be made as small as we please by choosing n 
sufficiently great, is called convergence. Convergence is a sequence- 


property of fundamental importance in the calculus and we shall 
now define it formally. 


1. Definition of convergence 
A sequence of terminating decimals u,, uw, ug,... is said to be 
convergent if we can find a sequence 7, 2, 73,... such that for 


any r and N >7,, the positive value of the difference between 
Uy and u,, is less than 1/10". 


1.01. In less formal language: The sequence u, ts, ug;... is con- 
vergent if we can make the difference between the term w,, and 
any term which follows it less than any chosen number by a 
suitable choice of the value of n. In general the requisite value 
of n will depend upon the desired difference between w, and its 
successors, though of course if from some term onwards the terms 
of the sequence are all equal the convergence condition is satisfied 
for a single value of n, no matter how small the required difference 
between wu, and its successors may be. 
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Exampie. The sequence whose nth term is (vn—1)/Vn is con- 
vergent, because, for V > n, 


(WN —1)/VN —(Wn—1)/vn = 1/vn—1]VN < 1/vn, 
and so, if n, = 10, then 
(VN —1)/WN—(vn,—1)/vn, < 1/10 
for any N not less than n,. 


1.02. The decimal notation admits a certain ambiguity, since the 
two expressions -9, 1-0 represent the same number; that this is 
the case follows from the fact that if we divide unity into 1-0 we 
may write the result either as 1-0 or as -9 with remainder 1, which | 
gives rise to the quotient -9. Accordingly, if a,, < 9, the expres- 
SIONS MA, y...0,9 and AA, dy...0n_1a*, ak =a,,+1, represent 
the same number, for if we multiply the first by 10” we obtain 
(10 Ay+-4, ay... _°9 which equals 10”a,+-a, Q3...Am1a*, which is 
10” times the second. 


1.1. The limit of a convergent sequence of terminating 
decimals 

All numbers which differ from some terminating decimal a by 
less than 1/10"+1 have, in general, the same whole part and first 
n decimal figures as a itself; for instance all the numbers which 
differ from 13-27825 by less than 1/104 lie between 13-2781 and 
13-2783, and so all commence with the digits 13-278, and 13-278 
has the same whole part and first three digits as 13-27825. 

Thus if s, is a convergent sequence, so that for a certain Nyy 
and n >7n,, all s, differ from 8,, by less than 1/10°, then all 
8, (n >,) have the same whole part and first r—1_ decimal 
figures as s,, itself. Let ly be the whole part of S,,, 80 that 1, is 
- also the whole part of s, for all n >n,, and in particular the 
whole part of s,, (since n, > ,). Hence if 1, is the first decimal 
figure of s,,, then 1,1, has the same whole part and first decimal 
figure as s,,, and therefore the same whole part and first decimal 
figure as all s, after s,,, and in particular the same as 8,,- Where- 
fore if 1, is the second decimal figure of Sy then 1,-1.1, has the 
same whole part and first two decimal figures as s,, and therefore 
the same as s, for all n after ms, and so on. Accordingly if L, is 
the pth decimal figure of s,,,,,, then the endless decimal 1,1, Eg..ebyses 
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has the same whole part and first p decimal figures as all s, from 
Sn, onwards. . 

The decimal 1,-1, 1,... constructed in this way is called the Limrr 
of the convergent sequence s,, and s, is said to tend to 1. To 
determine the limit to p decimal places we simply delete all the 
figures in s,,,, after the pth decimal place. 

By construction, the limit of a convergent sequence s, is an 
endless decimal which has as many digits as we please in common 
with all s, from some suitable value of n onwards. 

If 1 is the limit of s, we write for short ‘lims, = 1’ or ‘s, >. 
The expression ‘lim s,, = I’ is read ‘the limit of s, is 1’, and ‘s, > 1’ 
as ‘s, tends to 0’. 

A difficulty may arise if the (p+1)th digit of s,,, is a zero or 
a nine, since in this case the pth digit of an s, after s,,,, may not 
be the same as the pth digit of s,,,,. For instance -370004 and 
-369997 differ by less than 1/10° but have different figures in the 
second, third, and fourth decimal places. 

It follows that it may happen, exceptionally, that when we 
choose the whole part and first p decimal figures of s,,,,, taking 
p= 0, 1, 2,... in turn, instead of obtaining a succession of the form 
oy Ugtly Uo'ls Le, Ig*l, le l,---, the numbers we obtain may alternate like 


2, 1-9, 2-00, 1-999, 2-000, 


Here the digits do not follow on, but none the less the successive 
terms have more and more figures in common with the number 2 
expressed in one or other of the possible forms 2-0 or 1-9. In such 
a case we call 2 the limit and observe that we can still say the 
limit has as many digits in common with s, as we please provided 
we admit the dual representation of the limit as 2-0 and as 1-9. 


Examp.tes. 1. The sequence -5, -42, +415, -4142, -41415, -414142,... 
in which the (2n)th term is the decimal (with 2n digits) -4141...4142, 
and the (27+ 1)th term is the decimal (with 2n-+- 1 digits) -4141...415, 
is convergent, with limit -41 = -414141..., which has the same first 
digit as all the terms after the second, the same first and second 
digits as all the terms after the third, and so on. 

2. The sequence -3, -191, -21, -1991, -201, -19991, -2001, -199991, 
-20001,... in which the (2”)th term is the decimal (with n nines) 
-199...991, and the (2n-++1)th term is the decimal (with n—1 zeros) 
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-200...001, is convergent, with limit -2 = -19; the even terms, from 
the (2n)th onwards, have the same first n-++1 digits as the limit, 
in the representation -19, and from the (2n+-1)th onwards, the 
odd terms have the. same first digits as the limit, in the repre- 
sentation -20. 
3. Prove that the sequence 
& = 1, s& = &+1, 85 = s,+1/2?, 
84 = 8t1/3%, -, Sata = Sa 1/n”, 
is convergent, and evaluate the limit to three places of decimals. 
We prove first that 


1 1 
0 < 84-8 S a(2-z3): 


These inequalities hold with n = 1, by definition; if they are true 
for n = k, then since 


Sp4k+1— Sp = (s r+k+1— Sr+k) + (8 r+k ») 


we have 
1 1 
0 < Sp SG + (rp t =(2 75 
1 2 r—l 
- paar = pe 
2 1 
> 2 
Soe (r > 2), 


so that the inequalities hold also for n = k+1, wherefore, by 
induction, they are true for all values of n. 
It follows that 
0 < 8,4,—8, <2/r° < Afr? (r > 2), 
and so, changing r into r+1, 
0 < 8y—Sp4 < U(r+1) <1/lor (N >r+1> 10), 
which proves that the sequence s,, is convergent. 
We readily calculate 
Sg = 2, 8, = 2-25, 8, = 2-287037..., 
85 = 2-290943..., sg = 2-291263... 
Since 0 <s,—8, < 2/66 < 1/104 (n> 6), 
therefore all s, after s, lie between 2-291263... and 2-291363... 
so that s, = 2-291 to three places of decimals, for all n > 6, 
whence lim s, = 2-291 to three places of decimals. 
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1.2. In simple cases it is possible té estimate the limit of a 

sequence, by inspection, before proving that the sequence is con- 

vergent. Suppose that for some sequence 8,, 53, 8%... we find a 

number 1, and a sequence n,, such that 

|2—s,| < 1/10" 

for all n not less than n,, then the sequence s,, is convergent and 

lim s, = 0. For 

[$,—8n,1 = | (8,—1) + (1—s,)| < [L—8n|-+|l—8,,| < 2/10" < 1/10" 
(n>N,), 

which proves that s,, is convergent. 

If / is a terminating decimal, 
Ug, Ae...Ay = Ag Ay...Ap 15,9 
(a, > 0, b, = a,—1), 

‘then, when 7 > Mp4, since |l—s,| < 1/10?+4, all s, lie between 

g'Ay Ay...Ay_1 5, 99...9, with g nines, and da, a2...4, 00...01, with 

q—1 zeros, and therefore s, has the same whole part and first 

p+q—1 decimal figures as J (in one or other decimal representa- 

tion); thus / is the limit of s,. And if] is a non-terminating decimal 

@o°0, Q,..., then we can determine V/ as great as we please such that 

ay is not zero. If ay = 9 we can find N > M such that ay < 9 

(since 1 does not terminate with a recurrence of nines), and if 

ay <9 we take N = M; but |J—s,| <1/10" (n > ny), and so 

all s,, (n > ny) have the same whole part and first M@—1 digits 

as l. 

This shows that J is the limit of the sequence. 


Exampcss. 1. Since 
\(n-+1)/n—1| = 1fn < 1/10" (n > 10°), 
it follows that 1 is the limit of the sequence 
2/1, 3/2, 4/3, ..., (m+1)/n, 
and the sequence is convergent. - 

2. The sequence 1, k, k?,..., k”,... is convergent, with limit zero, 
if —1 < k < 1, and convergent with limit unity ifk = 1;ifk > 1 
or k < —1 the sequence is not convergent. 

We distinguish the following cases: 

(i) k= 0. Here k” = 0 for all and so limk” — 0. 

k = 1. k”® = 1 for all n and therefore lim k" = 1. 
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(ii) 0<k<1. Write 1 = 1/k, so that 1 > 1 and let a =1—1 > 0. 
Then J” = (1-++a)" > na [since (1+a)" is the sum of positive 


terms I+na+(})ae+. or alternatively by induction, prov- 


ing (1-+a)" > 1-+-na by means of the inequalities 
(1+-a)(1-+-na) = 1+na-+a+a? > 1+(n+1)a], 
and so if n > 10°/a it follows that /” > 10". Hence k” < 1/10° 
provided that » > 10°/a, which proves that lim k" = 0. 
(iii) —1 <k <0. Then 0 < |k| <1 and so |{k|" << 1/10" by 
(ii), whence |k”| < 1/10" and so limk” = 0. 
(iv) k>1. Let a= k—1, so that k®” = (1+a)? > pa > 2, 
provided p > 2/a. Thus kn+?—k" = k"(k®—1) > 1, for any 
n whatsoever, provided p > 2/a, and therefore the sequence 
k” is not convergent. 
(v) k < —1. Here |k| > 1 and so 
|kn+2p _hm| — [km |k2?—1| = ||" {|e[22—1| > 1, 
provided p > 1/a; and therefore the sequence k” is not 
convergent. 
(vi) kK = —1. Since |k"+1—k"| = |k|"|kK—1| = 2, therefore k” 
. is not convergent. \ _ 
It may assist the reader to follow the proofs we have given that 
certain sequences are not convergent if we formulate the negation 
of the convergence property in detail. A sequence s, is ot con- 
' vergent if we can find a (fixed) & and a sequence p, > r such that, 
for any 7, 


\ 


|8p,—8| = 1/10*. 

Tn less formal language: s,, is not convergent if any s, is followed 
by some s,, which differs from it by more than a certain positive 
quantity. The value of & in the inequality |s,—s,| > 1/10* is 
constant and the inequality must hold for this fixed & whatever 
value r may take. Furthermore there may be more than one value 
of p, (for each r) for which the inequality holds, but it is sufficient 
if there is a single value of p, (for each r) for which the inequality 
is known to be satisfied. 

Consider in turn the-cases (iv), (v), and (vi) above. In (iv) we 
showed that, for any 7, k” differed from any following k"+? by 
more than unity, whereas in (v) what we proved was that every 
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k” differed from certain following terms, namely the terms k"+2?, 
by more than unity. In (vi) we were satisfied to prove that each 
k differed from the single term which follows it by as much as 2. 

To prove convergence we must show that the difference between 
Sy, and every s,, after it is less than 1/10°; lack of convergence 
requires only that each s, differs from some one subsequent term 
by more than fixed amount. The negative of convergence is 
generally called divergence. 


1.3. Notation 

We shall have such frequent occasion to consider numbers whose 
positive value is less than some power of 1/10, that we shall denote 
such numbers by a special abbreviation. We shall write ‘0(r)’ for 
any number which is zero to r places of decimals, ie. for any 
number whose positive value is less than 1/10". The equation 
‘gz = O(r)’, which may be read as ‘x is 0 to r places’, is the equiva- 
lent of ‘|x| < 1/10°’. : 

Since the sum or difference of any two numbers which are zero 
to at least r places is zero to at least r—1 places, we write 

O(r)+-0(s) = O(r—1), wheres >7, 
and since the product of a number less than 1/10" with a number 
“less than 1/10° is less than 1/10°+* we write O(r).0(s) = O(r-+-s). 
If 71, 72,-..) T, are all not less than r, and if n < 10, then 
1/10" --1/10%4...+1/10% < n/10" < 10/10" = 1/10°-1, 
and therefore, provided n < 10, 
(74) +.0(r)-+..-+0(F) = O(r—1). 
In this notation the condition that a sequence Uy, Ug, Ug,... 18 
convergent is expressed by: 
for N >n,, Uy—Up, = Or) or Uy = Up, +O(r), . 
and the condition that / is the limit of the sequence is: 
forn >n,, Uy, = 140(r). 
Observe that if a—b = 0(r) then b—a = O(r), since each equation 
says that |a—b| < 1/10". 

Whether x is a terminating or endless decimal we denote the 
decimal formed by the whole part and first r decimal digits of x 
by (x),. Thus x = O(r) and (x), = 0 say the same thing. For any 
decimal x, x—(x), commences with r zeros and so x—(x), = O(r). 
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The condition that a sequence a,, is convergent takes the simple 
form: 
for allr, (4,—a@,,),=90 (n>7,); 


and the relation between a convergent sequence a,, and its limit J is 
(}), = (@,), for all r and n > n,. 

‘Note that if p >r then ((x),), = (x),, and if x is a terminating 
decimal of less than r+-1 decimal digits, then (x), = x. 
1.31. In order to prove, for some U,,, that 

. O,, = O(r) for all n > n(r) 
it is sufficient to prove 

U, = AO(r) for all n > v(r) 


provided that, when the expression A depends upon n or r, there 
is a constant K such that |A| < K for any n and 7, i.e. provided 
that A is bounded. For if p is chosen so that 10? > K and if 
n > v(p-+r), then 

|U,| < |A|/10°* < 1/10", 
and so, taking n(r) = »(p-++r), we have 

U, = O(r) for n > n(r). 


1.4. Sums and products of convergent sequences of termi- 
nating decimals 


1.41. If the sequences a, and b,, are convergent then the sequence 


a,+6, is convergent. 
For we can find m, and n, so that for M > m, and N > n,, 


Gy = G,+0(r), by = 6,,-+0(r). 


Let A, denote the greater of the two numbers m,, n,, and there- 
fore, if k > A,, 


(@j,+-;,)—(a,+b,,) = (4~—4,)+ (6,—4,) 
= (G4 —4m,) + (Gm, —.) + (Oe bn) + (On, —59,) 
= 0(r)+-0(r)+ 0(r)+0(r) 
= 0(r—1). 
Thus the sequence a,,+6, is convergent. 


1.411. Taking —0, for 6b, we see also that a,,—,, is convergent. 
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1.42. We show next that the sequence a,b, is convergent. 
re A, a8 above we find 
= a, by, + {0 +b, + 0(r—1}0(r—1). 
Now for any m > m, and any n > n, 
= G,,+0(1), bn = Gy, +0(1) 
and so if we choose p so that |a,,,| and {a,,| are both less than D, 
it follows that for any m greater than both m, and n, we have 
la,|<p+1 and |6,,| <<p+1 
and therefore [@m+5,+0(r—1)| << 2p-+8, 
and so the sequence a,b, is convergent (by 1.31). 
1.43. We can also show that 1/a, is convergent, provided that 
for some fixed g > 0, |a,| > q for all n. 


_ 1 
For = |1/ay—1/a,| = |4,—a@y|/|¢q||ay| < qi lan— An 


and |ay—a,| = 0(r) for N > and a suitable value of n. 


1.431. From 1.42 and 1.43 we deduce the convergence of the 
sequence 6,,/a,,, provided |a,| > q for some fixed g > 0, and all n. 


1.44. Arithmetical operations with endless decimals 

Definition of sum and product of endless decimals. If a, and b, 
are the values to n decimal places of two endless decimals « and B, 
then since ay—a,, and by—b,, are both less than 1/10”, a, and b, 
are convergent and therefore, by 1.41, a,-+6,, is convergent. Let 
s be the limit of the sequence a,+6,,; then we define s to be the 
sum of the endless decimals « and f. In the notation of § 1.3, 
a-+B = lim{(«),+-(8),}-. Ifd is the limit of the convergent sequence 
a,—b,, we define d to be the difference of « and B, i.e. 

a—B = lim{(«),—(B)n}- 
Furthermore, if p is the limit of the convergent sequence a,, b,, and 
q the limit of a,,/b,, (supposing that |6,| >A > 0 for all n), then p 
and qg are defined to be product and quotient respectively of the 
endless decimals « and f, i.e. 
of = lim(«),.(8), and a/B8 = lim(a),/(B),. 

1.441. A sequence of endless decimals 8,, 85, 83,... is said to be 
convergent if s,—s, = O(r), n > n,. 


https://t.me/ pdf4exams 


Dowglgadad deo itsdbmelcivilsbuzz - 


This definition is the same as for a sequence of terminating 
decimals; observe, however, the convergence condition involves 
the difference in terms of the sequence, and the difference of two 
endless decimals itself involves the convergence of a sequence of 
terminating decimals. 


1.4411. If s, is a convergent sequence of endless decimals then 
the sequence (s,),, converges. 
For 


(sy) —(Sn)n ai {sy ~ nt +{8n—(8n)n}—{8y —(8y)y} 
= O(r)+0(n)+0(N), ifN>n>n,, 
=O(r—1), ifn >r. 
1.4412. If s, is convergent then s,, converges to a limit 1; for if 1 


is the limit of the convergent sequence of terminating decimals 
(8n)n then (2), = {(8,)n}u. % > ,, and so if n > k, so that 


{(8n)nbe = — (Sn)is 
we have (1), = (8,),, 80 that 1 is the limit of the sequence Sy» 


1.442. Inequalities. If x and y are endless decimals (not termi- 
nating in a recurrence of 9’s) and if for some n, (2), > (Y)n» We 
write « > y; if (x), < (y),» we write x < y, and if (x), = (y), for 
all values of n, then x = y. 

We observe that if (x), = 0, for some r, then |z| <1 /10°, for if 
_ (x), = 0, then (—1/10°), < (x), < (1/10*),, and so 

—1/10"° <4 < 1/10. 

1.45. The limit of the sum of two convergent sequences is the 
sum of the limits of the sequences. 

Suppose lima, = a, limb, = f, and lim(a,+6,,) = 8, so that for 
n2>some k, a=a,+0(r), B = 6,+0(r), and s = a,+b,+0(r), 
and therefore «+8 = s+0(r—1). This equation is true for any 


value of r and therefore «+8 and s are equal to r places for any 1, 
whence it follows that «+f = s. 


1.451. Replacing 6, by —b, and B by —8 it follows from 1.45 
that the limit of the difference of two convergent sequences is the 
difference of the limits of the sequence. 


1.452. The limit of the product of two convergent sequences is 
the product of the limits of the sequences. 
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For « = a,+0(r), B = 6,+0(r), p = a,6,+0(r) and so 
oB—p = (a, +56,).0(7)+0(27). 
But a@,+5, = «+8+0(r—1) and so oB—p = (a+ )0(r)+0(2r—2). 
Choosing m so that (a+) < 10” it follows that 
|oB—p| < 1/10"-™, 
for any 7; and so o8 = p. 
1.453. If a sequence a,, converges to a non-zero limit « then 1/a,, 
converges to 1/a. For a, = a+0(k) and so, choosing k so that 
$a] > 1/10*, it follows that |a,,| > |a|—4]a| > 1/10*. 
Hence 
[L/a—1/a,,| = |a,—cl/Jo||@_| < |a,—a|10% 
and so if n is chosen great enough to ensure a, = «+0(r-+ 2k), 
|1/a—1/a,| < 1/10", 
which shows that lim 1/a,, = 1/a. 
Exampze. To find the limit of the sequence (n-+1)/(2n-+-3). 
Consider 1+-1/n. Since 1/n = O(r) for n > 10°+1, 1/n > 0, and 
therefore (as the limit of the sequence 1, 1, 1, 1,...is 1) 14+1/n> 1. 
Similarly 2+3/n > 2 and so (1+1/n)/(2+3/n) > 1/2. But 
(14 1/n)/(2-+8/n) = =) (FS) = (n-+1)/((2n-+8). 
This example illustrates an important technique. Neither of the 
sequences n-+1, 2n-+3 is convergent, since for instance 
N+1i—(n+1) = N-—n>1, for N>n, 
however great n may be, but by dividing the numerator and 
denominator of the fraction (n-+1)/(2n+3) by n, the given 
sequence is seen to be the quotient of the two convergent sequences 
I4+1/n,  2438/n. 
The sequence (n?-+ 2n-+2)/(n-+-1) is not convergent, for 
(n?+-2n-+ 2)/(n-+1) = (n+1)+1/(n+1), 
and n-+1 is not convergent whereas 1/(n-+1) converges. (If 
(n+1)+1/(n+1) were convergent then the difference between it 
and the convergent sequence 1/(n-+-1) would also be convergent, 
but this difference is n+1.) Dividing the numerator and denomi- 
nator of (n?+2n-+-2)/(n+1) by n? we obtain 
(1-+2/n-+2/n?)/(1/n-+1/n2); 
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since 1/n —> 0, therefore the product 1/n x 1/n > 0 and so 
1+4+2/n+2/n?->1, and 1/n+1/n?-> 0. 
This does not however imply the convergence of 
(n8-4-2n-+2)/(n-+1), 
for Theorem 1.453 requires that the limit of the denominator be 
other than zero. 


1.46. If a, is a convergent sequence such that lima, = a and 
if a, > A, for any n, then « > X. 

Since a,,—> a, « >@,—1/10" for a sufficiently great n, and so 
a > A—1/10° for any r. But by choosing r great enough we can 
make A—1/10" greater than any number less than A and so « is 
greater than every number less than A. Since a is greater than 
any number less than A it is not itself one of the numbers:less 
than A and so « is greater than or equal to A. Alternatively, for 
an appropriate n, (x), = (a,), > (A), and so « >A. 


1.47. If a, is a convergent sequence such that lima, = «, and 
if a,41; > @, for any n, then « > a,, for any n. 

- Since a,,,,—4,, is positive we can choose r, depending on n, such 
that. 1/10" <a,,,—a,, and since a, > a, a, << a+1/10" for any 
m >some m,. Therefore for any n, a,, < «+-(a@,,,—a,) provided 
m is great enough, and so a,,+ (a,,—@,41) <«;butwhenm > +1, 
then @,, > @,,, and therefore a, < a, and this is true for any n. 

Similarly, if a, > « and a,,, <a, then a, > a for any n. 
We may also deduce 1.47 from 1.46, for a,,,) > ,,, for any n and 
p > 1, and so, taking a,,,, for A in 1.46, we have «a > 4a,,,, > dy. 


1.5. If we wish to speak of the endless decimals x which lie, 
between two decimals a and 6, inclusive (where a < 6b), we say 
that x lies in the interval (a, b), or x is a point in the interval (a, b). 
The numbers a and 6 are called the end-points of the interval (a, b). 
Should it be necessary to exclude the end-points from the possible 
values of x we say that x lies in the open interval [a, b], or if we 
wish to exclude only one end-point, suppose a, we say that x lies 
in the interval [a, 6) open on the left. To emphasize that an 
interval (a, 6) includes its end-points we sometimes call (a, 6) a 
closed interval. (Observe the use of the brackets ‘(’, ‘[’ to dis- 
tinguish closed from open intervals.) 
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1.501. If c and d are both points in an interval (a, 6) then we 
say that the interval (c, d) is contained in the interval (a, 6), or 
that (c, d) is a part of (a, 6). 


1.6. Convergent series 

A succession of sums, like do, @y+-@1, Up +41 +Gg, Up+4,+4_+asg,... 
is written for short in the form a)+4,+-a,+a,+... and is called an 
infinite series. If we denote a+a, by 5%, A+a,+a, by 8, 
Gy+a,+a,+a, by 55, and so on, it follows that the infinite series 
a) +a,+4,+... stands for the sequence 38,, 33, 83,.... Accordingly 
we may speak of a convergent infinite series, the limit of an 
infinite series,*the sum or product of two infinite series, and so on. 
The advantage of the series notation lies in the fact that, as we 
shall see, it serves to express the convergence condition in a rather 


simpler form. We shall frequently write > a, for 
m™m 


Gin +Omsy tOmset +n 
and. > a, for the one a Ay tty Fog. ., 80 that > a, stands 


for the sequence > a,, > a,; > Gyy.oe 


1.601. The geometric series 

The series 1+4+4?+43+... is known as a geometric series. We 
shall show that the series is convergent for any value of k in the 
open interval [—1, +1]. 

For any n, let s, denote 1+4+%+...+k". We can find two 
simple relations between s, and s,,,. First we notice that s,,, 
is formed by adding k"+ to s, so that s,,, = 8,+h"+1, and 
secondly that if we multiply each term of s, by & we obtain s,,,, 
apart from the initial unit, and therefore s,,,, = ks,+-1. Equating 
the two values of s,,, we find 

ks, +1 = 8, +h" 
and. so 
8,(1—k) = 1—k"*+" whence s, = 1/(1—k)—k"+#/(1—&), 

provided k ~ 1. 

Since k” - 0 when —1 < & < 1, and since the constant sequence 
1—k, 1—k, 1—k&.,... has the limit 1—k, it follows that 


_lims, = 1/(1—k), provided -1 <k <1, 
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and therefore s,, is convergent for any value of k in the open 
interval [—1, 1], and outside this interval the sequence s, is not 
convergent since k” is not convergent. When k = —1 we have 
already seen that k” is not convergent and therefore 8, is not 
convergent. For the value & = 1, the equation 


8, = 1(1—k)—k4/(1—h) 


does not hold, but for this value s,, is a sum of n+-1 units and so 
8, = n-+1 and the sequence is not convergent. 


1.6011. If > a, is convergent and if & doce not depend on 7, then 
> ka,, is a 


For if s, = Sa, and if s, >s then > ka, = ks, ->ks and so 
I T 
> ka, is convergent. 
1.6012. If > a, is convergent and if > a, -> 8 then 
0 


(Q+4y)+ (Ag+43)+ (4g +5)+... 


is convergent and its limit is s. 
2n+1 
For (@+41)+ (a.+4@3)+ (@4+-45)+..--+ (Gon +@ens1) = p32 a, > 8. 


Similarly a ee Cc JEG at. hearer 
is convergent with limit s. 


1.602. If > a, is convergent then the sequence a, is convergent 
and lima, = 0: 
Since da, is convergent we can find a sequence n, such that 
N ne 
2 On— > a, = O(r), 


for any N > n,, and so 
N nN N=1 ne 
ay = 34-5 =(Fa,— ¥a,)—("S a,— $a) 
= O(r)—O(r) = O(r—1), 
provided N > n,, which shows that lima, = 0. 


1.6021. The converse of 1.602 is not true for it can easily be 
shown that there are divergent series > a, for which lima, = 0. 
Consider the series 14+-4++-4+4+4+144+3+4444..., in which 
each of the 2n-++1 terms after the (n?)th and up to, and including, 


5039 oC 


! 
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the (n+1)*th equals 1/(2n+1). Here lima, = 0, for a, = oe if 
n > 10”, and > a, is ee since 
(n4+1)* 


a,— D3 a, > px a,— D3 a, = {(n+1)?@—n}/(2n+ ) = 1. 


However, 1.602 gives a simple test for divergence, for it implies that 
if a, ts not convergent, or if lima, is other than zero, then > a, ts 
divergent. 


1.61. Series of positive terms 
If each term a,, is positive, > a, is called a positive series. 


1.611. If } a, and > 6, are positive series and if for some v and 
h, b,, < ha,, when n > v, then the convergence of > a,, entails the 
convergence of > 6,. 

For 


N n 
2 b,— p2 6, = Ons tbnset-..+by < hn tOnsgt---+ay) 
N. n 
= (> a,— >, a,jh, 
provided n > », and so, since S a,— p) a, = 0(k) for a certain n;, 
it follows that $ b,— s 6, = h.0(k), which proves that > 6, is 
I I 

convergent. 


1.612. If >a, is a positive series and if vo, n,, No, Nz,.. is any 
sequence in which each term is less than its successor, then > dy, 
is convergent, when > a, converges. 

For n, is greater than the r numbers 7, 71, N,... which precede 
it and so n, > 7, whence, for VN > m, 


N m 
> &,— >> Bn, = Anat ngs to tony < Omir t Amie t+ On y- 


ty 
But QniitGmist---+4n, = > a— s a, = 0(k) for a suitable value 
1 1 


N. 
of m, and therefore > a,,— > a,, = 0(k) which proves that ¥ a,, 
1 1 


is convergent. > a,, is called a sub-series of }a,, so we may 
express our result by saying that a sub-series of a positive con- 
vergent series is convergent. 
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1.613. > a,, is @ positive series and the sequence a. n+i/t, is con- 
vergent, with lima, ,/a, =1. Then if1 <1, Sa, is convergent 
and if 1 > 1, >a, is divergent. 

Let m= |l—1|/2 and choose k so that m > 1/10#, Since 
lim @,41/@_, = l we can find av so that, for n > v, Gn41/4, = 1+0(h), 
and therefore 1—m < a,,,,/a,, <1I-+-m. 

Suppose ? <1. Then m = (1—1)/2 and 

On11/4, <1+-(1—D/2 = (14-1)/2 = r 
say; since (/-+-1)/2 <1 when J <1 we have shown that for all 
MPV, Any 3/4, <7 <1. Thus a,,, <1a,, Ay, < 14, < ra, 
Ay ig < 14,42 <?a,, and so on. But >'r” is convergent for r < 1 


and 4,5 <4a,??, = that, es 1.611, > a,,, is convergent. Since 
N+v ntv 
> 4,— > a= 5 a s a,,,, the convergence of > a, follows 
1 1 1 1 


from the convergence of ¥ a,,, 
Suppose next that 1 > 1. Then m = (I—1)/2 and 
On+1/4, > L—(L—1)/2 = (I4+1)/2 > 1, 
provided n > v. Thus 
Fy41 > Uys Ayyg > Ay > Ay, Byig > Ayyg > a,, 
and so on; i.e. a, >a, for any n > v. Since a, > a,, a, does not 


approach zero, and therefore > a, is divergent. _ 
Observe that we draw no conclusion from the case J = 1. 


1.7. Absolute convergence 

> 4, is said to be absolutely convergent if the positive series 
> |a,| is convergent. 

An absolutely convergent series is also convergent. 


For |@n41+4niot...tay| < 1@nsalt+1@nse!+.. -+|ay], 
- |S a,— > a,| <S $ |a,|— > |a,| =a 0(k) 
i 1 1 1 


‘for a suitable value of n. 


ie. 


1.8. Power series 
A series of the form a)+a,2+0,27+a, tt... is called a power 
series. 


1.81. If |a,/a,,,,| is convergent and lim |a,/a,,,| = R then the 
power series >’ a,x” is absolutely convergent for any x in the open 


, 
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interval [—R, R], which is called the interval of convergence of the 
series. 

This is an immediate consequence of 1.613, for if |a,/a,4,| > RB 
then |a,,4,/¢,| > 1/R, and therefore 

[nar 2" /a, 2"| = [2||An13/4,,| > |2|/R, 

so that > |a,,2"| is convergent if |x| < R, i.e. if a lies in the open 
interval [—R, R]. If |x| > R, 1.613 shows also that > |a, x"| is 
divergent, but this does not suffice to prove that > a,x” is diver- 
gent. We showed, however, in the second half of 1.613 that if 

Gn+1/%, > 1 for n > v then a, does not approach zero, and there- 
fore since |a,,,,2""|/|a, x”| > |x|/R > 1, when |z| > R, it follows 
that a,,2" does not tend to zero, which proves that > a,2” is 
divergent. 

Thus if lim |a,,/a,,,,| = R then the power series > a, x” is abso- 
lutely convergent for any x in [—R, R] and divergent for any x 
outside this interval. At either of the points x = + F the series 
may converge or diverge. 


1.82. If Sa, X" is convergent, then > a, x" is absolutely con- 
vergent for any x such that |x| < |X|. 

Since >} a, X” is convergent, lima, X" = 0, and therefore we 
can find N such that |a, X"| <1 forn > WN. 

Thus |a,,27"| = |a, X™| .|(2/X)"| < |a/X|"; but when |a/X| <1, 
> |x/X|" is convergent and therefore > |a, x"| is convergent, i.e. 
> a, x” is absolutely convergent. 


1.83. If } a, X"is convergent, then >} na,,x” is absolutely con- 
vergent for any x such that |x| < |X}. 

First we notice that between |X| and |x|; less than |X|, we can 
insert an |2’| so that |x| < |2’| < |X|. Let |a’|/|x| = 1+y and 
choose an NV > (2/y*?)+1. Then 


|e" Jar” = (1-+-y)” = 1+-ny4+— 3— y+... > 


But ifn > N, (n—1)4y? > mane > 180 that [x'/x|" > n and 
therefore n|x|" < |x'|". Since |z’| < |X], }a,2’" is absolutely 
convergent (by 1.82) and so, because n|2|" < |x’|", ¥ na, 2” is 
absolutely convergent for |x| < |X] (by 1.611). 


Mo 1) mn 1) y? 


1.9.* 91, Po, Ps;--- is a steadily decreasing sequence of positive 
numbers and 6,, bg, bs,... is any sequence the sum of the first n 
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terms of which is s,. Each of the numbers 8,, 89, 8 ,..., 8, i8 less 
than h. Then 


215, + Do bet Ps bgt... +P. 0. << Pyh. 
Since 6, = s,—s,_, for any r from 2 to x and s, = b, we have 
P12 b.+...+7,. 5, . 
= D1 81+-Po(82—51) +Ps(83— 8a) +... +Dc(Se—S 1) 
= 8(P—P2) + S0(P2—Pa) + ++ +8 ¢—a(Pue—1 — Pe) +8 Pree 
As each 9, is less than p,_, we may multiply the inequality s,_,<h 
by the positive factor p,_,—9,, giving 
8p-1(Dyr-1—Py) <A(p,1—p,) for l<r<e 
Furthermore p, is positive and therefore s,.p,.< hp,. Thus 
81(P4— Da) + 89(Pg—Dg) +--+ 8p—1(Pu—1 Pd FS Dae 
<h(py—P2)+h(pe—Ds) +.--+2(Dye-1—P,) +p, 
= h(py— Pot P2—Pst + Pea—PrtPx) = py 
which completes the proof that p,b,+2ba+P3 03+... +00, <hpy. 
Of course, if each b, is positive the result is obvious, since 
PO, + aba. + De De <1 Oi +9y bet... +91 by 
< Py (by be+---+8,) < pyh, 
but the proof we have given does not require that all 6, have the 


same sign, and the interest and importance of 1.9 lies just in 
this fact. ; 


1.901.* Under the same conditions as 1.9, if each |s,| is less than H 


th 
ro p19, +-D2ba+..-+7,5,.| <p, H 
For 


|8:(P1—D2) +-82(P2—Ds) + --- FS e-1(Pe-1— Pe) F 8 Peel 
< [81 |(P1—Pe) +1 82|(P2—Ps)+--- +1 Sl Pe << Hy. 


1.91.* > a, is convergent and p, is a positive decreasing sequence. | 
Then > 7,4, is convergent. 
We can choose 7 so that |a,4;+4,+0+...+@,,,| is less than 
1/10" (for any «). Hence, by 1.901, 
Pra Ansa tPnietnsat--tPntnInsel < Pnsi/10" < po/10", 
which proves that > p,,@, is convergent. 
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“is convergent. 


1.911.* If } a,x" is convergent then >, = 
By 1.6011 the convergence of > a,2"+! ice from that of 


Xa,2". Take _| in 1.91 and we see that > a= sl 78 
P, = n +1 
convergent. 
+1 
1.912. If } a,x” is absolutely convergent then > On is 


absolutely convergent; in this case we do not require 1.91, for 


d 4, 2"+1 is mi) convergent and ja, < |a,,2"*1| 80 


that >= 


1.913.* If s, = a)+a,+a,+...+a, and if each |s,| is less than H, 
and if p, is a positive decreasing sequence such that limp, = 0 
then > p,,a,, is convergent. 

For by 1.901, [Prt Unt t+Pnse Anta e +Pntk Anil <Pas H, for 
any «, and since p, > 0, therefore p,, H — 0; and so we can choose 
n 80 that p,,,H = 0(r), which proves that > p,a@, is convergent. 

The object of the next theorem is to show that throughout the 
interior of a closed interval in which it converges, a power series 
may be replaced by a polynomial, with a resulting error which 
may be made as small as we please. 


grt 
"n+l 


“is absolutely convergent. 


1.92.* Let s,(x) denote > a, a” and s(~) = lims,(x) whenever 
¢ 1 


the sequence s,,(x) is convergent. 

If > a, X” is convergent then 

8(@) = 8,,(2)-+0(r) 

for any x between 0 and X inclusive and for an n, which depends 
only on r. 

Since >a, X” is convergent we can determine an n, a function 
of r, such that, for any x, 

|Qnyy X™ 414 a, pg X"H7 +... p04, XO! < 1/1041, 

Hence by 1.901, if 0< #/X <1 


x n4+1 x N42 e\ntK 
(3) ann X™14(5) ya X™ Pat (S) tna XO 


wg \ntt 
< (5) pro < 1/10°+1 
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because (7/X)"+1, (a/X)"+*, (x/X)"+8,... is steadily decreasing (and 
each is positive and less than unity), and so 

[Ong OPT Oy OPH A On 5 OTK < 1/10"*1, 
whence s,,,,(x)—8,(x) = O(r+1), for 0<2/X <1. 
Since s,,(x) is convergent and s(x) = lims,(x), for each x between 
0 and X, we can find a x (which is a function of 2) so that 

| (2) 8p 44(t) = O(P-+1) 
and so 8(x) = s,(x)+0(r), 
where n depends on r but not on 2. 

The difficulty in this theorem lies in showing that we can find 
an 8,(x) within a chosen distance of s(x) without varying the 
number of terms of the series (i.e. without varying n) as x takes 
different values from 0 to X. If we choose an x to start with, of 
course we can find an n for which s(x) = s,(x)+0(r), for this 
value of x, simply because > a,” is convergent for this value - 
of x, but this does not necessarily imply that the various values 
of n we consider have a greatest value. We might express 1.92 by 
saying that to find the values of s(x) to a chosen degree of accuracy 
we need concern ourselves only with the values of a fixed 3,,(z). 
1.921. If > a, X" is absolutely convergent, the existence of n,, 
depending only upon r, such that 

8(%) = 8y,(%)+0(r) 
for any x satisfying |x| < |X|, follows without appeal to 1.901; 
for, if |z| < |X|, 
ding BAO gE Ons BOT | 
< [Qnaal]C|"*t+ + On reel Ul" 
< [nar || X [48+ [an yal |X [Pt P+. On rie |X M+", 
and since > a, X” is absolutely convergent we can determine an n 
depending only upon 7, such that, for any x, 
1Qnsal |X|" dn sell X|PtA +. + lens el|X|t* = O(r-+1), 
and the proof is completed as above; we have 
8n+n(L)—8y (x) = O(r+ 1), 
and since s,(x) > s(x), for each value of x between 0 and X, we 
can find a « (depending on x) so that s(x)—s,,,,(x) = O(r-++1), and 
therefore s(x) = s,(x)+0(r), where » depends only upon r. 
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1.93. The number b—a is called the length of the interval (a, b); 
the length of the open interval [a, 6] is also b—a. 


1.94, Consider the interval.(0, 1). Divide the interval into ten 
equal parts, that is to say, divide (0, 1) into the ten intervals (0, -1), 
(-1, +2), (-2, -3), and so on up to (-9, 1). Choose one of these intervals, 
say (-3, -4), and divide it into ten equal parts (-30, -31), (-31, -32), 
(-32, -33),..., (-39, -40) and select one of them, say (-37, -38). Divide 
the chosen interval into ten equal parts, select one of them, say 
(371, -372); then divide (-371, -372) into ten equal parts, and so on. 
We obtain a succession of intervals (-3, -4), (-37, :38), (-371, +372)... 
each of which is a tenth part of its predecessor. If we denote the 
nth interval by (a,,, @,-+1/10°) then a, is the value of a,, to r places 
for any r < n (for instance -37 is the value of -371 to 2 places and 
any a@,, > 3, commences with -371). Let « be the endless decimal 
whose nth digit is the nth digit of a, (so that « = -371..:). 

It is readily seen that « lies in each of the intervals (a,,, a,,+1/10*) 
for a, is the value of « to n places so that « > a,, and a,+1/10" is 
greater than a,,,,, i.e. greater than the value of « to n-+1 places, 
and so a <4a,+1/10". Since 0 <a—a, < 1/10", lima, = « and 
so also lim(a,-+1/10") = «. 


Thus we have shown that a succession of intervals, in 
(0,1), each of which is a tenth part of its predecessor, 
determines an endless decimal which lies in each of the 
intervals, and which is the limit of the sequences of left- 
hand and right-hand end-points of the intervals. 


1.95. To extend the result of 1.94 to any interval (a, 6) we 
consider the relation t = (w—a)/(b—a). To any point z in (a, b) 
corresponds a unique value of ¢ in (0, 1), for when z = a, t = 0 and 
when x = b,t = 1, and when z lies between a and , ¢ lies between 
0 and 1, since (x—a)/(b—a) steadily increases with x. Since 
« = a+(b—a)t, to a point ¢ in (0, 1) corresponds similarly a unique 
x in (a, b). Moreover, if («, 8) and (y, 8) are two intervals in (a, b), 
of equal length, so that B—a« = 5—y, then the intervals . 


((a—a)/(b—a), (B—a)/(b—a)) 
and ((y—a)/(b—a), (8—a)/(b—a)) 
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are of equal length, for 
(B—a)/(b—a)—(a—a)/(b—a) = (B—a)/(b—a) 
= (8—a)/(b—a)—(y—a)/(b—a); 

thus to equal intervals in (a, 6) correspond equal intervals in (0, 1), 
_ and vice versa. Hence if (a, 6), or any part of (a, 6), is divided into 

ten equal parts, so too (0, 1), or a part of (0, 1), is divided into ten 
equal parts, by the values of ¢ corresponding to the values of x in 
(a, 6). Finally we observe that if (y, 5) is a part of (a, 8), which is 
‘itself a part of (a, 6), then the corresponding intervals 

((y—a)/(b—a), (8—a)/(b—a)), ((a—a)/(b—a), (B—a)/(b—a)), (0, 1) - 


stand in the same relationship, since 


< (a—a)/(b—a) < (y—a)/(6—a), 

and (8—a)/(b—a) < (B—a)/(b—a) <1 
Thus if (a, 6) is divided repeatedly into ten equal parts, deter- 
mining a succession of intervals (a, b), (a1, 61), (de, bg), (As, 5s),.--5 
each of which is a tenth part of its predecessor, and if, for each n, 
a = @n—4)|(b—2), pty = (b,—4)/(—a) then (0, 1), xy #4); 
(Aas He), (Ag, Hs),--- 8 @ succession of intervals each of which is a 
tenth part of its predecessor, and so, by 1.94, there is a unique 
point v which is the limit of both the sequences ),, A,, Ag,... and 
Hy, Hg, [43,--- and which lies in each of the intervals (A,, p,). Let 
X = a-+(b—a)y, then we shall show that X is the limit of both 
the sequences @,, d,, @s,... and Py bg, bs,... and that X lies in all 

the intervals (a,, 6,); for >A, <v < yp, and so 


a, = 4+(b—a)A, < a+(b—a)jy = X Ka+(b—a)y, = b,, 
ie. a, < X < b,, and furthermore . 
X—a, = a+(b—a)v—{a+(b—a)A,} = (b—a)(v—A,) > 0, 
i.e. a, ~> X, and similarly b,, > X. 
1.96. Theorem 1.94 may readily be generalized. If we divide (a, b) 
into any number of equal parts (two or more), choose one of the 
_parts (a,, 6), divide (d,, b,) into any number of equal parts and 
choose one part (a,, b,) say, divide up (a, 6,); and so on, then 


there is one and only one point which lies in all the chosen intervals 
and this point is the limit of both the sequences (a,) and (b,). 
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For b,—4@, < $(by_-1—@,_1) and so b,—a, < (0-4); moreover, 
for N > n, ay'and by lie in (a,, b,) and so . 


1 
0 < ay—a, < b,—a, < gn(b—a) 
1 
and 0<b,—by < b,—a, < an (0-4). 


Hence, since x (b—a) may be made as small as we please by 


choosing n great enough, both (a,) and (b,) are convergent and 
b,—a, > 0. Thus if 1 and I’ are the limits of (a,,) and (6,), from 
l—a,, > 0, ’—b, > 0 and b,—a, -> 0 we deduce I—I’ = O(r) for 
any r and so l=’. Furthermore, since a,,, >a, therefore 
i> a,, and since b,,, < 6, therefore / = l’ < b,, ie. 7 lies in the 
interval (a,, b,,), and this is true for any n. 
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II ‘ 
CONTINUITY 

Expressions like n?+1, Vm, 5/(n?+1)/Vn are called numeral 
functions (of one variable) : the letter which each contains may 
be replaced by any numeral; such as (m-+-n)/(m?--n?), 4/(m?-+-n), 
or Vn are numeral functions of two variables, and so on. The 
letters in a functional expression are called the arguments of the 
function. The essential property of a functional expression (in the 
sense in which we use this term throughout this book) is that when 
the arguments are replaced by numbers the expression can be 
worked. out, determining a unique number which is called the 
value of the function for the set of numbers which have replaced 
the arguments. For instance, since (3+ 8)/(3?+-8?) = 11/73, the 
value of the function (m-+-n)/(m?-+-n?), when m = 3 and n = 8, is 
11/73. Functions of a single variable are sometimes called 
. Sequences; in fact the only difference between a function and a 
- sequence is that in a sequence we think of the values of the 
function as taken in a definite order, the value of the function 
when the argument is replaced by 1 forming the first term of the 
sequence, the value when the veunen is replaced by 2 forming 
the second term, and so on. 

Expressions in which the letters may be replaced by endless 
decimals (or terminating decimals) are known as decimal functions, 
or, shortly, as functions. Decimal functions are of many kinds. 
In addition to the familiar expressions of elementary algebra, like 
x? 54-+-7 or §/{x?/(a?-+x2—1)}, any convergent series 

A+, X+a_x7+... 

is a function, the limit of the series for a given value of x. being 
the value of the function. From any two functions another can 
be formed by replacing the argument of one of the functions by 
the other function; thus from the functions 2? and v°+-x+1 we 
. can form the function (25-++-2-+-1)* or the function 2?-+-2?+-1. 
Decimal functions are commonly classified under the headings 
‘Polynomial’, ‘Rational’, ‘Algebraic’, and ‘Transcendental’. A 
polynomial is a terminating series of the form 

Q+0,2+4,27+-...+4, 2%, 
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a rational function is a fraction in which both the numerator and 
denominator are polynomials, and an expression formed by com- 
binations of fractional powers of rational functions is an algebraic 
function ; an endless convergent series which has neither a rational 
nor an algebraic limit is a transcendental function. 

Though the functions most commonly met with in the calculus 
are of the kinds we have described we have by no means exhausted 
the unlimited variety of function definitions that play one part or 
another in mathematics. We might for instance define a numeral 
function by saying that the value of the function is zero for an even 
value of the argument and unity for an odd value; for such a 
function there is no question of calculating its value, but of calcu- 
lating whether the value of the argument has a certain property, 
or not, in this case whether it be even or odd. Other definitions 
of this kind are ‘the whole part of x’, a function which has a 
constant value for any value of the argument between consecutive 
integers, and the function which is defined to have the value zgro 
if the endless decimal x contains the digit 3 and the value unity 
if « does not contain the digit 3. 

A function may be defined for any value of its argument or only 
for certain selected values. The function ,/{(~—1)(2—z)}, for in- 
stance, is defined only for values of x between 1 and 2, since a 
negative number has no square root. We shall denote an unspeci- 
fied numeral function of one, two, three variables, etc., by f(n), 
f(m, n), fl, m, n), ete., respectively, and unspecified decimal 
functions by f(x), f(x, y), f(a, y, 2), ete., where f may be replaced 
by any other single letter. 


2. Continuity 


Roughly speaking, a continuous function is one which changes 
its value but little for a small change i in the value of its argument. 
If we think of the function as evaluated to a certain number of | 
decimal places, say to » places, then for the function to be con- 
tinuous we require that its value to m places be unchanged by any 
sufficiently small change in its argument. For example, the func- 
tion vz, worked out to 2 decimal places, has the constant value -35 
for any x between -1225 and -1296, or if worked out to 3 places, 
the constant value -352 for any x between -123904 and -124609. 
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2.01. Formally we define: f(x) is uniformly (or interval) con- 
tinuous in an interval (a, b) if we can find a function n(r) such 
that, for any X and =z in (a, b), 
f(X)—f(x) = O(r) provided X—zx = 0(n(r)). ; 

. For brevity we shall generally write ‘continuous’ for ‘uniformly 
continuous’. 

2.02. ExamPce. 2? is a continuous function in any interval (a, 6). 

' Consider X?—z?, .If X and x are both between a and 6 then X--x 
lies between 2a and 26 so that if h is the greater of the two numbers 
2|a], 2|5| it follows that |X+2| <h. Choose k so that h < 10* 
(& is the number of digits in the whole part of h). Hence if 


we have cabal is a 


[X2—y?| = |X—a2]|X-+-2] < 10*/10°+* — 1/10". 

Thus for any X, x in (a, b), 
X?—2? = O(r) provided X—2= Oh) 

(hers k depends only upon a and b), so that a is continuous. 
2.03. A similar argument shows that x” is continuous, for any 
numeral n. For if c is the greater of the two |a|, |b| then, for any 
p between 1 and n, |X"-?z?-1| < c™-PcP-1 = c"-1 and therefore 
Xn-14 Xn-2y1 Xn-37 21 1 7-1 has an absolute value less than 
ne"-1, Hence if we choose k so that 10* > nc™-! and if 


we have Xz = 0+) 


|Xx—a"| 

= |X—2||X"-14 X22 X-S72+4 4 e-1| < 10/104" = 1/10" 
and so X"—2” = 0(r), which proves that 2” is continuous in any 
_ interval. 
2.04. The function 1/z is continuous in the interval (a, 6) provided 
the interval does not contain the value zero (i.e. provided ab > 0). 
For if x and X are both between a and 6, and if c is the lesser of 
|a|, |b] then [~X| > c? > 0 and therefore | 

[1/X—1/a| = |X—a|/|eX| < |X—a|/c*. ag 
Since c2 > 0 we can choose k so that c? > 1/10* (the kth is the first 
non-zero decimal digit of c®, if c? < 1, otherwise k = 0) and so 
1/X—1/x = O(r) provided X—x = O(r+k). 
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2.1. A function which is continuous in an interval (a, b) is bounded 
in that interval, i.e. we can find numbers m, M between which all 
the values of the function lie. 

If f(x) is continuous in (a, 6) we can find n(r) so that for any 
x, X in (a, b) 

S(X)—f(@) = Or) provided X—zx = O(n/r)). 
Choose & so that b—a < 10* and divide the interval (a, 5) into 
10*+™) equal parts so that the length of each part is less than 
1/10. Let a,, dg, ag,..., 4, be the points of subdivision. Since the 
length of each of the intervals (a,, a,,,) is less than 1/10™, the. 
continuity of f(x) shows that if X is any point in the interval 
(4,, 4,41) then f(X)—f(a,) = 0(1). Now any point X in the interval 
(a, 6) must fall into one of the parts into which we have divided 
the interval, so we may suppose it lies in the part (a,, a,,;). 
Adding the equations f(a,)—f(a) = 0(1), f(a,)—f(a) = 0(1), 
f(as)—f(ds) = (1)... f(a,) fla) =.0(1), f(X)—f(a,) = 0(1) we 
find f(X)—f(a) = (r+1).0(1) and therefore 
If(X)—f(@)| < (r+1)/10 < (p+1)/10, 

where p is the number of points of subdivision. Since the interval 
is divided into 10+ parts, p+1 = 10*+™® and therefore for 
any X in (a, b), |f(X)—f(a)| < 10*+“)-1 g0 that f(X) lies between 
the numbers f(a)— 10*#+"@-1 and f(a)-+.10#+"@)-1, 
2.2. If f(z) is continuous in (a, b) and if (c, d) is a part of (a, b) 
then f(x) is continuous in (c, d). 

S(X)—f(x) = O(r) provided X—x = 0(n(r)) for any X, x in (a, b) 
and so for any X, x in (c, d). 
2.21. If f(z) is continuous in (a, 6) and continuous in (b, c) then 
J (x) is continuous in (a, c). 

We can find n(r) so that 

S(X)—f(@) = Or+1) for X—x = O(n(r)) 

provided x, X both lie in (a, b) or both in (6, c). 

If x lies in (a, 6) and X in (6, c) then 

f(X)—f(b) = 07+), 
f(x)—f(6) = O(r+-1) 

provided X—b and x—b are 0(n(r)). 
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Thus, for any X, x in (a, ¢), 
S(X)—f(x) = O(r) provided X—z = O(n(r)). 
2.22. If (a, 6) can be divided into p(r) parts (of which the smallest 
has a length I(r)) such that for any x, X in the same part 
S(X)—f(e) = 0(r) 
then f(x) is continuous in (a, b); for if |X —2z| < U(r) then x and X 
lie either in the same part, in which case f(X) —f(x) = 0(r), or they 
lie in adjacent parts, separated by some point c common to both 
parts so that f(x)—f(c) = 0(r) and f(X)—f(c) = 0(r) and therefore 
S(X)—f() = O(r—1). 

2.23. If f(x) is steadily increasing in (a, b) and if each number 
between f(a) and f(b) is a value of f(x) then f(z) is continuous in 
(a, 6). 

Divide (f(a), f(b)) into n equal parts, choosing n so that 

{f(6)—f(a)}/n = O(r). 
Let f(@) = Yo, Y1» Yass Yn = f(b) be the points of subdivision. 
For each 1, f(a) < y, < f(b) and so there is a point x, such that 
f(%,) = y,- Since f(x) is increasing, and Yri1 > Y,, therefore 
p41 > Ly, 80 that @ = Xp, X}, Xq,..., Z_ = b is a subdivision of (a, b). 
Ifa,qx<X< %p+4, then 
S(X)—fl) < p11) Sp) = Yps—Yp = (fO)—f@}/n = Or) 

and therefore, by 2.22, f(x) is continuous in (a, 6). 
2.3. If f(x) is continuous in (a, b) and if c,, cy, ¢g,... is a convergent 
sequence of points in (a, 6) which has a limit c also in (a, b) then 
the sequence f(c,), f(c2), f(cs),... is convergent and f(c) is its limit. 

Since f(x) is continuous we can find n(r) so that for any X and 
x in (a, b) 

S(X)—f(x) = Or) provided X—zx = 0(n(r)). 
Moreover since c = lime, we can find k(r) so that 
c—c, = Or) forn > k(r) 

and therefore c—c, = O(n(r)) ifn > kn(r)).. 
Whence f(C)—flen) = O(r) for n > k(n(r)) 
which proves that f(c,,) > f(c). 
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This result may be expressed in the form 
limf(c,) = f(im Cn) 
Theorem 2.3 plays an important part in the determination of the 
values of functions for endless decimal arguments. Suppose we 
wished to find the value of the function vx for z = -333.... The 
function vz is continuous and therefore our theorem tells us that 
1-333... is the limit of the (necessarily) convergent sequence ¥°3, 
V-33, ¥:333,.... Since we can evaluate the square root of a termi- 
nating decimal to as many decimal places as we please we can 
determine the limit of this sequence to as many places as we please 
and thus the value of -333... is determined. 
-333...—°33 


Siig doe MD 2B, WINN OO Trea as 


and therefore, as V-33 = -5744..., the value of 3 is -57 to 2 decimal 
places, and the error in taking -57 for v3 is less than -0044...4--003 
and so less than -008. 


2.4. If f(x) is continuous in (a, b) and if f(a) is negative and f(b) 
is positive then we can find a point between a and 6 where f(x) 
_ takes the value zero. 

First we show that if a and 6 are endless decimals we can find 
terminating decimals « and 8, forming an interval («, 8) contained 
in the interval (a, 6) and such that f(«) is negative and (8) is 
positive. Let «’ and fp’ be the values of a and bto k places of deci- 
mals, and let « = «’+1/10* and 8 = fp’ —1/10* so that, provided k is 
chosen great enough,a <a < B <b. Since each of the differences 
a—a and b—B is 0(k), the differences |f(a)—f(«)| and |f(b)—f(8)| 


< 008 


can be made as small as we please by choosing & sufficiently large, — 


for f(x) is a continuous function, and so can be made less than both 
$)f(a)| and 4/f(b)|. Thus f(x) differs from the positive f(a) by less 
than }f(a) and is therefore also positive, and f(8) differs from the 
negative f(b) by less than 3|f(b)| and so f(8) is negative. 

Divide the interval («, 8) into (B—a)10* equal parts (so that 
each part is of length 1/10*) and consider the value of f(a) at each 
point of subdivision in turn, commencing at a. We obtain a suc- 
cession of values, the first of which is negative and the last positive. 
As we pass along the successive values of f(x) we shall reach a stage 
where the value of f(x) first changes to a positive number—let 
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6, be the point of subdivision where this change occurs. If a, is 
the point of subdivision which immediately precedes b,, f(a,) is less 
than (or equal to) zero, for b, is the first point of subdivision at 
which f(x) is greater than zero. Next divide the interval (a,, b,) 
into 10 equal parts (each part will be of length 1 /10*+1) and as 
before consider the values of f(x) at each point of subdivision in 
turn from a, to b,. As f(a,) < 0 and f(b,) > 0 we shall reach a first 
point of subdivision at which f(x) > 0 and let this point be called 
b, so that, if a, is the point of subdivision which immediately 
precedes b,, f(a) < 0. Divide (a, b,) into 10 equal parts (of length 
1/10*+2) and let 6, be the first point of subdivision at which f(x) >0 
and a, the point before b;, and then divide (a3, b;) into 10 equal 
parts, and so on. By Theorem 1.95 the sequence G1, Ap, Az,... is 
convergent and tends to a limit c say, contained in all the intervals 
(a,, 6,). Since f(a) is continuous we can find n(r) so that 


S(X)—f(z) = O(r) 
provided X—x = O(n(r)). Hence, as b,—a, = 0(k+n—1), 
S(bn)—f(Gn) = Or) for nm > n(r)—k+1. 
Nowf(b,) > 0,f(@n) < 0 and so f(b,)—f(a,,) is greater than —f(a,), 
which is positive, whence —f(a,) = O(r), ie. f(a,) = 0(r), for 
n > n(r)—k-+1, 80 that lim f(a,) = 0. But f(z) is continuous and 
lim(a,) = c and therefore 
fic) = flima,) = lim f(a,) = 0. 
Thus we have found a point ¢ between a and 6 such that f(c) = 0. . 


2.41. From 2.4 we deduce: 

If F(x) is continuous in (a, 6) then, as x varies from a to b, F(z) 
passes through every value between F(a) and F(b). 
' Suppose for instance that F(a) < F(b) and let v be any number 
between F(a) and F(b). Denote the function F(x)—v by f(z). 
f(x) is continuous as f(X)—f(z) = F(X)—F(a) and 

f(a) = Fa)—v < 0, S(6) = F(b)—v > 0. 

Accordingly we can find a point c in the interval (a, b) such that 
f(c) = 0. But F(c) = f(c)+v and so F(c) = v. 


2.5. The sum and the difference of two continuous functions are 


continuous functions. ° 
5039 D 


https:// t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 
34 CONTINUITY 


For {f(X)+-9(X)}}—{f@)9(a)} = {f(X)—f(@)} + {o(X)—g(a)} and 

so if both f(X)—f(x) and g(X)—g(x) are O(r), and if 
h(x) = f(x)tg(z), then h(X)—A(x) = O(r—1) 

and therefore h(x) is continuous. 
2.51. The product of continuous functions is a continuous function. 

For if f(X)—f(x) = O(r) and g(X)—g(x) = 0(r) then 

F(X) G(X) = {f(x) + O(n) }{g(x)+0(r)} 
= f(x) g(x) +{f(@)+-9(x)}. 0(r)+-0(2r). 
Now f(x) and g(x), being continuous, are bounded and so we can 
find k so that |f(x)-+9(x)| < 10*. Therefore 
If(X)g(X)—f(x)g(x)| < 10*/10"+-1/ 1o¥ < 1/1@r-*> 

which shows that f(2)g(x) is continuous. 
2.52. If g(x) is continuous in (a, 6) and if for some k, |g(x)| > 1/10* 
for any x in (a, 6), then 1/g(x) is continuous in (a, b). 


We can choose n(r) so that 9(X)—g(x) = O(r) for any z, X in 
(a, 6) such that X—zx = 0(n(r)) and therefore 


,{ 1 1 — |9%)—9(X)] _ i “| — 1 
|X) gfe) ~ nena < Tor] 10% = Tore 
1 : 
Whence it follows that 7X) y7 7 a) io’ provided 


X—z = O(n(r+ A 
and so 1/9(z) is continuous. 
2.53. If f(x) is continuous in (a, b) and if F(x) is continuous in an 


‘interval (a, 8) which contains f(x) for any 2 in (a, 5), then F(f(x)) 
is continuous in (a, b). 


For any Y, y in (a, 8) we can choose s so that 
F(Y)—FYy)= Or) | (i) 
provided Y—y = 0(s). 
Furthermore for any X, x in (a, 6) we can choose ¢ so that 
S(X)—f(x) = 0(s) provided X—a = O(t). 
Hence, in equation (i), we may take f(X) and f(z) for Y and y | 


F(f(X))—F(f(z)) = 0(r), provided X—z = (2), 
and therefore F(f(x)) is continuous in (a, b). 
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2.54. If 9(x) and f(9(x)) are continuous in (a, 6), and if «, 8 are any 
two points in (a, b), then f(t) is continuous in the interval g(«), g(8). 

Proof. We may suppose a, 8 so chosen that g(a) < (8). 

Since f(g(x)) is continuous we can divide (a, 8) into n equal parts 
by the points « = a(0), «(1), «(2),..., a(m) = 8, say, such that 
f(9(X))—f(g(x)) = 0(k) for any two x, X in the same part. 

Since g(a(n)) > g(a(0)), we can determine a least integer 1, 
such that g(«(0)) < g(a(r,)) < g(a(n)), where r, may equal »; if 
g(«(r;)) <g(a(n)) then we can determine a least rg, greater than 1 


ae aa(rs)) < 9(a(rs)) < g(a(n)), 
where r, may equal n, and so on, up to some 7,, such that 


| 9(“(7m—1)) < 9(4('m)) = g(oe(n)). 
For any p < m, since 7, is the least integer, greater than r,_,, 
such that g(a(r,)) > g(a(7p-1)), therefore g(a(r,—1)) < g(a(rp-1)), 
and so each interval g(a(r,-1)), g(«(r,)) is contained in an interval 
9(«(7p,—1)), g{a(rp)), that is, in an interval bounded by. values of 
g(x) at consecutive points of the original subdivision of (a, B). 

The interval g(x), g(8) is divided into m parts by the points 
g(a(r)), 0< F< mM, ry = 0; if t, T are any two points in the same 
part then both ¢ and T lie between some pair g(a(i)), g(a(¢-+1)) 
so that, since g(x) is continuous, we can determine x, X between 
a(t) and a(t+-1) such that g(x) = t, g(X) = 7 and therefore 

S(T)—FO = F(W(X))—F(g(@)) = (4), 
which proves that f(t) is continuous in the interval g(a), g(8). 
2.6. If } a, X" is convergent then > a, 2” is a continuous func- 
tion in (0, X). 

Let s,(x) = ap+a,2+a,2°+...+¢, 2" and s(x) = lims, (x). By 

Theorem 1.92 we can find an m so that for any z in (0, X) 
8(%) = 8(%)+-0(r). 

Since z” is a continuous function (for any 7), s,,(z) is a sum of 
continuous functions and is therefore itself continuous, and so for 
a certain k, 

8n(X)—8,,(%) = O(r) provided X—z = O(k). 
Hence s(X)—s(x) = 0(r)+-0(r)—0(r) = 0(r—1) and so s(x) is con- 
tinuous in (0, X). 
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2.7. If f(x) and g(x) are continuous in some interval which includes 
a point X, and if for all x in this interval, except x — X, we have 
f(x) = g(x), then also f(X) = 9(X). 

For if X is not the right-end point of the interval then 


1 1 
i(x+5) = (X-+;), 
for sufficiently great values of n, and by 2.3 
1 1 
sx+Z)>100, 9 X+;) > 9, 


which proves that f(X) = g(X); and if X is the right-end point 
then X—1/n belongs to the interval for sufficiently great values 
of n and the proof is completed as before. 
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THE DERIVED FUNCTION 


IMPLICIT FUNCTIONS. MEAN SLOPE. DERIVATIVE OF 
A. POWER SERIES. THE BINOMIAL SERIES. INVERSE 
FUNCTIONS 
THE object of the differential calculus is to compare with a change 
in the argument of a function the corresponding change in the 
value of the function, or, as we may say, to measure the rate of 
change of a function, that is the average change in value per unit 
change of argument. For a change in argument from x to X the 
value changes from f(x) to f(X), and the ratio of the amount by 
which the value changes to the amount of change in the argument is 
f(X)—f@) 
X—x 


If, for each value of x, we can determine a number f’(z), say, such 
that L2)—Le) differs from f’(x) by as little as we please for all 


values of X sufficiently near to x, the function f(x) is said to be 
regular or differentiable, and f’(x) is called the. derivative of f(z). 
f(z) records the rate at which f(x) is changing its value at the 


2__ 2 
point x. For instance, since = = = X+<« and since X+~ is 


nearly equal to x-+-2, i.e. 22, when X is near x, it follows that 2a 
is the derivative of z?. Thus the greater the value of 2, the faster 
does x? change its value; at the point z = 5 the function 2? is 
increasing 10 times as fast as its argument and at x = 20, z? is 
increasing 40 times as fast as its argument. Observe that in con- 
2 


2... 
sidering the ratio - we are concerned with values of X close 
to x but different from x; when we say that the derivative of x? is 
2a because X-+-x is nearly equal to 22, the fact that X-+x actually 
equals 2% when X equals x is quite irrelevant, because the only 
values of X which we are considering are those near a and different 

x2 rd 


Ynez is equal to X-+-<z only so long as X and = are 


from it, and 


unequal. 
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We do not attempt to measure the rate of change of the value 
of functions f(x) for which fe ac varies appreciably for small 


’ variations in X. 

Another way in which we might express the condition that a 
function be regular is to say that for small enough changes in 
the argument, changes in the value of the function are nearly 
proportional to changes in the argument, i.e. if X,, X, are points 

meh is nearly equal to a aa difference 
columns in a mathematical table are constructed on this prin- 
ciple. For instance, in a four-figure table of squares we find 
that the squares of the numbers 1-52, 1-53, and so on up to 
1-58 (each of which differs from its successor by -01) are 2-310, 
2-341, 2-372, 2-403, 2-434, 2-465, and 2-496. The difference 
between each of these and its successor is readily seen to be 
-031, and so to equal changes in the argument correspond changes 
in the value of the square which coincide to 3 decimal places. 
If we wish to find the square of a number between any two of 
those we have just considered, say 1-543, which lies between 
1-54 and 1-55, we observe that the difference between 1-54 and 
1-543, i.e. -003, is 3 of the difference between 1-54 and 1-55. 
Hence the difference between the squares of 1-543 and 1-54 is 
about 3, of the difference between the squares of 1-55 and 1-54. 
Since 1-55?—1-54? = -031 it follows that 1-543?—1-547 must 
equal 3;x -031 = -009, to 3 places. Adding this difference to 1-54 
we find 1-543? = 2-381; similarly the addition of the same -009 
to the squares of 1-52, 1-53, 1-55, etc., gives the squares of 
1-523, 1-533, 1-553, etc., and 9 is the figure entered in the 
difference column for 3, in the row commencing 1-50. The justi- 
fication of this method lies in the fact that vz? is a regular 
function. 

The reader who is familiar with coordinate geometry will recog- 
nize that the condition for a function f(x) to be regular is just 
that any sufficiently small part of the curve y = f(x) is nearly a 
straight line. Any three points (x, y), (%1; ¥1), (a) Ya) on a straight 

Yr—Y _ 


line satisfy the condition =—= = “:—*. for a differentiable func- 
Yo—-Y Xa —% 


near x, then 
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tion f(x), if the points lie on y = f(z), the ratio are =y is nearly 


equal to a = provided x, and x, are both close to 2. 
= 


3. Formal definition 
A function f(x) is said to be uniformly (or interval) differentiable 
in an interval (a, 6) if we can find functions f’(x) and (r) such that 


—. = f'(x)+0(r) (D) 


for any a, X in (a, 6) satisfying X—x = 0(n(r)). 

The function f’(a) is called the uniform (or interval) derivative 
of f(x), in (a, 6). For brevity we shall generally write ‘differentiable’ 
for ‘uniformly differentiable’, and ‘derivative’ for ‘uniform deriva- 
tive’. 
3.01. The relation between f(x) and f‘(x) may be written in the 
form , 

S(X)—f(e) = (X—2)f'(z)+(X—2)0(7) (D*) 

obtained from equation (D) by multiplying both sides by X—z. 
Since (D) holds for any X near x but different from x, this multipli- 
cation by X—z is permissible, but since both sides of the equation 
(D*) vanish when X = a, (D*) ts true even when X = a. 
3.02. A uniform derivative is a continuous function. 

Since f’(z) —f4)-fe) +0(r) provided only X—z = 0(s), we 


may interchange x and X in this equation, for this interchange 
does not alter the condition X—a2 = 0(s) and therefore 

so that f’(X)—f'(z) = ee = ae which proves that 
f(z) is continuous. 


3.03. If f(x) is differentiable in (a,b) then f(z) is continuous in (a, b). 
By 3.02, f’(x), the derivative of f(x), is continuous in (a, b) and 
so, by 2.1, f’(x) is bounded and we can find a number m so that 
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If'()| < 10". Hence since f(X)—f(x) = (X—a)f’(w)-+(X~2)0(1) 
provided X—zx = 0(n(1)) it follows that 
If(X)—f(@)| < |X—a||f'(@)+0(1)| < |X—zx].10"4 

and so f(X)—f(x) = O(r) provided X—a = O(r+-m+ 1), which 
proves that f(x) is continuous. 
3.04. If f(x) is differentiable and if x, > « then S%a) Sl) PG): 

For we can choose v so that x,,—a = O(n(r)) provided n > v and 


therefore 2 = f'(x)+0(r) provided n > v, which proves 
SOn)—f@) _, 
that “oe —> f(a). 


3.05. If f(z) is differentiable and if X,—> x and x, > 2 then 
S(Xn)—F (en) 
ty 


a > f'(2). 
Since X,, > x and x, > x, therefore X,,—%p > 0 and so we can 
choose v such that X,—2, = 0(n(r)) if n =v. Therefore 
Epa fe®) = fe) +007 
provided n >v. But f(x) is continuous so that Sf (%n) > f(x), 
ie. f'(%_) = f'(x)+-0(r) for n > some #. Hence if N is the greater 


of w and yy eg) flee) = f’(x)+0(r—1) for n > N and so 
X,—@p_ 
3.1. The derivative of the sum of two functions is the sum of the 
derivatives of the functions. 

Let f’(x), g(x) be the derivatives of f(x) and g(x). Then 

{(f(X)+9(X}-{f@)+9(x)} — f(X)—f(a) 4 KX)—9(a) 

X—z ~~ —2 X—x 
= f(a) +9'(x)+0(r)+0(r) = f(x) +9’ (x)+0(r—1) 

provided X is close enough to z, proving that f’(x)-+-9’(x) is the 
derivative of f(x)-+-g(z). 


> f'(2). 


3.11. Theorem 3.1 readily extends to any number of functions. 
For instance, if f(x), g'(x), h(x) are the derivatives of S (2), 9(x), 
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h(x) then by 3.1, {f’(a)+-9’(x)} is the derivative of {f(«)+9(x)} and 
so, by applying 3.1 to the two functions { f(x)-+9(x)} and h(x) it 
follows that {f’(x)+9'(x)}+-h'(x), ice. S'(@)+9'(x)+h'(z), is the 
derivative of {f(x)+-9(a)}+-h(2). 


3.2. If f’(x), g'(x) are the derivatives of f(x), g(x) then the deriva- 
tive of the product f(x)g(zx) is f’(x)g(x)+-f(a)g’ (2). 

Since f(x), g(x) are differentiable, they are continuous and so 
bounded, and g’(x) is also continuous and bounded, and therefore 
f(X)+9(x)+9'(x) is bounded, for any x, X. 

Now 

F(X) X)—fla)g(a) = f(X)o(X)—9(x)}+-f(X)—f(a)}g(@) 

= (X—2)[f(X)g' (a) +f (@)g(@) +{f(X)+9(ax)}0(r)] 

provided X is sufficiently close to 2. 

But, for such values of X, f(X) = f(x)--0(r) and so 
FEMEY LEME) _ Haya) + ebgla)} = (ge) +f(X)+-9(e))0(0) 


—2# 


which proves that f(x)g'(x)+-f'(x)g(x) is the derivative of f(x)g(«) 
(by 1.31). 


3.21. From 3.2 it follows that the distntive of f(x)g(x)h(x) is 
F'(a)g(x)h(x) +f (x)q' (x)h(x) + f(x) g(a)h' (x), 


for 
(F(x) (@)h(x)y = ({f@)g(x)}h(x)y’ 
= (f(x)g(a))'h(x)-+ (f(x)g(a))h' (x) 
= (F@)9(@) +4 (a) 9" (a) h(a) + (f(@)g (a) )h'(a) 
= f'(e)g(a)h(a)+-f(a)g' (x)h(x) +f (x)g(x)h' (a), 
and step by step the theorem extends to products of any number 
of functions. . 


3.3. If, for any x (in some interval), |f(x)| > 1/10*, for some con- 
stant k, and if f’(x) is the derivative of f(x) then the derivative of 
L{fla) is f(a) (Efe). 

Since f(x) and f’(x) are continuous they are bounded and so for 
some 7, |f’(x)|-+|f(x)| is less than 10”. Furthermore, if X is suffi- 


ciently close to x, f(X)—f(z) and 2) fe) — f’(x) are both 0(r). 
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Now 
{1/f(X)—1f(@)}/(X —x)—(—f' (a) /f(w)?) 
= —{(f(X)—fl@) if X)fe)(X—2)} +f (a) if)? 
= —EF' (+O) @)S(X)-H (e)/fe)? 
= [FF @)—FXVY}AF@)O MU F(X) fe)? 
= KP’ @)+SO}AZ)F(@)*]0(r) 
which proves the theorem since {f’(x)+. S(x)}/f(X) f(a)? is bounded. 
3.31. It follows from 3.2 and 3.3 that provided |g(a)| 2 1/10* 
the derivative of f(x)/9(a) is {f’(x)g(x) — f(x)’ (x)}/g(x)*, for 
(f)/o(x)Y = f'e)(1/9(z)) +F(@)(Lg(e)y 
= f'(x)/9(%)—f(a)g’ (x) (g(a)? 
= {f'(@)9(x)—f(a)9' (a)}/g(x)*. 
2 f(X)—fle) _ X~a 

InLustrations. If f(x) = # then X-5 
so the derivative of the function z is unity. This of course says 
no more than that ‘x increases as fast as 2’. 

If for any x, or any x in some interval (a, b), we have f(x) = f(a) 
then f’(x) = 0, for A) fe) = ff) = 0 for any X and z. 

This result is usually expressed by saying that the derivative 
of a constant is zero, a constant being a function which has a value 
independent of the argument, i.e. one for which f(X) = f(x) what- 
ever values X, x may have. Such a function is for instance a 
number like 3, or to be more precise the function f(x) defined to 
have the value 3 for any x, or any x in some interval. 

It follows from 3.2 that the derivative of f(x)g(x), when f(z) is 
4 constant, is just f(x)g'(x); if c is the constant value of f(x) then 
we may express this by saying that the derivative of cg(x), for any 
number c whatsoever, is cg’ (x). 

Thus the derivative of az?-+-ba--c is 2ax-+-b, whatever numbers 
a, 6, c may be, that is, whatever constants a, b, c may be, for the 
derivatives of ax®, bx, c are 2ax, b, 0 respectively and the derivative 
of the sum is the sum of the derivatives. 

The derivative of 2”, where n is a positive whole number, is 
naz"-1, for the derivative of z! is 1.2° = 1, that of 2? is 271 — Qa, 
and if for some 7 the derivative of x” is nz"—1 thensincea™+! = 2.x” 


= 1 and 
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the derivative of 2+! is 1.a2"+-x2.na"-1 = (n+1)a", which proves 
the result for any positive whole number. When n = —m,m > 0, 
we have 2” = 1/z™ and since the derivative of 1/2 is 
—mazm-1](am)2 — —mz-™-1 

we see that the derivative of x” is nz”-1 whether x is positive or 
negative. 

The results we have just obtained may be summarized by saying 
that the derivative of 


; Ag+, x+a,27-+...¢, 2"+6,/e+b,/2?+...+6,,/2™ 
is 


44+ 2a, 2-4-3, 27+ ...+-na, 2-41 
— (b,/1?+- 2b,/2?+ 3b,/x4-+...-+-mb,,/2™*1), 
in any interval not including the origin. 
3.32. The derivative of f(g(x)) is f’(9(x))g’(a). 

Since f’(x) and g'(x) are continuous f’(g(x))+9' (x) is bockaea: 

Now G(X) = g(x)+(X—z)(g'(z)+0(r)) 
and FY) = fy+%—y(F'(y) +07) 
provided X—zx and Y—y are small enough. 

Take g(x) for y and g(X) for Y so that Y—y = (X—2){g'(x)+ 0(r)}, 
which can be made as small as we please by taking X close enough 
to x, and so 

flg(X))—f(g(«)) = (X—2#){g' (a) + 0(r)}HF' (ge) +0(7)}- 
Therefore 
LOX) HV) ~ pg ay)g'(a) = {F (ole) +9'e) + Or} 00), 

but f’(g(x))+9'(~)+0(r) is bounded, and so f’ (9(=))9" (x) is the 
derivative of f(g(x)). 

Exampues. To find the derivative of {x?+ 3x +-5}’. Take 

g(x) = #7+32+5 and f(x) =x’ 

so that (x?+3x-+5)? = f(g(z)). 

Since f’(x) = 7x® and g’(x) = 2x+3 therefore the derivative of 
{x?-+- 3a 5}" is 7(a?+ 32+ 5)®(2%+ 3). 

The derivative of (2°4-4)§/(z?+4- 27+ 3)5 is 

6 (a3 + 4)53a:2/(a?-+ 2a-+-3)5-+- (a3 4)8{— 5(x?-+ 2x+-3)-°( 2x4 2)} 

= 2 (a+ 4)9{9u7(x? + 224+ 3)— 5(a>-+4)(a-+ 1)}/(2?+ 22+ 3)% 
= 2(a3+ 4)5{404+ 1323 4-2722—202—20}/(x?-+ 2a4-3)8, 
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3.4. Implicit functions 

We have already seen that the derivative of a constant function 
is zero and we shall now consider one of the many important parts 
which this result plays. Suppose for instance that we know that 
two functions f(x) and g(x), though defined in different ways, are 
equal for every value of x, can we say that these functions have 
equal derivatives? In other words, if we differentiate both sides of 
the identity f(z) = g(x) do we still obtain an identity? Consider 
f(«)—g(2); this difference is equal to zero for every value of x and 
is therefore a constant function and its derivative is zero. But the 
derivative of a difference of two functions is the difference of the 
derivatives and so f’(«)—g’(a) = 0 which proves that f’(x) = g(x). 

We can now show that the derivative of x?!2 is (p/q)a?!t-1, i.e. that 
the derivative of a” is nx"-1 also when n is a fraction. ° 

For let f(x) = x?/¢ so that {f(x)}2 = 2?. If we assume that F(a) 
has a derivative f’(x), then the derivative of {f(x)}¢ is 

GF (a)}o-°F (ae) = qairlava-Vf (ce) —= gaP-Plaf'(z), 

and the derivative of x? is px?-1so that qx?-Pi4f’(x) = px?-1, whence 
it follows that f’(~) = (p/q)z?/t-1 as stated. The existence of the 
derivative of x?/2 is proved in § 3.85. If instead of writing f(x) for 
x?lt we write, for brevity, y, the relation between y and x is 


yi—xP = 0, i 
and so y is a root of an equation in which one of the coefficients 
is a power of x. This is a particular case of the equation 
Aola)y™+-ay(x)y™ + a9(x)Y"2 +... Oy a(2)Y+On(t) = 0 (i) 
in which the coefficients a (x), a,(2),..., Gm(x) are polynomials in x. 
If we could solve this equation we should find m functions of x each 


of which when substituted for y would make the equation true for 
all values of x. For example, the equation 
xy? —(2x?-+-a-+ 2)y+ (234+-a241 Qxt2) = 0 

has the roots y = z+ 1 and y = (a?-+-2)/x and each of these values 
of y makes the equation true for all values of x. It may happen 
that we are unable to solve the equation and in this case we say 
that the equation gives an implicit definition of m functions for 
which the equation is true; in such a case, of course, we know no 
more about these functions than we have stated, namely that they 
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satisfy a certain equation, but this alone often suffices to determine 
many other important properties of the functions and we shall see 
later that it suffices to determine the functions as power series. 
For the present we are concerned only to show that we can find 
the derivatives of functions defined implicitly, in terms of x and 
the functions themselves. 

Let us think of y as a function of x for which the equation (ji) 
is true for all values of x, so that the left-hand side of (i) is a 
constant function whose derivative is accordingly zero. Thus 
denoting by y’ the derivative of the function for which y stands, 
assuming for the present that this function is derivable (an assump- 
tion which we shall justify in § 15.85), we have 


Ag(x)Yy” + do(z)my™—ty’ + 1 FO a(4)Y+ Oma (2)y’ +0n(2) = 0 
and therefore 
—— {ao(w)y™+ ay (a)y™ "+--+ Oin—a(@)Y +4m(2)} 
{mag(x)y™-1+ (m—1)a,(x)y™-2+... 24n—o(X)Y +m—1(x)} 
(ii) 


For instance, if 
y’—3ay+a5=—0 then b5y*y’—3y—3ay’+5a2t = 0 
and so y’ = (By—5za4)/(5y4— 32). 
Observe that although equation (ii) gives a unique value of the 
derivative y’ this value itself depends upon y so that in general y’ 
will have m values, one for each of the m values of y which satisfy 
equation (i). For example, if y?—(2?+%7+1)y+2?(#+1) = 0 we 
3x74 2a—(2x-+-1)y 
a*-+a-+1—2y 
y = x+1 and y = 2’, and for these values of y we find 
» _ (Bat 2a)—(2e4+1)@+)) _ 
z?+2+1—2(2+1) 
_ 3x? +-2¢—22(2a-+-1) ae 
x®+2+1—222 , 


, but the equation is satisfied by 


find y’ = 


and 


as we should expect. 
Exampxes. The derivative of x/,/(a?+-2z*) is 
1. (a?+-2:7)-4-+-2{ — $(a?-+-2?)-#22} 
= (a?+--2?)-Ha2+ 22:7} = a?/(a?+27)%. 
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Alternatively write y = x/,/(a?-+-2*), then (a?-+-2:7)y = 2? and so. 
2axy?+ 2y(a*-+-27)y’ = 2a, 
whence y(a?-+-2)y’ = 2(1—y?) = a®x/(a?-+2?) 

and so y’ = a*/(a® +22). 
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To find the derivative of yee write y for the 


expression and we find 


It-y  J(+a)  (1+a)t I+y\®  (14+2)8 
Ty Ya—2) ~ Gat ma (73) ~ Ga) 


i.e. (1-+y)%(1—a)? = (1—y)(1++-2), 
whence 
6(1+-y)>(1—a)?y’ —2(1-+y)*(1—z) 
= —6(1—y)>y’(1+-2)84+3(1—y)%(1-+-a)? 


and therefore 


ey (24) 0-2-0429} = anf)" a— —2)4501-+29, 
i.e. ; 

6y'{(1—a)*-+ (1+2)R(1+a)t . 

= (1—y){2(1+-)+-3(1—2)}(1+2)?/(1—a), 

ie, yf = (5—n)/3(1—a)(1+-2)f(1—a)t-+ (Itai, 
3.5. If the derivative of a function is positive the function is 
increasing, i.e. if f(x) > 0 then f(X) > f(z) when X > 2 for any X 
near enough to x. 

Since f(z) > 0 we can choose r so that f’(x) > 1/10" and so 


f(X)—f(@) come oi (x) = f'(x)+0(r) > 0, which shows that f(X) > f(x) when 


x . x — > f(X) when x > X. 
Similarly, if the derivative is negative the function is decreasing, — 

for we can choose r so that f’(a) << —1/10", making f’(x)+0(r) < 0 

and so f(X) < f(x) when X > 2, and f(z) <f(X) when x > X. 

- 3.6. The expression ae is called the mean slope of f(x) in 


(a, 6) and will be denoted for short by p(a, 5) or p(6, a). 
If an interval (a, b) is divided into any number of equal parts 
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then in at least one of these parts the mean slope of J (x) is at least 
as great as the mean slope in (a, b), and in at least one part the 
mean slope is no greater than in (a, 6). 
For if % = @,2,,%»,...,%, = 6 are the points of subdivision so 
that 


then 
S(6)—F@) = {fe)—f@0)}3} +f 2) Se} + Hf (Cn) —S@n—a)} 


and s0 


ni f(b)—f(a)} _ S(%1)—f(%p) af (%2)—f (2) i af (n)—F (%n-1) 
71 


b—a %4—Xpy U_—X. 


L,—2X,_1 = (b—a)/n_ for any r 


Cy — by 
n 
= 2 Ba, Xp-1)- 


Let p(x, 24) be the least of the n numbers y(2,, 2,_,), 
r=I, 2,..., » (choosing the least such value of & if there is 


n 
more than one), then > yu(z,, 2,1) > nu(x,, 2,1) and therefore 


me fe) Z My, Ty), Le. w(a, b) > u(%,-1, 2%). Similarly, 


if u(%,_1, XJ) is the greatest of the n numbers 
HAX,4, ,), r= 1, 2,..., n, 
then La, b) < HX Ly). 


3.61. f’(x) is the derivative of f(x) in (a, b). Then there are points 
€y, Cy in (a, 6) such that f’(c,) < (a, 6) and f’(c,) > p(a, b). 
Divide (a, b) into two equal parts; by 3.6, in one of these parts, 
(a1, 6) say, w(a, b) > p(a,, b,). Divide (a,, b,) into two equal parts 
and choose that part (a, b,) where y(a,, b,) > w(ag, b,); divide 
(22, 5) into two parts and choose (a3, bs), and so on. Since 
H(A, b,) > H(Gn+1, 6,41) for any n, therefore Ba, 6) > Ba, b,,) for 
any n. By Theorem 1.96 (a,,) and (6,) tend to a common limit Cy 
(say), and therefore by Theorem 3.05, p(a,,, 6,) > f'(c:) and so 
H(a, 6) > f'(c,). Similarly there is a point c, where f’(c,) > u(a, 6). 


3.62. If f(z) >a >0 in (a,b) then p(a,b) >a, for by 3.61 
there is a point ¢ where p(a, b) > f'(c) and f’(c) > a. If x, X are 
any two points in (a, 6) the conditions of the theorem necessarily 
hold also in the interval (x, X) and therefore p(x, X) > a. 
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3.621. In particular from f’(x) > 0 in (a, b) we derive p(x, X) > 0, 
ie. eed > 0, which shows that if X > x then f(X) > f(z) 


and so f(x) is steadily increasing in (a, b). Similarly, if f’(x) > 0 in 
(a, 6) then f(X) > f(x) when X > x. 
3.63. The closed interval (a, b) in 3.621 may be replaced by an 
open interval [a, b]. 
3.64. If f(x) is continuous in (a, b) and steadily increasing in. the 
open interval [a, 6] then f(x) is steadily increasing in (a, 6). 

We require to show that if x lies in [a, b] then f(a) < f(x) < f(b). 


Since f(x) is increasing in [a, 6] therefore f (« +c) <f (« + -} 
but, as f(z) is continuous in (a, b), a+ ;|> f(a) and therefore, 
by 1.47, f(a) <i(a+3). If x lies in (a, b) we can choose n so that . 
a+— we x and therefore f(a) < f (0+) < f(x). Similarly 


f(x) < f(0). 
3.641. Theorems 3.63 and 3.64 together prove: 

If f(x) is continuous in & 6) and f’(x) > 0 in [a, 6] then f(z) is 
steadily increasing in (a, b 
3.65. The only function whose derivative is zero throughout an 
interval is a constant, i.e. if f’(x) = 0 for any x in (a, b) then 
f(x) = f(a) for any ~ in (a, b). 

Since f(x) is differentiable 

S(X)—f@) = (X—z){f'(z)+-0(r)}_ provided X—a = 0(s), 
and so if f’(~) = 0, 
S(X)—f(x) = (X—z)0(r). 

Choose k so that b—a < 10* and let N = 10*+*. Divide (a, b) 
into N equal parts by the points a = dp, a1, dy,..., 2y = 6 so that 
the length of each interval (a,, a,,,;) is (b—a)/N = 0(s) and there- 
fore 

b 


fldy.)—F (tp) = (Ap 112—Ap)0(0) = =" 


Now any x between a and b necessarily falls into one of the NV 
parts; suppose it falls between a,, and a,,, so that Ay UK Ay 


O(r). 
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Since x—a, < a,,,—a, = 0(s), therefore 


fe)—fla,) = (e—a,)0(7) = For) 
as Y—a, < (b—a)/N. Hence 
f(t)—f(a) = {f(a.)—f (a) +{f (a.)—f (a,)}+... +{f(@ ‘n) f(a p—1)}+- 


bee ‘oS 
= (p+) Doyp) = (6—a)0(7), since p+1 < 


= O(r—&). 


Since & is fixed and r may be as great as we please it follows that 
f(z) and f(a) are equal, to as many decimal places as we please, 
and therefore f(x) = f(a) and f(x) is constant. 


3.651. If the derivatives of f(z) and g(x) are equal then J(x) and 
g(“) are equal apart from an additive constant, i.e. a function is 
uniquely determined by its derivative, apart from a constant. For 
if d(x) = f(x)—g(x) then ¢’(x) = f’(x)—g'(x) = 0 and so, by 3.65, 
$(z) is constant and therefore f(x) = g(x)-+-constant. 


3.66. The foregoing proof shows also that if f’(xz) = 0(n) instead 
of f(x) = 0 as in 3.65 then f(xz)—f(a) = 0(n—k)+-0(r—k) for any 7, 
ie. f(x)—f(a)—0(n—k) is zero to as many decimal Places as we 
please and therefore f(x)—f(a) = 0(n—k). 

In particular if f(a) = 0 and f’(z) = O(n) then f(x) = O(n—k). 


3.661. Theorem 3.65 may also be deduced from Theorem 3.61. 
For if x is any point in (a, 6) then we can find ¢,, cz in (a, x) such 
that 
P(e) FOLD < peg 


but f’(¢) = f'(c,) = 0, so that f(a) = f(x) for all x in (a, b). 
Similarly, if f’(x) = 0(n) throughout (a, 6), then from 


P(e) <ODO < pe) 
we derive f(x)—f(a) = (x—a)0(n) = 0(n—h), since 


(x—a) < (b—a) < 10*. 
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3.7. Derivative of a power series 

We have proved that the derivative of a sum of any finite 
number of functions is the sum of the derivatives of the functions, 
but this theorem does not extend to the sum of an unlimited 
number of functions, except under very restrictive conditions. 
The following is the simplest result on the derivative of the sum 
of an unlimited number of functions. 


If > a, R" is convergent, then ¥ na, x"-! is the derivative 
of > a, 2” in the interval (—x*, x*), where x* is any positive 
number less than |Z]. 


Proof. Write s,,(x) = 3% xP, o,,(x) = 3 pay xP-1; by Theorem 


1.83, o,,(x) is convergent in the interval (—2x*, z*). Let s(x) and 
o(x) be the limits of s,(x) and o,(x) respectively, so that, by 
Theorem 1.92, we can determine n, depending upon r but not 
upon 2, such that 


(x) = 8,(%)+0(r), o(%) = n(X)+ O(r) 
for all a in (—x*, 2*). Further let g(x) be a function whose deriva- 


tive is o(z). Since pa, x?- is the derivative of a, x” it follows that 
o,(x) = si,(x). Hence, if h,(x) = g(x)—s,,(x), then 


h(a) = g'(2)—8,() = o(x)—o,(x) = O(7), 


whence by Theorem 3.66, h,,(x)—h,,(0) = 0(r—k), where k is chosen 
so. that 2a* < 10%. But s(x)—s,(x) = O(r) and h,(0) = g(0)—ap, 
and therefore 


g(x) —s(e) = ha(x)—(s(x)—8,(2)) = g(0)—ay + 0(r—k—1); 
since this holds for any r, it follows that s(x) = g(z)—g(0)-+-dg, and 
therefore s’(x) = g'(x) = o(x), which completes the proof. 


We may express Theorem 3.7 by saying that the derivative of 
the limit of s,,(x) is equal to the limit of the derivative of s,,(x). 

Observe that the result holds only in the open interval [— R, R] 
and does not extend to the point £ itself (unless > na, x"! is 
known to be convergent, when 2 = R, independently of Theorem 
1.83). For instance, the series 5 x"/n? is convergent when x = I, 
but the derived series } 2”-1/n is convergent only when zx is 
numerically less than unity, and is divergent when x = 1. 
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It follows, of course, that if > 4%," is convergent for every 
value of x, then its derivative is > 24, x"-! for every value of x. 
- The foregoing proof is based on the assumption that there is a 
function g(x) whose derivative is the given continuous function 
o(x). The justification of this assumption is given in Chapter XV. 
The following is an alternative proof of Theorem 3.7 which is 
independent of this assumption. 


3.701. Alternative proof of 3.7. By Theorem 1.83 > na, 2”) ig 
absolutely convergent in (—a*, x*) and so, by 1.921, we can find 
n,, independent of x, such that 


aa 
> Ply x? = O(r) 


for all N >n > n,, and all x in (—2*, x*). 
N 
Let x, X be two points in (—z*, x*) and write d(x) = > yx”, 
n 
N 
so that ¢’(x) = >} pa, x?-1. It follows from Theorem 3.61 that we 
n 


can find c, and c, between x and X such that 
$e) < ®O4®) < (0); 
but $’(c,) = O(r) and ¢’(c,) = O(r), and therefore 
H(X)—G(x) 
a =i O(r), 


1 2 
ie. — > a,(X?—2z?) = 0(r) 


for all N and n not less than n,, and therefore, since > Gy? is 
convergent in (—x*, x*), we have 


— > a,(X?—a2?) = O(r) (n > n,). 


p2n 
Furthermore, since ¥ na, 2-1 converges in (—2*, x*) we can find 
v, 2 n,, such that ¥ pa, xz?! = O(r), for n > v, and 2 in (—z*, x*), 
p2n 


n=l 
and we can determine 4,, independent of z, so that if 8,(%) = > a, 2, 
i) 


then {s,,(X)—s,,(x)}/(X—a)—s) (x) = O(r) provided X—2 = O(A,). 
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Hence, if f(z) = > a, x”, then 


fO=10) _¥ nage 


-S a, ((=—=)- — per} + ya Pe el =) — Line 


DPV, 

= o(r)--0(")-+0(7), provided X—zx = 0(A,), 

= O(r—1) 
which proves that f(x) is differentiable with derivative 5 na, x"-* 
in (—x*, x*). 
3.71. Iff(x) isthe derivative of F(x), in{—R, R), and f(x) = Sa, x", 
the power series being convergent for = R, then 


a = -2 an 


antl 


nary (lel < IRD. 


and D ne | = 2", and ee by 3.7, > = 


with derivative f(x), when |x| <|R|. Thus 5 aeicecss 


n+l 
F(x)— > a, i 


is differentiable, with mates zero, so that, by 3.65, 
Fe)— > a= = FO) ial < sla 
3.711.* The equation F(x)—F(0) = > a 


vis differentiable, 


| holds in fact not 


1 
only for |z| < ||, but also when x = R. For, ut 1.911, > a ins 


* and F hed are 


is convergent, whence, by 2.6, both ¢(z) = > an= ra 
continuous in (0, 2); but d(x) = F(x)—F(0) for 0 <a < Rand 
so, by 2.7, 6(R) = F(R)—F(0). 


3.72. The binomial theorem 


If (" denotes m(m—1)(m—2)...(m—r-+-1)/r! for any integer r, 


Vt) - 


and any m, then 
r—™ 
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Hence > () is absolutely convergent for all m, and all x in 
[—1, 1]. 
Let f(x) = > ("x in [—1, 1]; then, by 3.7, 


rove Epes 


in [—1, 1], and therefore 
mf(x)—(1-+2) f’(x) = > m("r)ar— > n(™ ; ar — > m/ mal 
a 


( = +( p= nr ane ("), 
jf 


r—1 r r! 
and so mf (x)—(1+2)f’(x) = 0. 

If —1 < —a < 2, we have, obviously, 1+ > 1—a > 0, and 
therefore in the interval (—«, a), where 0 < « < 1, the function 
g(x) = f(x)/(1+2x)™ is differentiable, with derivative 

g(x) = {1+2)f'(x)—mf(x)}/+a)" = 0; 
hence g(x) = g(0) = 1, and so f(x) = (1+a)™ for —a<2<a. 


Thus (1-ta)m = 1+(T}e+(p)ate-+(hare 


for any m, and any x in [—1, 1]. 
The result is also true for x = 1, m > —1, and forx = —l,m>0 
(see Example 4.8). 


3.8. Inverse functions 

If a function f(x) is regarded as transferring a point x to a point 
y, then a function g(x) which transfers y back to x is called an 
inverse of f(x). For instance, x—2 is an inverse of x+-2, and 1/x 
is its own inverse. 

Formally we define: If each of the functions f(x), g(x) has a 
unique value for each value of x, and if for all x 


S(g(@)) = z, (i) 
then f(x) is called the inverse function of g(x). 
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If we write y for g(x) the condition (i) is equivalent to the pair 
of equations y = g(x), « = f(y). This suggests that if f(a) is the 
inverse of g(x) then g(x) is the inverse of f(x), but this is not true 
without some further restriction on the functions. Equation (i) 
shows that 9(x) takes each of its values once only, for if 

9&1) = g(%2) = 2, 

say, then f(v) = f(g(2,)) = x, and also f(v) = f(9(x_)) = v2, and so 
as f(x) has a unique value for x = v, therefore z, = 2,. Hence if 
g(x) is also the inverse of f(x) it follows that f(x) takes its values 
once only and this is more than we were given by the conditions 
which made f(x) the inverse of g(z). 

If, however, we add the condition 


J (x) takes each of its values once only (i) 


we can readily prove that g(x) is the inverse of f(x), for writing 
f(x) in place of x in equation (i) we have 


F{o(F(@))} = fa). 
Now f(x) takes each value once only so that f(X) = f(x) only if 
X = x and therefore from f{g(f(x))} = f(x) we conclude, for all x, 


9(f(e)) = 2, (i’) 
which proves that g(x) is the inverse of f(x). 


Alternatively, instead of imposing an additional condition on 
f(x), we can prove (i’) subject to the condition that 
every number is a value of g(x). (ii) 
For if y = g(x) then f(y) = f(g(x)) = x and so 
(f(y) = 9(@) = y 
and this is true for all values of y as every number is'a value of g(x). 

We could of course have anticipated the need for this condition 
on g(x) as equation (i’) says that every number z is a value of g(f), 
for the value f(x) of the argument. 

Observe that by condition (i) we prove (i’) and from (i’) we can 
deduce condition (ii), and therefore condition (ii) follows from 
condition (i). Equally, since condition (i) follows from (i’) and (i’) 
follows from the condition (ii), therefore (i) follows from (ii). Thus 
the conditions (i) and (ii) are equivalent, for each follows from 
the other. 
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If the equation (i) holds, not for all values of x but for all values 

in some interval (a, 6), then f(x) is said to be the inverse of g(x) in 

(a, b). For instance vz is the inverse of x? in (0, 5) for any b > 0, 
and. vice versa. 


3.81. If f(x) is the inverse of g(x) and if f(x) and g(x) are differen- 
tiable then f’(g(x)) = 1/g’(x), for f(g(x)) = x and therefore 


F'(9(2))9'(z) = 1, 


whence the result follows. 


3.82. If g(x) is continuous in (a, 6) and steadily increasing, so 
that 9(X) > g(x) whenever X > 2, then g(x) has a unique con- 
tinuous inverse in (a, b). 

If Y is a number between g(a) and g(b) then, since g(x) is 
continuous, we can, by 2.41, find an X between a and 6 such that 
g(X) = Y; as g(x) is steadily increasing there can only be one 
number X such that g(X) = Y. Let f(y) be the function which 
takes the value X when y takes the value Y, so that for any Y 
between g(a) and g(b) the value of f(Y) is uniquely determined. 
Since f(Y) = X and Y = g(X), therefore 


W(f%)) = ¥ 

for any Y between g(a) and g(6), so that g(x) is the inverse of f(y) 
in the interval (g(a), g(b)) and therefore, as g(x) takes each of its 
values once only, f(y) is the inverse of g(x) in the interval (a, 5). 

Of course f(y) is also steadily increasing, for if f(Y%,) = X,, 
S(%) = Xe, and Y, < ¥,, since f(y) takes its values once only, X, 
and X, are unequal, and therefore, as g(x) is steadily increasing, 

(X,—X,){9(X1)—9(X_)} > 0, 

ie (X,—X4)(%i—¥,) > 0; 
whence, since Y, < Y, it follows that X, < X, and f(y) is steadily 
increasing. Moreover, every number between a and 0 is a value of 
f(y), for if X is any number in (a, 6) then f(g(X)) = X, and there- 
fore, by Theorem 2.23, f(y) is continuous in (g(a), g(d)). 


3.83. If g(x) is differentiable in («, 8) and if its derivative g'(2) is 
greater than some positive 2A for any x in (a, 8) then g(x) has a 
unique inverse f(z) which is also differentiable. 


https://t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 

THE DERIVED FUNCTION 
Since g(x) is differentiable it is continuous, and since g' (xz) > 2d, 
g(x) is steadily increasing in (a, 8) and so, by 3.82, g(x) has a unique 
continuous inverse f(x) in (a, B). Let g(x) = y, g(X) = Y so that 
x= f(y) and X =f(Y). Since f(y) is continuous, X—xz = 0(é) 
when Y—y = O(p,). Hence we can take y, Y sufficiently close to 
ensure that g(X)—g(x) = (X—zx){g’(x)+-0(r)} and so we have 

fY)—-fy)_ -X-m@ 

Y—y — g(X)—glx)  g’(x)+0(r)’ 
for X, x are unequal when Y, y are unequal since f(y) is increasing 
steadily. 
Therefore 


56 


Y—-y g(a) g'(ae)fg' (a) +0(r)} 
for g'(a){g'(x)+ O(r)} > 2A(2A+0(r)) > 22, provided r is chosen so 
that 102 > 1. Since d is fixed and r may be as great as we please 
this proves that f(y) is differentiable and 1/9’(«) is its derivative, 
where x = f(y). 


3.831. In 3.82 we may replace the condition ‘g(z) is steadily 
increasing’ by ‘g(x) is steadily decreasing’ and in 3.83 we may 
replace the condition ‘g'(x) is greater than some positive 2d’ by 
“g'(x) is less than some negative 2y’, making the appropriate 
changes in the proofs. 


3.84,* If g(x) is continuous in (a, 6) and if for any a > 0, 

g(t) > ky > 0 
in (a+, b—«), then g(x) has a unique inverse in the closed interval 
(a, 5). 

Since g'(x) > 0 in (a+a, b—a) for any « > 0, therefore g(x) >0 
in [a, 6]. 

By 3.63 and 3.64 g(x) is steadily increasing in (a, b) and so by 
3.82 g(x) has a unique continuous inverse Sy) in (a, 6); by 3.83 f(y) 
is differentiable and 1/g’(x) is its derivative, when 

gla+a) <y < g(b—a) 
and « is as small as we please. It is not necessarily true that f(y) 
is differentiable in the closed interval (g(a), g(b)). The condition 
g'(x) > k, > 0 may be replaced by g’(z) < —k, <0. 
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3.841.* In particular if, in addition to the conditions of 3.84, 
g(x) takes any value whatsoever when z lies in [a, b], then f(y) is 
defined, and its derivative is 1/g’(f(y)) for all values of y. For 


Fy) = 1/9'(fy)) for any y in the interval (9(2), g(«,)) for any 
24, Z_ in [a, b] and therefore, since g(x) takes any chosen value for 
an appropriate x in [a, 6], this equation is true in every interval 
and therefore true for all values of y. 


3.85. If ¢g is a positive integer then the function 27 has the 
derivative qx%-1, which exceeds qa2-! when x exceeds a; hence by 
3.83 x2 has a unique differentiable inverse, which is denoted by x2. 
Accordingly x2 is defined for any integer q and any positive x. 
xia satisfies (aNa)a — (¢2)Ve — x. The derivative of x2 is 


L/q(araye-* = aeila/gee 
Defining 2/2 to be (a?)"@ it follows that the derivative of x?/7 is 
pxP-l (Pa /qaP = puPldiqa. 
Since a?¢ = (a”)¢ = (a%)? for integral p, g and any a, therefore 
; (alaypa = {(ata)q = 2#P; but (allaypa = {(xa)P}a and so 
{(alla)P}a = 2P, whence (alla) = (x?) "a = 2Plq, 
Furthermore (x'2)p¢ — x, and so {(x¥/?2)?}2 = x, wherefore 
(allpa)p =g@ andso arg — (ala)up, 
Similarly x/p¢ — (a')Va, Hence 
appriar — (qlarypr — {(ylar)r\p — [{(¢llayurir |p — (ala)p — grid, 

which justifies the use of the fractional notation. 

xPla satisfies the index laws, for | 

(aPiajris — [{(aNa)P}r [vs — [(aNeyprjule — [apria}iis ; 
_ [{aPr}va]us = [apr }uas = gpriaes, 
and 
zPIa, gfls — gpeslas  yarlas — (glas)ps | (glas)ar 
= (acllas)pe+ar == ofpsteras — gpla+ris, 
Similarly 
grla/aris — (aias)ps /(gVas)ra — (gNas)ps—ar — ypla—ris, 

Accordingly x?/2/x = xP-1 and the derivative of «7/2 may be 
written in the form (p/q)x?/2-1 as in 3.4. 
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3.9. We have so far tacitly supposed that the functions with 
which we have been concerned are functions of a single variable 
and that the derivative of a function records how much faster or 
slower than the change in its single argument is the change in the 
value of the function. If, however, a function contains more than 
one argument we may consider it as depending upon each of these 
arguments in turn and examine the ratio of its change in value to 
the change in any single one of the arguments. For instance the 
function az? is a function both of a and x, but we may think of it 
as a function of x alone or of a alone and seek for its rate of change 
when only x changes or when only a changes. The important point 
is that here a and x are independent variables for which a change 
in one is quite independent of a change in the other. We might 
express this by saying that as far as changes in a are concerned 
x is a constant. Thus we separate entirely the two questions 
‘How much faster than x does az® change?’ and ‘How much 
faster than a does ax* change?’ To answer the first question we 
observe that az? is a product-of 2? with a constant function a and 
so the rate of change which we require is given by the derivative 
2ax, but in the second question it is with changes in a that we are 
concerned, and so now az? is a product of the function a with the. 
constant x? and the rate of change required is now given by 2%, 
since the derivative of a is unity. The presence of more than one 
argument in the function makes a change necessary in the notation 
for a derivative. For instance, if we were to denote the derivative 
of a function of two arguments, f(x, a), by f’(x, a) we could not 
tell whether this derivative records the rate of change of f(x, a) 
for changes in « or for changes in a, and as we have already seen, 
these rates of change might be quite different. Accordingly we 
introduce the notation D, f(x, a), D, f(z, a) to express the rate of 
change of f(z, a) as x varies and as a varies, respectively. The 
extension of the notation to functions of three or more arguments 
is quite obvious, D, f(x, y, z), D, f(x, y, z), D, f(x, y, z) denoting the 
derivatives according as 2, y, or z varies, and so on. 

We proved in 3.65 that if D, f(z) = 0, as 2 varies in some 
interval (a, 6), then f(x) = f(a) for any = in (a, 6). It will readily 
be observed that nowhere in the proof did we assume that F(x) is 
a function of a single variable and we may therefore express 3.65 
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in the following form: If D, f(x, y) = 0 as x varies in (a, b) then 
f(x, y) = f(a, y) for any =~ in (a, b), ie. f(z, y) is in fact a function 
of y alone, in the sense that the value of the function is indepen- 
dent of the value of x, in the interval (a, 6). 

If x and y are not independent variables but one of them, Y, 
suppose, stands for some function of x, then we can no longer form 
the derivative of f(z, y) by supposing that x alone varies and y is 
constant. For instance, if y = 2, the value of D, yx? is not 3yz? but 
is 5a. For the present we shall not have occasion to use a special 
notation to distinguish these cases but we shall return to this point 
in a later chapter. 

There is a further notation for the derivative of a function which 
is of both historical and practical importance. This notation con- 
sists in writing d/dx in place of the D, we introduced above, and 
d/dy in place of D,, etc. In this notation many of the theorems 
we have proved on the derivatives of composite functions take a 
' very simple form. 

In 3.32 we proved that the derivative of f(g(x)) is f'(9(x))g'(a). 
Let y denote f(g(x)) and t denote g(x) so that y = f(t). If we think 
of ¢ as an independent variable we have Dy = f'(t), and since 
t = g(x), D,t = g'(x), and therefore the fact that the derivative of 
y, i.e. of f(g(x)), is f’(g(x))g'(x), is expressed by the equation 


Dy = D,y.D,t. 
Now writing d/dx for D,, etc., we have 
ay dy a (i) 
dx dt dx 


Thus equation (i) is the expression in this notation of Theorem 3.32. 
In 3.81 we showed that if f(x) is the inverse of g(x) then 


S’(g(x)) = 1/9'(x); 
write y for g(x) so that y = g(x) and x = f(y). Then 
FO@)) =f'y) = Dz and g'(x) = Diy 


and so D,x = 1/D,y, ; 
: dx dy es 
1. de = 1/%. (ii) 


Equations (i) and (ii) show that the sign dy/dx behaves as if it. 
were a quotient of the quantities dy, dx, for (i) is formed as if 
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the dt in the numerator and denominator on the right-hand side 
could be cancelled and (ii) says that dy/dx may be inverted like 
a fraction. Of course our definition shows that dy/dx is not a 
fraction, standing as it does for D,y; in fact dy/dz is not composed 
of dy and dx but of d/dx and y, and d/da is just a shorthand for 
the expression ‘the rate of change as 2 varies’. Equations (i) and 
(ii) are useful brief expressions of Theorems 3.32 and 3.81, easy to 
remember and to apply, but nothing more. It must not be sup- 
posed that because dy/dx looks like a fraction, and because if it 
be so regarded equations (i) and (ii) are obviously true, that the 
proofs we have given of 3.32 and 3.81 are superfluous. On the 
contrary it is these very proofs which justify our saying that 
dy/dx behaves like a fraction, and nothing else. Incidentally this 
notation effects no simplification in the expression of Theorems 3.1 
and 3.2. The origin of the notation lies in the relation of the deriva- 
tive y’ of a function of x to the ratio of ‘difference in y’ to ‘differ- 
ence in x’, which might be written ‘diff y/diffx’ and the further 
abbreviation to dy/dz is then strongly suggested. The use of the 
term ‘differentiating’ as an alternative to ‘deriving’ is explained 
in the same way, for the word ‘differentiating’ is a synonym of 
‘differencing’, meaning ‘taking differences’. 
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IV 
THE DERIVATION INVARIANT 


THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS, 
HYPERBOLIC FUNCTIONS 


4. In this chapter we commence the application of the genera] 
results we have established to the study of a number of special 
functions. The first we consider is the exponential function E(x) 
whose value for each value of x is the limit of the series 


x x? x3 x2 
1 +H a | ae | ee . 


This series is absolutely convergent for every value of x, since 


n+l ) 
ant] jz s zl a provided n > 2\z|. 


(n+1)! 
: nent . 
Hence by 3.7 the derivative of E(x) is > a for every x; but 
nan—l gn as ioe ‘ ‘ 
a jai)i and so the derivative of E(x) is the function E(x) 


itself. E(x), being differentiable, is continuous. 
Note that H(0) = 1. The value H(1) is denoted for brevity by 
e, so that e stands for the limit of the convergent series 


1 1,1 
1+ Tl +3 +3 +... 
from which the value of e can be calculated to as many decimal 
places as we please. To 23 places 
e = 2-718281 828459 045235 36028. 
If x > 0, H(z) > 1+ > 1, and so E(x) can be made as great as 
we please by choosing x sufficiently great. 


4.1. We prove next the important property E(x+-a) = E(x). E(a) 
for any x and a. 

The equation is obviously true if a = 0, since H(0) = 1. We 
assume first that z-+a@ > 0; then since H(x-+a) > 1, 


DJ{l/E(x+a)} = —E(a+a)/(H(a+a))? = —1/E(z+a), 
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and therefore 
D,{H(«). E(a)/E(a-+-a)} 
= [D, E(x) E(a)]/E(2+-a)+ E(x) E(a)D,(1 /E(«+a)) 
= {E(x)E(a)— E(x) E(a)}/E(x+a) = 0, 
for every x and a such that «+a > 0. Therefore by 3.65 
E(x) E(a)/H(z-+-a) = E(0)E(a)/H(0-+-a) = 1, if E(a) £0, 
but H(a) > 1 if a > 0, and so E(«)E(a) = H(a+a) if z+a>0 
and a > 0; by symmetry the result therefore holds for zta>0 
and x > 0, and so it holds provided only x+a > 0 since when 
x+a > 0, at least one of x and a is non-negative. 

In particular H(x)H(—2x) = E(x—x) = E(0) = 1 and so 

E(—x) = 1/E(x) 
for any x. When = is positive E(x) is positive and greater than 
unity and so H(—z) lies between 0 and 1; in particular E(x) is not 
zero for any value of x and E(x) > 0 for every z, positive or 
negative. 

If +a <0 then —z—a > 0 and so 

H(z-+a) = 1/E(—a#—a) = 1/E(—2). E(—a) = E(x) E(a), 
which completes the proof that H(x-+-a) = E(x). E(a) for all values 
of x and a. 

4.11. H(a+b+c) = E(a+b)E(c) = E(a)E(6)E(c) and so on for any 
number of factors. 
4.12. H(z) is steadily increasing for all values of x. 

Choose any X,, X, so that X, > X, and letd = X,—X, so that 
@>0. Then E(X,) = E(X,+d) = Hi(d)E(X,) > E(X,) since 
H(d) >1 and E(X,) > 0 whatever X, may be, which proves . 
that E(x) is steadily increasing. 

4.2. If n is a positive whole number E(nx) = {H(x)}". 
For nx = x+a”+2-+...12, where the sum has n terms, and so 
Ei(nx) = E(x). E(x). E(x)... (x), with n factors in the product, 
= {E(x)}". 
In particular if x = 1, E(n) = {E(1)}" = e*. 


Furthermore 
E(—na) = 1/E (nx) = {E(x)}-" 
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and so the equation E(nx) = {H(x)}” is true whether n be positive 
or negative. 


4.21. For any fraction 7 ue 2) = {E(2x)}!, 


q 
it ae = oe = 
and therefore u(t =) = {H(x)}P4. 


Thus the equation E(nx) = {E(x)}" is true whether n be a whole 
number or a fraction. 

In particular H(n) = e* for all integral or fractional values of n, 
which shows why H(z) is known as the exponential function. 


4.3. The only function which is its own derivative is a(x). 
For if f(x) is a function which is its own derivative then 
D,{f(#)/E(z)) = D,{ f(x) H(—2)) 
. = (D, f(z)) H(—2)+f(x)(D, E(—2)) 
= f(x) H(—2)—f(x)E(—a), since D(—x) = —1, 
= 0. 
Therefore f(x)/H(x) = f(0)/H(0) = f(0), ie. f(x) = f(0)E(x) and 
since f(0) is just a constant we may denote it by a. 
. In particular if f(x) is its own derivative and if f(0) = 1, then 
f(x) = E(@). 
4.4, We have seen that H(z) is continuous and steadily increasing, 
and therefore, by 3.82, H(z) has an inverse function; this inverse 
is called loga so that log(H()) = 2 and E(logx) = x and if 
y= E(x) then «x = logy. 
Since E(x) > 0 for every value of x the function log y is defined 
for every positive value of y and only for positive values of y. 
Moreover, also by 3.82, logy is steadily increasing. 


4.41. The function log ~ is differentiable and its derivative is 1/x. 
For if N is any positive number, as large as we please, for any x 
in the interval (—~NV, N) we have E(x) > E(—N) since E(x 
increases, and therefore E(x) > 1/E(N) > 0 and so 
E(x) > 1/E(N) 
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and Theorem 3.83 applies proving that log z is differentiable and 
one D, logy = 1/E(log y) 
and so D, logy = 1/y. 
This is true in the interval H(—N), H(N) for any value of N; since 
i(N) can be made as great as we please by choosing a great enough 
value of NV, and since H(—N) = 1/E(N) which accordingly can be 
made as small as we please, the interval H(— NV), H(N) will contain 
any positive value of y we please, great or small, and therefore 1/y 
is the derivative of logy for any positive value of y. 


4.5. Consider the expression H(bloga). When 6 is an integer or 
a fraction we see, by 4.21, that 

E(bloga) = {E(loga)}?. 
But H(loga) = a and so E(bloga) = a®. 

Although a? is defined when 6 is an integer or a fraction there 
is no elementary definition of this function when 6 is an endless 
decimal. Since an endless decimal is the limit of a sequence of 
terminating decimals (for instance v2 is the limit of the sequence 
1, 1-4, 1-41, 1-414,...) we define a®, when 6 is the limit of a sequence 
of fractions ,, bg, bg,..., to be the limit of the sequence @, a, as,.... 
To make this definition effective we must however prove.that the 
sequence a”, as, abs,... is convergent. 

Since each }, is a fraction, a = H(b, loga) and by means of 
this relation we readily prove the convergence of the sequence. 
For H(z) is a continuous function and b, loga > bloga and there- 
fore E(b, loga) > H(bloga), by Theorem 2.3. This proves both 
that a is convergent and also that its limit is E(bloga). This 
limit depends only on a and 6, and is independent of the particular 
sequence 0,, b,,... we used to find the limit. Since we defined a® to 
be the limit of a’ we have proved that a’ = E(bloga) also when 
6 is an endless decimal. It follows that 

log a’ = log H(bloga) = bloga. 
In particular if we give a the value e we see that 
e = H(bloge). 
But e = H(1) and so loge = log H(1) = 1, ie. loge = 1, and 
therefore o = E(b). 
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Thus for any value of x, H(x) = e* and accordingly we shall write 
e* instead of H(z) from this point onwards. 


' 4.51. Since e* > x?+1/(p+1)! for any integral value of p > 0, 
and 2 > 0, therefore 

ePle® <(pt+i)!/e <1/loe ife > 10°(p+1)! 
In particular nP je” > 0. 
Writing log for x we have 

(log n)?/n = O(r) for logn > 10°(p+1)!, 

i.e. since e* is steadily increasing, for n > e!%@+)!, which proves 
that (log n)?/n > 0 for any p > 0. 

From (log )/n -> 0 we deduce (log m?!2)/m?!2 > 0, by writing m?!2 
for n (where p/q > 0), whence it follows that {(p/g)log m}/m?!4 -> 0 
and therefore that (log m)/m?!2 > 0. 

The theorem that (log )/n > 0 may be written in the form 


log n¥" + 0, 
from which it follows, since e* is continuous, that 
elem _, ¢0, 
i.e. nim > 1, 
n ak n-1 ok ‘ . - 
4.6. Justas i and its derivative > mere nearly equal (bécause 
0 0 ‘+ i 
x"/n! = 0) for large values of n, suggesting that the limit of > ti is 
oo” 


a function which is its own derivative, so too the function ( +2)" 
: Begs a\r-1 1 a\n-1 
and its derivative a +5) = (1 +5) are nearly equal for 


large values of n, for their ratio is 1 += which is nearly unity, and | 


so since (2 +2)" = 1 when x = 0, we should expect that ( +2) 


is convergent and that its limit is e*, the only function which takes 
the value unity when « = 0 and which is its own derivative. We 
can easily show that this is the case, though the proof is somewhat 
indirect. 

5039 F 
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Let y = 1+2¢ then 


dt dy di sy 1+<at 
and therefore 
log(1+2T)—log(1+at) = « ‘ 1-0 
ee oe Tray + 1”) provided 7' (s). 
Take ¢ = 0 and we have 
ae =2+40(r) if T= 0(s). (i) 


Let T = I/n and so 


nlog( 1 +) =2+0(r) provided n > 10%, 


‘ a 
i.e. . nlog( +2) >. 
But e* is continuous and therefore 

en log(i+a/n) =o ex, 


‘ oP 25, 
Le. ; (1 +5) —> e®, 

bie : | eer a\-” 
Similarly, if we take 7’ = — 7 in (i) we find (1 -*) —> ev, 


x n x —n 
Thus both (2 +;| and (0 —;) tend to e*. 
In particular if x = 1 we see that- both 

l\n l\-" 

(a + ‘) and (1 -;| tend to e. 

n n, | 

This illustrates an important point in the theory of limits, for 
although 1 +: > 1 and (2 +30 +5) to any fixed number of 


factors, also tends to 1 yet if the number of factors is not fixed 
this is no longer true, for as we have seen when there are n factors 
the limit is not unity but e, which is greater than 2. 

An even simpler illustration of the same point is afforded by the 
sum I/n-+-1/n-+...; if there are a fixed number of terms in the 
‘sum, the limit of the sum is the sum of the limits of each term, 
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Thus for any value of x, E(x) = e* and accordingly we shall write 
e* instead of H(z) from this point onwards. 


' 4.51. Since e* > xPt!/(p+1)! for any integral value of p > 0, 
and 2 > 0, therefore 
LP fe™ << (p+I)!/e < 1/10" ife > 10°(p+1)! 
In particular n? le” > 0. 
Writing logn for x we have 
(log n)?/n = O(r) for logn > 10°(p+1)!, 


i.e. since e* is steadily increasing, for n > e!+!, which proves 
that (log )?/n > 0 for any p > 0. 

From (log n)/n > 0 we deduce (log m?/2)/m»!2 + 0, by writing mPa 
for n (where p/q > 0), whence it follows that {(p/q)log m}/m?/a -> 0 
and therefore that (log m)/m?/2 + 0. 

The theorem that (log n)/n > 0 may be written in the form 


log nin —> 0, 

from which it follows, since e* is continuous, that 
clog nim _, @0, 

i.e. nin _> J, 


n xk n-1 ck ‘ 7 : 
4.6. Justas rai and its derivative > mere nearly equal (bécause 
0. 0 


xe. 
— is 


n 
x"/n! = 0) for large values of n, suggesting that the limit of > ii 
o 


a function which is its own derivative, so too the function ( 1 +5) 
n-1] 
n 


—1 
and its derivative nf +5] -= (a +2) are nearly equal for 


large values of n, for their ratio is 1 += which is nearly unity, and 


80 since ( +5) = 1 when z = 0, we should expect that ( +5) 


is convergent and that its limit is e*, the only function which takes 
the value unity when « = 0 and which is its own derivative. We 
can easily show that this is the case, though the proof is somewhat 
indirect. , 


5039 F 
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co Donlgag el WSO SDN 
Let y = 1+-2t then 


41 as 8 ig OY op e 
di 89 ~ dy O49 a yy” ~ Tat 


and therefore 


log(1+2T)—log(1+-at) = . = 
a Trae t provided 7'—t = 0(s). 


Take ¢ = 0 and we have 
eo =2+0(r) if T = 0(s). (i) 
Let T' = 1/n and so 


nlog(1 +5) =2+0(r) provided n > 108, 


i.e. . mlog{ +2) >2. 


But e” is continuous and therefore 
enlogi+zin) _» er, 


‘ a\” . - 
1.é, . (2 +3) >e, 
Similarly, if we take T = —* in (i) we find (: -:\" > ev, 


x n x —n 
Thus both ( +5) and (1 -5| tend to e*. 
In particular if x = 1 we see that: both 
1\” 1\-” 
( +;] and (3 -;] tend to e. 
n nN | 
This illustrates an important point in the theory of limits, for 
although 1 +2 +1 and (1 + (1 +2). to any fixed number of 
factors, also tends to 1 yet if the number of factors is not fixed 
this is no longer true, for as we have seen when there are 7 factors 
the limit is not unity but e, which is greater than 2. 
An even simpler illustration of the same point is afforded by the 


sum 1/n-+-1/n-+...; if there are a fixed number of terms in the 
sum, the limit of the sum is the sum of the limits of each term, 
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which is zero, but if there are n terms in the sum its value is unity, 
however great n may be. 
Exampues. (i) The derivative of x” is nz™-1 for any positive 
value of «, whatever value n may have. 
For 2” = erlogz and so if y = nlogx 
d d ad, dy n n 


3-0” == — ev = — ee = gt = ng, 
x 


(ii) The derivative of e/ is ef@f’(x) ; for if y = f(a), 


0 = Zod = aya) = Hy'(2), 
(iii) The derivative of log f(x) is f'(x)/f(x) ; for if y = f(z), 
giealte) = Flogy = Z togy 4 — jf) =F). 


(iv) To find the derivative of z*. Let y = x* —— logy = xlog=. 
Now : 
d dy ldy 
da ley = dye ae yas 
and £ (eloga) = loge-+z.- = I+logz, 


and therefore ; 
: ay = y(1+loga) = x*(1+log x). 


(v) We define log, x = logz/loga. Therefore 
log, a* = loga*/loga = zloga/loga = x, 
and so log, is the inverse function of a*. Furthermore 
qset — elog,r.loga __ celery 
and therefore a* is the inverse function of log,a. Notice that 


since loge = 1 therefore log, « = log. 
It follows from the definition that 


id log, # == ——— 
dx 8a” = zloga 
d - logz 1 __ log x 
end dq Ba® ~ (loga)?*a~——a(loga)?” 


4.7. The hyperbolic functions 
The functions $(e*+-e-*) and }(e*—e*) are known as the hyper- 
bolic cosine and hyperbolic sine respectively, and are denoted by 
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cha and sha (pronounced ‘c—h—za’ and ‘s—h—z’, not ‘ch—z’ 
and ‘sh—2’).f 
Since 4(e-*-+-e*) = }(e*+e~*) it follows that ch(—x) = chz and 
since $(e~*—e*) = —4(e*—e-*) therefore sh(—x) = —shz. 
Adding and subtracting the hyperbolic functions we obtain the 
very useful equations 


cha + shez = e?, cha — sha = e-*, | 


Whether x be positive or negative, (e*— 1)? > 0, equality occurring 
only when e* = I, i.e. when x = log 1 = 0, and therefore 


e21.] > Qex; 
since e* is positive for any « we may divide by e*, giving 

erte-= > 2. : 
whence it follows that, for any x, chz > 1, equality occurring only 
when x = 0. If x is positive e* > 1 and So, since e-* = 1/e*, we 
have e* > e-* and therefore sha > 0. 

If x is negative shx = —sh|z| and therefore sha < 0. 

If sha = 0, e* = e~* and so e” = 1, 24 = log1 = 0,ie. 2 = 0. 
4.71.  ch’x—sh*x = (cha — shx)(cha + sha) = e-*.e7 = I, 
ie. for any value of x, ch2x—sh2x = 1, where ch2% stands for 
(ch 2)*, ete. 

4.711. Since chaz > 0 it follows from 4.71 that 
cha = +./(1-++sh2x); 

the sign of sh x, however, depends upon the sign of x and therefore 

sh2 = +,/(ch9x—1) ifx >0, 

sha = —./(ch°9x—1) ifa <0. 
4.72. D,shx = D,4(e*—e-*) = f(e*+e-) = cha, 

D, cha = D,4(e*+e-*) = f(e*—e-*) = sha. 
Thus each of shz, chz is the derivative of the other. 
4.73. Addition formulae 
sh(x-+y) = shx chy+shychx. 


_ Many authors write sinh x, cosh x instead of sha, chz. In German works 
we find ‘sin x’, ‘cos x’ printed in Gothic characters. 
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For 
4shachy = (e*—e-*)(e¥e-¥) = ett¥_¢-2-v4 et-v__e-aty 
and 3 | 
4chashy = (e*+e-*)(ev—e-v) = et+¥_¢-"-v__et-v 4 p-2+y 
and therefore, adding these results, 
4(shachy + chashy) = 2(e*+¥—e-*-v) — 4gh(x-+y), 
whence the stated result follows. 
From sh(z+y) = shachy + chashy we have 
D,sh(z+y) = Djshxchy-+ chashy], 
ie. ch(x+y) = chx chy+shx shy. 
Replacing y by —y in these addition formulae we find, using 
ch(—y) = chy, — sh(—y) = —shy, . 
sh(t—y) = shachy — chashy, 
ch(z—y) = chazchy —shashy. 


that 


4.74. Replacing y by x in the addition formulae we obtain the 
duplication formulae 
sh 2z = 2shzcha, 
ch 22 = ch®z+-sh2x 
= 2sh%z+1, using 4.71, 
= 2ch’r—1. 
4.75. The hyperbolic tangent, cotangent, secant, and. cosecant, de- 
noted by thz, cothz, sechz, cosechx (pronounced t—h—z, 
cot—h—z, see—h—z, cosec—h—~2), are defined by the equations 
the = sha/cha, cothz = ch2/sh z, 
secha = 1/chz, cosech z = 1/shz2. 
From 4.71, dividing in turn by ch’x and sh2z we find, 
sech’z = 1—th*z and _ cosech?z = coth2z—1. 
From the addition formulae for shz and chz we obtain 
th(a-+y) = sh(z+y)/ch(x+-y) 
== (shachy-+ chaxshy)/(chachy + shashy) 
= (tha + thy)/(1+thzthy) 
after dividing the numerator and denominator by ch ach y. 
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Replacing y by x we have the duplication formula for th: — 
th 2a = 2the/(1+th2z). 
EXAMPLES. 
D,tha = D,sh2/chxz — sh2zD, ch x/ch®z 
= 1—sh?*z/ch®x 
= 1—th®x = sech*z. 

D,cothz = D,(1/thz) = —sech*z/th?x = —cosech2r. 

D,sechx = —sh2/ch®z = —thxsech. 
D, cosech x = —cha/sh?z = —coth x cosechz. 


4.8. Since e* = > a therefore e-* = = sii and so 


_ il an (—z)"\— lwea"+(—a) 
che = (>, mit > n! )=5> n! i a 


3 _ yn _ Ed a4 yen ; 
1.e. cha = > Qn)! = Itatgt ae sc 
and 
_ uf “ (—2)" _ 1 x" —(—2)" _ — kn 
ne (> nl nl )= 2. =D aril 
‘ tc, pe gintl 
1.e. sha => aT a a a |e 


The series for shx and chz are absolutely convergent, being sub- 
series of the absolutely convergent series 


an zg 
> ai tet tate 


4.9. Inverse hyperbolic functions 


4.91. The derivative of shz is chxz and chz > 1 for every value 
of x, so that by Theorem 3.83, sha has a unique inverse function 
for all values of x, which we shall denote by sh-y,} or arg shy 
or hsy. 

Since chz = +./(1+sh%r) and shz + chz = e*, therefore 


log{sh a +-,/(1-+shx)} = a, 


{ The notation sh~ty for the inverse of sh y is perhaps rather misleading, for 
though we have written sh*z for (sh x)?, sh—a does not stand for (sh v)-1 = I/sh a. 
To avoid confusion we shall write sh"x for (sh x)" only when n isa positive integer. 
The origin of the notation f(x) for the inverse of f(x) lies in the analogy of the 
equation f"(f(xz)) = x with the algebraic identity f—ifx = x. 
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which proves that log{y+(1 +y?)} is an inverse function of sha 


and therefore 
shy = logfy+(1-+y")} 
for all values of y. 


4.92. If x >a>0 then shx >sha>0, for sh2 is steadily 
_ increasing, as may be proved directly or by observing that its 
derivative is chaz which is never less than unity. But shz is the 
derivative of cha, and therefore, by 3.84, cha has a unique in- 
verse, for x. > 0, which we shall denote by ch-ly, or arg chy or hey. 
When z > 0, sha = +.,/(ch*—1) and so cha + ,/(ch’x—1) = e?, 
whence 

log{ch x + /(ch2a—1)} = z, (i) 
which proves that log{y+-/(y?— 1)} is the inverse of chz and so 


ch-ly = log{y+./(y2—1)}, where y > 1 since y = chaz. 
4.921. sh x is increasing even when = is negative, since cha > >l1. 

for all x, and so if « > 0 and x < —a then 
shz < sh(—a) = —sha, 


so that chaz has a unique inverse when x < 0 which we shall 
denote by arg ch*(y) or he*(y). But when z is negative 


sha = —./(ch?x—1) 


and so cha—,(ch*x—1) = chx-+shz = e*, 
whence ' log{ch x—.,/(ch*z—1)} = a, 
proving that 


log{y—/(y*—1)} = he*{y), where y > 1 . 
At the point « = 0, y = 1 we may take the inverse of chz to 


be either log{y-+4(y*—1)} or logty—q/(y*—1)}- 

Combining 4.92 and 4.921 we can say that cha has a unique 
inverse for all values of 2 and that when z is positive (or zero) this 
inverse is log{y+-./(y2— 1)} and when x is negative it is 


log{y—/(y?—1)}, where y = chaz > 1 
Since fy—./(y?—1)}{y+./(y2— 1} = 1, therefore 
—— logty—v(y?—1)}+logfy + Vy?—D)} = log 1 = 0 
and so he*(y) = —he(y). 
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4.93. The derivatives of the inverse hyperbolic functions 
By Theorem 3.83 D,sh-ly = 1/D, sh = 1/chz, where sha = y, 
and so cha = +./(1+y?), since cha > 0, and therefore 
1 
+J(1+9)" 
Similarly D, chy = 1/D,cha = 1/shxz, where cha = y and x > 0, 
so that sha = +-/(y?—1), and therefore 
1 
+Vy*—1)° 
se 1 
Since he*y = —ch-ly, therefore D,hety = — Tea’ 


We can of course obtain these derivatives directly from the 
relations 
shy = logfyt+V(y+)} and ch-ly = logfy+(y2—D}, 
which give 
1 
D,sh-ly = Dil 24])} = ——____ DP) zt] 


D,sh-ly = 


Dychy = 


_ ] y = 1 
= yer a tae} Ti+ 
and 
D,ch~ly = D,log{y+./(y2—1)} 


eee: ee _ 4% j_.__3} 
gn! + 79ta} V(y?—1)" 
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Vv: 
THE CIRCULAR FUNCTIONS 


ADDITION FORMULAE. DEFINITION OF z. PERIODICITY. 
INVERSE CIRCULAR FUNCTIONS 


5. The circular functions sinz and cosx are defined by the 


equations i gh of 
sinz = x ata om 

- @2 gt 38 
cosx = 1— at ate 


Each of the series on the right-hand side is sgn convergent 
et L 


2n : 
for all values of x, since > Stn = sh|z|; 
hence by 3.7 
; 2 
D, sinz = 1245 —-. = cos% 
a oi 
and D,cosx = —t+a- Ft = —sinz (see 1.6011). 
. Thus’ D,sinz = cosx and D,cosx = —sinz. 
5.01. sin*r-++-cos2z = 1. 


r , 
i D,(sin?z-+-cos*z) = 2sinaD,sinxz+2 cos xD, cosx 
== 2sinzcosx—2cosxsinz = 0, 
and therefore sin*r-+-cos*x = sin#0-++cos?0 = 1 
since sin 0 = 0 and cos0 = 1. 
5.02. Both sina and cosz lie between —1 and +1; for sin? 
and cos*s are necessarily positive and so 
0 < sin’z = 1—cos’z < 
and ; 0 < cos’a = 1—sin*z ss 1 
and therefore both sin2z and. cos*x lie between 0 and 1, which 
proves that sinz and cosz lie between —1 and +1. 
§.1. Addition formulae 
sin(z-+-y) = sinx cosy + coszsiny, 
cos(z+-y) = cosx cosy — sinasiny. 
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Write S(x) and C(z) for the right-hand sides of these aa 
so that D, S(x) = C(x) and D, C(x) = —S(x). Then 
D,{8(#)c08(e-+y)—C(a)sin(w-+y)} = C()cos(a-+-y)— 
—S(x)sin(x+-y)— C(x) cos(z+-y) + S(x)sin(z+-y) = 0, 
and therefore 
S(x)cos(a-+-y)— C(x)sin(z-+-y) = S(0)cos y— C(0)siny = 0 


since | S(0) = sinOcosy + cos Osiny = siny 

and . C(0) = cos 0cosy — sinOsiny = cosy. 

Thus S(x)cos(a-+-y)— C(x)sin(z+-y) = 0 nt} 

and similarly 
S(a)sin(x+-y)+C(a)cos(e+-y) = 1. (i) 


Multiply equation (i) by cos(z-+-y) and (ii) by sin(z+-y) and add, 
then since sin?(z-++-y)+cos*(a-+-y) = 1, we have ' 

S(x) = sin(x+-y). 
Multiply (ii) by cos(z+y) and (i) by sin(z+-y) and subtract and 


ia O(a) = cos(z-+y), 
which completes the proof. 
5.11. Since sin x is a sum of odd powers of x, sin(—x) = —sinz, 


and since cos is a sum of even powers, cos(—x) = cos; hence 
writing —y for y in 5.1 we have 
sin(x—y) = sinx cosy — cosasiny, 
cos(z—y) = coszcosy + sinxsiny. 
5.12. Duplication formulae 
Write x for y in 5.1 and we have 
sin 2x = 2sinx cosy, 
cos 22 = cos*%—sin®x 
= 2cos’*z—1, by 5.01, 


= 1—2sinz. 
5.13. If 


cos,,(%) = 1—2?/2!+-at/4!—...4+(—1)"22"/(2n)! 

‘and = sin,(%) = x—28/3!+-05/5!—...-+ (—1)"2"+1/(2n-+1)! 

then for any x and n, cos lies between cos,,(x) and cos,,,,(z) and 
sin # lies between sin, (x) and sin,,,,(x). 
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’ For D,sin,(x) = cos,(x) and. D, cos,,(x) = —sin,,_,(x), and so if 
P, (x) = cos,,(x)—cosez and @,,(x) = sin, (x)—sinz then 
P(t) = —Q.z), G@)=F@), F,(0) = Q,(0) = 0. 
Hence, for 2 > 0, if P,,(x) > 0 then Q,,(x) is increasing and so 
Qen(x).> 90, and therefore P,,,.1(z) <0; and if P,,(%) <0 then | 
Qen(t) <0 and so P,,,.,(z) > 0. Similarly, if B,.,(2) > 0 then 
Pan sa(%) < 0, and. if Pon +1(2) < Othen P,,, (2) > 0. But Fy(x) > 0, 
and therefore, in turn, P(x) < 0, P,(a) > 0, P,(x) < 0, and so on, 
‘so that P,(x) and P,,,(7) have opposite signs. Similarly Q,(z) and 
Qnii(t) have opposite signs. If <0, P(x) = P,(—x) and 
Q,(£) = —Q,(—2), and so also when 2 < 0, P(x) and P,,,(x) 
have opposite signs, and Q,(x) and Q,.,(x) have opposite signs. 
Hence cosa lies between cos,(x) and cos,,,(v) and sina lies 
between sin,,(z) and sin,,,,(2). 


5.2. We prove next that the equation cos z = 0 has a solution 
lying between 1-5 and 1-6. 
: (3)? , (3) (3), ()*_ 
By 5.13, cos $ lies between 1 ae ap and 1 ar ar ar 
and so cos $ exceeds 


9,1 


(>, @*_@*_ 4 _ 9, Hf) 8) L, = 
tor tar — er = st anail’ ao) 7 1 gta 
since 1—% > 3; 
thus cos 3 > 0. 
Similarly cos? is less than o 
. e ()* 32/, 16 
1— = ]——I,-—_ 
ri , 25 : 75 =e 
because 32 xX 59 = 1888 > 1875 = 25x75; 
thus cos$§<0. 


But cosxz is continuous, and therefore, by 2.4, there is a point 
between $ = 1-5 and § = 1-6, where cosz = 0. 
If x lies between 1 and 2, then z?+-x+-1 < 3! so that 


(z8—1) < 3\(z—1), 


a8 1, . 8 
i.e. t— 3 > 1-33 but sins > t—3 and therefore 


. 1 5 
| ee 
BNC r in al @ 
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' Since the derivative of cosz = —sinx < —§ between 1 and 3, 
therefore cos steadily decreases as x passes from 1 to &, and 
therefore cos takes each of its values once only between 1 and 8. 
In particular cosx = 0 once only between 1 and 2; we denote this 
unique value of x by 47 (read ‘half pi’), so that cos4a = 0; we 
have seen that 47 lies between 1-5 and 1-6, so that z lies between 
3 and 3-2. The method of 2.4 enables us to calculate the number 
4m to as many decimal places as we please, but we shall later give 
less laborious methods by which this calculation may be effected. 
To 25 places of decimals 


aw = 3°14159 26535 89793 23846 26433. 
Since sinz > 22 > 0, provided 0 < x < -6, therefore cosa is 


steadily decreasing between 0 and 47, and so $7 is the smallest 
positive root of the equation cosx = 0. 


5.21. Periodicity of the circular functions 
Since cos 47 = 0, therefore by 5.02, sin? 4a = 1; but sinz > 3 
when a lies between 1 and 8, and 47 falls in this range, and 


therefore a Sp 
By 5.12 
cosm = cos? 4a—sin? 4a = —1, i.e. cos7 = —], 
and sina = 2sindrcos$7 = 0, i.e. sing = 0. 
Hence by 5.1 coa(a-+-2) = —cos2, 
sin(7-+-2%) = —sinx. 
Furthermore 
cos 27r = cos*2xr—sin?7 = I, sin 27 = 2sina7cosm = 0 
and so cos(v7-+-27r) = cosz, sin(a-+27) = sina. (i) 


Thus sin and cosx are periodic functions, of period 2. 
Replacing x by x-+ 27 in (i) we find that 
cos(a-+ 4zr) = cos%, sin(7-+ 47) = sinx; 
repeating the transformation, we see that 
cos(z-+ 67) = cosa, sin(#-+-67) = sing, 
and so on up to any positive integer n, 
cos(z-++ 2n7) = cosz, sin(#-+ 2n7) = sina. 
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Replacing x by —x and remembering that 


cos(—2z) = cos2, sin(—z) = —sing 
we have 
cos(z— 27m) = cos”, sin(t—2n7) = sing, 
and so =—_- cos(a-+. 2m) = cos, sin(z+2m7) = sin x 


whether m be positive or negative. 

All that remains to complete the identification of the functions 
defined in 5 with the familiar trigonometric functions is to prove 
the fundamental theorem of trigonometry (or one may say, the 
trigonometric definition of sinz) that in a unit circle an arc of 
length 2a stands on a chord of length 2sinz. As this is but a 
special case of general theorems concerning the length of a curved 
line we delay the proof till the appropriate point is reached in the 
general development of the subject. 


5.3. The subsidiary circular functions tan x, cot x, sec x, cosec x 
have the familiar definitions, viz. 


tanz = sinz/cos2, cota = l/tanz, 


secx = 1/cosz, cosecx = 1/sinz. 
Hence 
D,tanz = (cos*z-+sin*x)/cos*z = sec*x, 
D,cotx = —sec*x/tan’z = —1/sin?x = —cosec*x, 
D,secx = —(—sin x)/cos*z = secxtanz, 
D, cosecx = —cos2/sin?z = —cosecz cotz. 


5.31. From 5.01, dividing in turn by cos*z and sin, we find 
sec2z = 1+tan*z and cosec’z = 1-++ cots. 
Furthermore, from 5.1, 

tan(x-+y) = sin(x+-y)/cos(x-+-y) 
= (sina cosy + cosasin y)/(cosx cos y — sina sin y) 
= (tanz + tan y)/(1—tan2 tan y) 
after dividing numerator and denominator by cos cos y. 
Since sin(—x) = —sin2, cos(—x) = cos, therefore 
tan(—2z) = —tanz; 
hence replacing y by —y in the formula for tan(x+-y), we find 
tan(a—y) = (tana — tan y)/(1+-tan 2 tan y). 
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5.4. « is a positive number, however small; then sin x is positive 
when = lies in the interval (a, w—ca) and negative when = lies in 
(7-+a, 27—a), i.e. sinz is positive in the open interval [0, 7] and 
negative in the open interval [z, 27]. 


We have already observed that if 0 <2 < 2 then sinz > -z. 


But if 0<a<} and a<x< 2, then eae =) and 
x—a > 0, and so z8—o < 6(x—a), whence zt > Sa > > §a, 
as o8 <a. Thus ifa <a < 2, then sinz > $a. But 1 Sid 
and so sing > ga for any x in (a, 47). 

Since.sin(7—x) = sinz and if x lies in (47, 7—a) then 7—z lies 
in (a, $77) therefore sinx > §a also when = lies in (47, 7—a). Thus 
if0<a< 2 < m—a, sinwx > §a and this is true however small « 
may be. 

Moreover, sin(x+-7) = ~—sinz, and if x lies in (a, 7—«) then 
x-+-7 lies in (7-+«, 277—a) and therefore at any point of the interval 
(w7+a, 27—a), sina < —§a. 


5.41. cos zx is positive in the open interval [—47, 47] and negative 
in the open interval [47, $7]. 

This follows directly from § 5.4, for cosz = sin(x+-47), and when 
x lies in (—47-+a, 47—«), then x+ 4a lies in (x, 7—«) and there- 
fore cosx > §a; and when z lies in (47-++«, 37—«) then x-+-4r lies 
in (7-+-a, 27—«) and so cos7 < —§a. 


5.42. The periodicity of sinx and cosz enables us to deduce 
from 5.4 and 5.41 that sin x and cos are positive in [2r7, (2r+1)z] 
and [(2r—4)z, (2r-+-4)z] respectively and negative in 

[(2r-+-1)a, 2r+1)7] and [(2r-+4)x, (2r+3)7] 


respectively. 


5.5. Inverse circular functions 

The derivative of cosz is —sinx for all x and —sinz < —§a, 
if # lies in the interval («, 7—«). Hence by 3.84, cosz has a unique 
continuous inverse in (0, 7) which we shall denote by cos—y or 
arc cosy, where since y = cosa, the values of y lie between +1. 
It is very important to keep clearly in mind the interval in which 
cos-1y is the inverse of cos, i.e. the range of values of cos-ly, viz 
from 0 to z. 


https:// t.me/ pdf4exams 


Downloaded from htts://t.me/ civilsbuzz 
THE CIRCULAR FUNCTIONS 719 


5.501. In the interval (2r7, (2r+1)z) both sin z and cos z have 
the same values as those taken in the interval (0, 7) and so cosz 
has a unique inverse in the interval (2r7, (2r+1)7), which we shall 
denote by arccos,y, the suffix r corresponding to the r in the 
specification of the interval. 

If x lies in the interval (0, 7) then z+ 2rz lies in (2rm, (2r-+1)z) 


and. therefore 
arc cos(cosx%) = x 


and arc cos,(cos(%-+ 2r7)) es a+2rr. 
But cos(z-++ 2rm7) = cosz, and so if y = cosz then 
arc cos, Y = arccosy+2rn, 
which is the fundamental relation between arc cos,y and arc cosy. 
5.502. If x lies in the interval (7+, 27—«) then 2—v7 lies in 
(a, 7—«a) and so, since sinz = —sin(x—z7), it follows that 
sing < —$a. 
Thus cosz has a unique inverse in the interval (7, 27) which we 
shall denote by arccos*y. Similarly cos has a unique inverse in 
((2r-+1)z, 2(r-+1)) which we denote by arc cos*y. 
If x lies between 0 and 7 then 27— x lies between 7 and 27 and so 
arc cos(cos x) = x 
and arc cos*(cos(27—x)) = 2a—z. 
But cos(27—z) = cosa = y and therefore 
| arc cos*y = 227—are cosy. 
If & lies in (0, 7) then 2(r-+-1)7—z lies in ((2r+-1)z, 2(r+1)7) 
and so, since cds(2(r-++1)7—z2) = cosx, we have 
arc cos*y = 2(r+-1)a—arccosy. 
5.503. By Theorem 3.832 the derivative of arc cosy is 
1/D, cosa = —1/sinz, 
where cosx = y, and 0<2<-7. But sin’e = 1—cos’z and so, 
. Since sin x is positive when 0 <x < 7, 
sing = +./(1—cos*z) = +,/(1—y?). 
a Therefore D,arccosy = — Jaa 5" 
Observe that when z= 0 or z, y= +1 and 1—y? = 0 so that 
arc cosy has no derivative at these points. 
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From the relation arccos,y = arc cos y+ 2r7 it follows that 


1 
D, are cos,y = — Ja 
‘and from arc cos*y = 2(r-+1)7—cos-ly 
that D, are costy = TF ‘ 


In particular the inverse of cosx in (7, 20) has the derivative 
1/(1—y?). 
5.504. The determination of the inverse functions of sin may 
be carried out in the same way. Since cosx > §a when 
—}r+a <4“ < fn—a, 
we find that in the interval (—4z, 47) the function sinz has a 
unique continuous inverse arcsiny, of which the derivative is 
; 1/D, sina = +1/./(1—y?). 
In the interval ((2r—4)z, (2r+-4)7) sina has the unique inverse 
arcsin,y such that arcsin,y = arcsiny+2rm7 and 
D,aresin,y = +1//(1—y?). 
In the interval ((2r-+-4)z, (2r+ $)7) sinx has the unique inverse 
arcsin*y such that arcsin*y = (2r+1)7—arcsiny and 
D,aresinty = —1/4(1—y’). 


5.51. The inverse of tanz 
Since cosx > $a in the interval (—47-+-«, $7—«a), therefore 
tanz is differentiable in this interval, for any «2 > 0. Further- 
more, if N is any positive number, however great, we may take 
cosa _ 1—}a? 1 
a= 1/2N and so tan(47—a) = —— > =-—fa>N, 
sin wx a fe 
and furthermore tan(—}7+«) = —tan($7—«a) < —N; since tanz 
is continuous in (—}7-+-a, $7—«) and exceeds -++ WV and is exceeded 
by —N in this interval (if « = 1/2) therefore tanz takes both 
the values +N in this interval, be N as great as we please. Hence, 
by 3.841, tan has a unique inverse in the open interval [—4}7, 47], 
which we shall denote by tan-1y or are tang; tan—ly is defined for 
all values of y and its derivative is 


1/{sec(tan~1y)}* = 1/[1+ {tan(tan-1y)}*] = 1/44"), 
also for all values of y. 
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5.52.* When «x lies in the interval ((2r—1)$7+-a, (2r-+1)$7—«a) 
then #—rz lies in (—}7-++a, 47—«) and so, since 

cosz = --cos(%—rz), 

according as r is even or odd, we have cosx > §a or cosz < — 8a; 
in either case tan is differentiable in the interval 

((2r—1)de ta, (2r-+1)}7—a) 
and its derivative is sec2z > 1. Hence, as in 5.51, tanz has a 
unique inverse in the open interval [(2r—1)41, (2r+-1)4$7], which 
we shall denote by arctan,y. The inverse function arctan,y is 
defined for all values of y. 


If x lies in [—}a, $7] then x+rz lies in [(2r—1)41, (27+ 1)}7] 
and therefore 
arctan(tanxz) = x 


and arctan,(tan(z+rm)) = #-+rn, 
whence, since tan(x-++r7) = tanxz = y, we have 


arctan,y = arctan y+1r7 
and therefore 


D,arctan,y = D,arctany = 1/(1+-y?) 
for all values of y. 


5.53. arctanz+arctany = arctan ce provided zy < 1. 
For Dj arctan x + arctany) = 1/(1+2*) 
and 


Dyerotan(e-+)(—m)) = Ot, [Ooty at 


= 1/(1+2*) provided ay ~ 1. 


When z = 0, 
arctanz + arctany = arctany = arctan(x-++-y)/(1—2y), 
for all y, and therefore arctan z + arctany = arc tans ate oo any 


interval of values of x which contains x = 0, “seid a #1; 
hence the equality holds for all z and y such that xy < 1, for the 
range of values of x for which zy > 1 does not contain the point 
x= 0. 


5039 G 
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VI 
PARTIAL FRACTIONS 
6. In this chapter we shall show how a rational function P(x){/Q(2), 
where P(x), Q(x) are polynomials, may be expressed as a sum of 
terms each of which is either a polynomial or of the form A/(z-+a)” 
or of the form (A+ B) [{(z+-A)?+-a}”. The expression of P(x)/Q(a) in 
this way is called the resolution of P(x)/Q(x) into partial fractions. 

We shall not prove a general theorem on the resolution of a 
rational function into partial fractions but shall content ourselves 
with a description of a number of devices by which this resolution 
may be effected with a minimum of calculation in the cases most 
commonly met with in practice. We shall always suppose that 
P(x)/Q(x) is in its lowest terms and that the degree of P(x) is less 
than that of Q(x), for if this is not the case we may divide Q(x) 
into P(x), obtaining a polynomial quotient P*(x) and a remainder 
R(x), of degree less than Q(x), such that 

P(&)/Q(x) = P*(x)+ R(x)/Q(z). 
CasE 1. Q(x) contains a simple linear factor x—a and 
Q(x) = (x—a)Q* (x). 

We choose a constant A so that P(xz)—AQ*(x) has the factor 
x—a; this requires P(a)—AQ*(a) = 0, ie. A = P(a)/Q*(a), since 
Q*(a) #0 else x—a would be a repeated factor of Q(x). Thus 
P(x)— P(a)Q*(x)/Q*(a) is divisible by (x—a); let the quotient be 
P*(x) so that 
P(x)— P(a)Q*(a)/Q*(a) = (cx—a)P*(z), 

P(t) P@) 1 i P*(x) 
Qe) Q*(a) za" Q*(ax)’ 


saa 8 the partial fraction corresponding to the 


ie. 


P@ 1 
Q*(a)"« 
factor x—a. 

If Q(x) is a product of n linear factors x—a,,7r = 1, 2,...,n, and 
if Q,(2) = Q(«)/(e—a,) then 

P(x) P(a,) 1 P(a,) 1 P(a,) 1 

Q(x) ~ Oy(@:) xa, * Qyl@,) "xa, FO, (aa) Ran" 


Thus 
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Proof. The polynomial 
R(x) = P(x)—A, Q(2)—A; Q2(2)—...— Ay, Qn(2), 
of degree less than n, has the factor x—a, if R(a,) = 0, that is if 
P(a,) = A, Q,(a,), since 
Q,(4,) = Q(4,)/(4,—@,) =0, ifs -~r. 
Hence if A, = P(a,)/Q,(a,) for all r, between 1 and n, then 
R(x) = A(x—a,)(x—a,)...(z—a,), 
where A is constant; equating the coefficients of x” on both sides, 
A = 0, and so R(x) is identically zero. 
Dividing both sides of the identity 
P(x) = Ay Q,(2)+...+An Qn(2) 
by Q(x) the result stated follows. 
Example. 
| es _(-7 1, ot 
(a-+2)(a—1)(a—8)  —3. —5 '24+2'3.—2°2—1' 5.2 2-3 
_4 1 11,9 4 
~~ 152+2 6° 2—1' 10'x—3° 
‘To find the partial fraction corresponding to a simple factor 
x—a it is not necessary to find Q*(x) the quotient of Q(x) divided 
by «—a, for if 
Q(x) = (e—a)Q*(x) then Q(x) = Q*(x)+(x—a)Q*'(x) 
and therefore Q’(a) = Q*(a), whence it follows that the partial 
fraction corresponding to the factor (z—a) is 
P(a) 1 
Q'(a) a—a 


Example. 23+2—2 has the factor x—1, and its derivative is 


327-+-1. Therefore the partial fraction of eee 5 corresponding 
to this factor is 


143° 1 1 
3.1241 2-1 x—1 
Cask 2. Q(x) contains the factor (c—a)? and 


Q(x) = (e—a)?Q*(x). 
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Write (a-+-h) for x and express Q*(a-+-h) and P(a-+-h) in ascend- 
ing powers of h. Divide P(a+h) by Q*(a+A) until the remainder 
is divisible by h?; let the quotient be 

AptAyh+Agh?+...f Ap hP 
and the remainder h? R(h) so that 


P(a+h) - _ h? R(h) 

Gran) ~ Art RAM baa Ose ray 
and therefore 

Path) _ Ay p-1 R(h) 
. i? O*(a-Fh) tig $+ Sot h * Q¥(ath)’ 
i.e. 
P(x) __A A, _, , R(a—a) 
@—ayrare) ~ @—apt @—apat~ oeat Q*(a) 
tat 


Example. To express in partial fractions. 


(@—1)(@?+2) 
Write x—1 = h, then 
Itata® = 344h4307+03, 2422 = 342h-+h?. 


3+ 2h--h?) 3-+4h-+ 3h®+ WS (1+ 3h-+-gh? 


Qh-+- Qh? hs 
me ee ty 
—t3—zh4 
Therefore 
toatl 21,21 1 2h+1 
(a—1)*(a?+-2) =a+5 Roh 9 3+2h+h? 
1 2 2 22—1 


= @—ip 3(@—1)? Te) 9a®F 2)" 


The accuracy of the division may be tested by giving x particular 
values, for instance x = 0 and x = 2. 

Casz 3. Q(x) is a product of binomial quadratic factors, i.e. 
quadratic factors which contain no term in x. Separate the even 
and odd powers of x in P(x) so that P(x) is expressed in the form 
A(xz*)+2B(x"). Consider separately A(x?)/Q(x) and B(x?)/Q(x). 
Write y for x? and the resulting expressions fall into one of the 
previous forms. 
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Example. 
+24 3244 
(a? 1)(a?-++2)2 
w+4 4-3 
yt+4 y+3 a 
~ YF Dypyet” (y+1)(y+2)?’ writing y for x?, 


3 3 (= 2 “sf 


=F GP 
2+3 wt w242 


~eP4t1 gto (a®-+-9)2° 
Case 4. Q(x) is a product of linear and binomial quadratic 
factors. 
For each linear factor +a multiply P(a) and Q(x) by x—a and 
the problem is reduced to that in Case 3. 


Example. 
w+ _ (#—1)(#?+1) 
(w+ 1)(x?+-2)? ~~ (a®—1)(a? +2) 
_ y+1 ps 
= gig pap) waiting y for 28 
2 
= © rapt agen—ap EH 
_ 2a@—1) 2(x—1) x—1 
~ 9(a®—1)  9(a®--2) * 3a Lape 
_ 2 2a—1), 2-1 
~ SGI) 9 +2) tT seep ae 
CasE 5. Q(z) contains trinomial quadratic factors. 
x®+3e¢+11 
(a®-2+-1)(a?-+ 22-43) 


Example (a). To express in partial frac- 


tions. 
Since 23+ 3a+-11 = (2?+-2+1)(x—1)+32+ 12 the given expres- 
sion is equal to 
x—I 3a+12 
w+ Ie 3 + (z?-+-a-+ 1)(z?4- 224-3) 
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86 
Now 1 1 Qa? 3¢-4-4 a) 
tat Tae es ~~ (a? a@+1)(a?+-2a-+8)’ 
1 1 x+t+2 


@paet+l a +e+3 (e®bad l)(a®+2e43)" (H) 
Next we express 32+ 12 in the form A(22?+3x%+4)+ B(x+2). 
Since 2x(x-+-2)—(2a?+-32-+4) = x—4 


eat (-++2)—(w—4) = 6, 


2(a-+2)+ (a—4) = 32, 

therefore 

3a-+12 = 4(a-+2)—(a—4) = (4—2x)(a-+2)+ (202+ 30-+4), 
Add equation (i) to (4—2z) times equation (ii) and we find 

. 5— 2x 2e—3 3a+12 i 

tat pime+3 ~ ~@+eblaepoapsy MH 
Hence the expression is equal to 
a—1 5— 2x 2u—3 5— 2x 3a—4 
Bp Met3 pati t Ap eet8 Ppa pl Pee TS 


which are the required partial fractions. 


3a+12 
(x?-+-%-+ 1)(x*+ 2x-+-3)(x?-+ 34-4) 


Example (b). To express in 


partial fractions. 
From equation (iii) above (Example (a)) 


3xz+12 
(fa Iya? 2a} 3)(a*+ 304-4) 
5—2x 2a—3 i 
~ @ et e+e) @apsyepaty 


Sum and difference of 2?+-2-+ 1, 22+ 3a-+4is 2u7-+ 4¢-+5 and 27-+3. 
Since (2a*-} 4a4-5)—a(2a-+-3) = #+5and 2(2+5)—(2a+3) = 7, 

5(2x-+ 3)—3(x+-5) = 7a, therefore 16(2+5)—15(2x-+3) = 7(5— 22) 

and so 16(2a?+4 4¢-+5)—(16%-++15) = 7(5— 2x). Hence | 


1—16e | 16x+31 _ 7(5—22) 
eat © w+324+4° (x®+a+1)(22+3e2+4)" 
Similarly . 
9-+-5z 14+ 5x 2(2%—3) 


24+2+3 224-32+4 (a? 22-+3)(a? + 3x4)’ 
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whence from equation (iv) it follows that the required partial 
fractions are 
_1 16z—-1 ,1 5449 3 x+12 
Ta+oeti © 2a2+2¢7+3 1422432744" 


Example (c). To find the partial fractions of + i 
We have 
1 = (@—1etta®$1) = (@—-1)(e+1)((e*+1)%—2") 
= (x—1)(e+1)(2?+2+4 1)(@?—z+1). 
The partial fractions corresponding to the factors s—1 and x+1 
‘ 1 1 _ 1 1 ‘5 1 1 an 1 il 
6.15¢—1 °° 6(—1)'a+1’  6z—1 ~ 6a+1° 
Now 


1 1 1) 1 1 
#=i- en -se | ~ g—] 3(2?—1) 


tg NN 
3(2®—1) 3(a#a® 1)" 
Furthermore 1 + 1 _ (a2-41) 
#1" apa4+l ~ atfatyi’ 
1 1 Qa 
v—a2+l e+et+1 xA+atpl’ 
therefore 
e—-2 +2 — Pa®_A(w®41) ——A(a®4- 2) 
e@—ae7t+l e@tatl atta®ti — atte2t1° 
Thus the required expression in partial fractions is 
1 1 1 2-2 1 242 


6@—1) 6@+1)'6 e—2+1l 6224241 
If we need only the partial fraction corresponding to one par- 
ticular factor of the denominator we may proceed as follows. 
Suppose that 2*+-px-+q is a factor of Q(x) and that 


Q(x) = (2?+-pr+g)Q*(2). 


ae is the required partial fraction then 
Piz) Axt+B _ P(x)—(Av+B)Q*(z) 
Q(x) 2+pz+q Q(z) 
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eid P*(x) 
must be expressible in the form OF(z) and therefore 


P(x)—(Az+ B)Q*(z) 

is divisible by 2*+-px+q. Let lx+-m and rx--s be the remainders 
when P(x) and Q*(zx) are divided by x*+-paz-+-q, then we require 
that lx-+m—(Az+B)(rz+8) be divisible by 2?+px-+q. Since 

la-+-m—(Ax-+ B)(ra+8) 

— —Ar(x?+ {(As-+ Br—l)/Ar}x+(Bs—m)/Ar) 

we must have Bs—m = — Agr and As+ Br—l = —Apr, whence 
A and B are determined. 


For instance, to find the partial fraction of : 


7 
to the factor «*+7+-1 we require to find A and B so that 
(Ax-+ B)(a?—1)(2*@—a2+1)—1 

is divisible by z2+2+1. Now 

(2?—1)(a®@—-2-+1) = {a +e+1—(a+ 2)}{a?-+-2-++ 1—22} 
and 22(%-+2) = 2(x*+4-a-+ 1-++-a—1) and so we require that 

2(x—1)(Az+B)—1 ; 
be divisible by e+a-+1, ie. that 2Ax2+ 2(B—A)x—(2B-+1) is so 
divisible, and therefore B—A = A, 2B+1 = —2A, whence 
A= -4, B=-—} 


i corresponding 


. ae 1 2#+2 
and the partial fraction is er srss f 


As a final illustration we shall obtain the partial fractions of 
1/{a?" — 2a"cos a+ 1}. 
Starting from the formula} 
x2". 2a"co8 «+1 


= (2*—20 cos -+1)(2t 20-0087" 4 1) (x20 cost At 1). 


a cos oF Ae 4. 1), 
we have ig 
log (x?”— 2a"cos w-+1) = > log (2*— 2% cos afer “+ 1), (i) 


r=1 


ft See Example 5.21. 
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and differentiating with respect to x, we find 


nal" — cos a) x—cos{(a-+ 2rz)/n} 
2?" 2"c08 a-+ 1 => x?— 2x cos{(a-+ 2rm)/n}+-1’ 


and therefore multiplying by z and subtracting both sides from n 


xcos a—1 1 5 x cos{(a-+2r7)/n}—1 


xe" _Ia"cosa+l 7 - x? — 22 cos{(a+2rm)/n}+1° 


Differentiating (i) with respect to a, 


asin w 1 >) asin{(a+2rm)/n} 


xe?" — 2e"co8 a+ 1 nh - x? Qx cos{(a-+ 2rm)/n}+ 1 


and so 
J asin « COs x x"cos a—1 
2" —2a%cosa+1 sina(x2”—2a"cosa+1) 2°"—2z"cosa+1 


_ il > sina+2sin[{2ra—(n—1)a}/n] 
~~ nsina <1  a2— 2x cos{(a-+ 2rm)/n}+-1 : 

Observe that the method of Example (bd) still applies if two of 
the quadratic factors in the denominator are equal, showing how 
the case of repeated trinomial factors may be treated. 

In both Examples (a) and (6) we considered, for the sake of 
symmetry, both the sum and difference of the quadratic factors 
Q, and Q, (say), but it suffices to consider only the difference 
1/Q,—1/@, in conjunction with either one of the two identities 


1/Q, = Q2/Q1 Qe, 1/Q, = Q:/91 Q2. 
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VII 
SUCCESSIVE DIFFERENTIATION 
‘MAXIMA AND MINIMA 


7. It may happen that the derivative f’(x) of some function f(x) 
is itself a differentiable function with a derivative which we shall 
denote by f"(x); f(x) is called the second derivative of f(x). Iff’(x) 
is also differentiable, then its derivative f”(x) is called the third 
derivative of f(x), and so on. Thus if each function of the sequence 
F(x), f(x), f"(a),..., f"(),... is the derivative of its predecessor, then 
f"(x) is the nth derivative of f(x). We shall also denote the nth 


derivative of a function f(x) by D® f(x) or by * f(a). 
For example, since e* is its own derivative, the nth derivative 
of e* is e* itself; and since each term of the sequence 
Ifz, —I1f/a?, 23/8, —3l/at, ..., (—1)"l/ae™, 


is the derivative of its predecessor, therefore (—1)"n!/z"+1 is the 
nth derivative of 1/2. 


7.1. If p is not a positive integer, the nth derivative of x? is 
- p(p—1)(p—2)...(p—n+1)x?- for any value of n, but if p is a 
positive integer the nth derivative of x? is 


p(p—1)(p—2)...(p—n+1)ar-”, pl, or 0 
according as 7 is less than, equal to, or greater than p. Accordingly 


the nth derivative of a polynomial is zero if the degree of the 
polynomial is less than 7. - 


7.11. If we consider in turn the successive derivatives of sin x we 
obtain the sequence cosz, —sinz, —cosz, sin2,... so that the nth 
derivative of sina is cosx, —sinx, —cosz, or sin according as 
n leaves the remainder 1, 2, 3, or 0 when divided by 4; since 
sin(x-+-n7/2) takes precisely. these values for these values of n we 
have the simple formula 


_ D*sinz = sin(a-+-n7/2). 


Similarly D*cosx = cos(z-+-n7/2). 
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7.2. If the nth derivatives w,,(x) and v,(x) of two functions u(x) 
and v(x) are known then the nth derivative of the product function 
u(x)v(x) is given by the Leibnitz formula: 


7.21. Dw = u,0+ (;) Un. Vy+ (:) Un Ve+ 


+ (3) Un—3 Vg. (7) Uy Un—y TU gy. 


For n = 1 this gives D(uv) = u,v-+uv,, which agrees with the 
formula we have previously proved for the derivative of a product. 
If the formula is true for n = k then 


D¥+1yy = D(D*uv) 
k k k 
= D{uet(j}ueav+-—+(, a 1) te-riathat (‘ig 20-+.+u04l 


= mane {t+ (theo +{(2 1) + (7) aaa ttn 


_ eet +.. +(* i eee 
since 


*)+() = ki(r—1) (k—r1)!-+l/r\(k—r)! 


= BMrth—r+D/r\(e—r+1)! = (k-+1)lr\(e-+1—r)! = (*F"), 


and therefore 7.21 is true for n = k+-1, whence it follows that it 
is true for any value of n. 


Exampue. The nth derivative of e*/x is 
efa—(ieriat+(5)at e*/a®—...+(—1)"n! er/antt 
= {a"—nx"1+4-n(n—1)x"-2@— 
—n(n—1)(n—2)a"-8+ ...4+-(—1)™nfer/an+1. 


7.3. There is no simple formula expressing the nth derivative of 
f(¢(x)) in terms of the derivatives of f(x) and (x); the following 
result, however, is useful in particular cases. 


7.31. D® f(u) = > F,(u)f"(u), where u stands for 4(x) and P(u) is 
r=1 
independent of the function f(z). 
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For n = 1, 7.31 is true with P(u) = w’; if it is true for n = k 
then 
DE*Yf(u) = D,(Dk f(u)) = D,(Pif (w+ Pop" (w+... + Fi, Fu)) 
= uP, fu (PAP) ftw (Bet Pali tet 
tu (Pat Pf P+ hf, 
and so since (P_,-+ P;)w’ is independent of f(x) if P._, and FP, are 
independent of f(x), the formula is true for n = k+-1, and there- 
fore true for all values of n. 


7.311.* The coefficients P(u) depend not only upon r and w but 
also upon n; since they do not depend upon f(x) they may be 
determined by giving special values to f(x). For instance, take 
f(%) = x and we have 


Diu = Pu). (i) 
Next take f(x) = x? and we find 
Dru = P,2u+B.2; (ii) 
and then f(x) = 2°, giving 
Diu = P, 3u?+P, 6u+ PF, 6; (iii) 
and so from (i), (ii), (iii) in turn we find 
P, = Diu, 


P= 3 Diut—uD2u, 
P=] pew—% Daut4+“ Daw 
3 3! x OT x + 9! a 
and so on. The values of D?u?, D@uS,... are given in turn by the 
Leibnitz formula, considering u? as u.u, u® as u.u®, and so on. 
Exametes. To find the nth derivative of f(log 2). 
Write u for logx. By formula 7.31 
Dt fdogx) = P, D, fut P, Di fu)t+...+F, Dif, 
where P, does not depend upon f(z). 
Take f(x) = e* so that f(logx) = a* and f(u) = e. 
Since D® x = a(a—1)(a—2)...(a—n+1)x* and 
D;, ett — great — grat 
we have 
(aP,+a?P,+...+a"P, xt = a(a—1)...(a—n+1)x*™, 
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| ie. aP,+-a7P,+...+-a"P, = a(a—1)...(a—n+1)/2", 
so that P. is the coefficient of a” in the expansion of 
a(a—1)...(a—n+1)/x™ 

and therefore P. is the coefficient of D*, f(u) in 

1 

oo ),(D,,—1)(D,—2)...(D,—n+ 1) f(u), 
Le. 

(P, D +P, Di +P Dit +P, DoF) 
; ; 
ae ),(D,,—1)...(D,—n+1)f(u), 

which proves that the nth derivative of f(log 2) is 


3s ) (D,—1)...(D,—n+ 1) f(u). 


7.4. Tfif(x+th) = ag) +a) + ag) a,(x)-+ we a, (#)+... 


the series being convergent for h = hy (and any & in an interval ¢) 
then f ’ the nth os of f(x), is equal to a,,(x). 


For ai t fe+h) = fens 7 eth) = f'(e+h) and therefore 


f(e+h) = 
But - Theorem 3.7 


&* fle+h) 


& fla+h) = = a4(2) + hax) +2 sal) + So 


for " < Ps and therefore 


ae yi" a,(z)+... 


= < fe-th) = = a,,(x)+ha, ,1(2) +5 “On xa(%) + one 


for |h| < |ho|, ie. f™(x+h) = 46) Petes) Bas in particular 
f(x) = a,(x), and f(x) = a,(z). Furthermore, taking x = 0, we 
have 


100) = fy-+4G +E +E HO +E FO) + 


(provided 2 = 0 lies in the interval 7). 
It is important to notice that in proving this theorem we have 
assumed that f(z+h) is given by a series of powers of h. The 
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question as to what functions f(z+) have such an expansion is 
a much more difficult one, and is considered in a later chapter on 
Taylor’s theorem. 


Exampte, To find the nth derivative of e’. 
eue+h)?_ pax* ema* eahtaar+h) 1} 


on? h 2h? 2 ae n 
= € [a @a+h)-+a 5 (20th) +...-4a@ a (ae +h) sheet, 
the series being absolutely convergent for all h and x. 


La 
The coefficient of = and therefore the nth derivative of e%’, is 


ae (aayran + MOD) (anyn-tan 24 


PBs aK 2)(n—3) (22)"—4q-24. | ; 


By means of formula 7.31 we can now deduce the nth deriva- 
tive of f(x?). 

For Dr f(z’) = > P,(u)f*(u), where u = 2. Since P,(u) is inde- 
pendent of f we nay take f(w) = e*, in which case B,(w) is the 
coefficient of a*e** in D”e**, and therefore 


Drf(at) = (2a)rfn(u) + 2O—Y (Bayn-2pna(u) + 


n(n—1)(n—2)(n— 
1.2 


4. 3) (on)n—4fn—2(a) +... 


7.5. The nth derivatives of the functions a 5° rs Tig ate of con- 
siderable importance and may be expressed in particularly simple 
form. We shall show: 
7.501. = D®{1/(1+2?)} = (—1)"n! sin"+16 sin(n+ 1)8, 

@ = arcsin(1+-2?)-4, 
7.502. De {ax/(1-+-x?)} = (—1)"n! sin”+16 cos(n-++-1)8, 

6 = arcsin(1+2?)-#, 

Proof of 7.501. D{1/(1-+-2?)} = —2a/(1+2?)?. 
(—1)1!sin?@ sin 26 = —2sin’@cos@ = —2a/(1+2?)? 
since sin = 1/(1+-2*)}. 
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Thus 7.501 is true for n = 1; if it is true for n = p, then 

DE*K{I/(1+-2*)} = D{DR(1/(1-+2"))} 

d : dO 

= —$(—1)Pp! sin? +0 si ial 

= apt 1)?p! sin Osin(p+ 1)}— 

= (—1)?(p+1)!{sin?6 cos @ sin(p+1)8+- 

++sin? +9 cos(p-+1)0}{—1/(1+2%)} 

= (—1)?*(p+ 1)! sin?@ sin(p-+ 2)6 sin2¢ 

= (—1)?#(p+1)! sin? +26 sin(p+-2)0, 
so that 7.501 is true for m = p-+1 and therefore true for all values 
of n. 

7.502 is proved in a similar way. 

The connexion of the derivative of 1/(1+-2?) with trigonometric 
functions is a consequence of the derivative of arctanz being 
1/(1-+ 22). 

7.51. By means of the formulae (Examples V) 

sin(n4-1)0 = ("Yloosrasin 6— oT cos”—20 sin?9-+..., 

~ cos(n-+1)8 = cos" +19— we ")oost-40 sin?9-+ i "loos"-89 sin4é—... 
we can express 7.501 and 7.502 in the form: 

7.511. DR{1/(1+2%)} = (—1)""! x 


x (Det aaa Net—..\ agate, 
7.512. D{x/(1+27)} = (—1)™m! x 
x ee e ere (" ‘}e— | / (1-+-a2)"+1, 


In the same way we can show, for a > 0: 


7.513. D3{1/(a+a*)} = (—1)! x 
y ("te ("Fen + ("Tp ft ("P oot Fon) = 


= (apatynt, 
7.514. D{x/(a+22)} = (—1)"n! x 


. fara a "arta 4s ee "ar-s02— @ "lew sa8 4 | as 


~(a+22)"+1, 
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7.52. Since D2{i a = (—1)"p!/(a-+2*)?+1, if we assume that 
D® D?{1/(a+-2*)} = D? D&{1/(a+2")} then the value of 
D2{1/(a+x2)P +} 

may be obtained by differentiating the right-hand side of 7.513 
p times with respect to a. Each term is of the form a”/(a-+x*)"*1 
and the kth derivative, with respect to a, of both a’ and 1/(a-+-2?)"+4 
may be written down immediately, so that the pth derivative of 
a’ /(a+2*)"+4 is given by the Leibnitz formula. 


7.6. We have seen in the previous chapter how to express any 

rational function P(x)/Q(x) as a sum of terms each of which is 

either a polynomial or of the form A/(x+a)? or of the form 
(Ax+ B)/{(x-+a)?+a}”. 

In §§ 7 and 7.1 we showed how to find the nth derivatives of a 
polynomial and of A/(z-+-a)? and in §§ 7.5 and 7.52 we showed how 
to find the nth derivatives of 1/(z*-+-a)? and of x/(x?+-a)?; since the 
derivatives with respect to x of (%-+-A)/{(x+A)?+a}” and 

1/{(e-+-A)?+a}” 
are the same as the derivatives with respect to t of t/(#-+a)” and 
1/(##-++a)?, where ¢ = z+), it follows that the nth derivative of 
any rational function may be obtained by expressing the rational 
function in its partial fractions. 


7.7. Maxima and minima 

The maxima of a function f(z) are the values of f(x) which are 
greatest in their immediate neighbourhood and the minima are 
those which are least in their immediate neighbourhood. Formally 
we define: 

f(a) is a maximum value of the function f(x) if f(a) > f(x) for all 
values of x sufficiently near a and f(a) is a minimum if f(a) < f(z) 
for all values of x sufficiently near a. 

A maximum value of a function is not necessarily greater than 
a minimum, for a maximum is the greatest value only in relation 
to a small enough region. 

For example, consider the function f(x) = 325—25a°+ 60x. A 
simple calculation shows that 
(i) fF) = @—1){45—[5(@—1) + 15(@— 17+ 3(e—1)5} 

> 22(2—1)?_ if |je—1] <1 
>0 provided « £1. 
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(i) f(w) —f(2) = (x—2)*{90+[95(e—2)+ 30(e—2)?-+ 3(a—2)?]} 
> 34(a—2)? if |[~z—2| <4 
>0O provided x + 2. 
(iii) f(e)—f(—1) = (@+1){45+-[5(@+1)—15(@+ 124. 8(0- 1)°}} 
> 22(2-+1)? if |z+1]) <1 
“>0 provided x 4 —1. 
(iv) f(—2)—f(x) = (w+2)%{90—[95(x+ 2)—30(x-+2)?+ 3(x+2)*]} 
> 84(2+2)? if |xt2| <4 
>0 provided x 4 —2. 
From (i) and (iv) it follows that f(x) has a maximum at « = 1 and 
at 2 = —2 and from (ii) and (iii) that f(z) has a minimum at x = 2 
and at 7 = —1. Since f(2) = 16 and f(—2) = —16 we see that 
the minimum value of f(x) at « = 2 is greater than the maximum 
value at x = —2. 


7.71. If f(x) is a differentiable function and if f(a) is either a 
maximum or a minimum value of f(x) then f’(a) = 0. 
Suppose that f(a) is a maximum; then f(a) > f(a1/n). But 
fai in)—fla) Tae ae f'(a) and so since tt U4) ta a) <0,f‘(a) <0 
+1 in ? = 
and. since eee > 0, f(a) > 0, whence it follows that 


f(a) = 0. 

Similarly, if f(a) i is a minimum, f’(a) = 0. 

Theorem 7.71 may be expressed by saying that the values of x 
for which f(x) is a maximum or a minimum are amongst the roots 
of the equation f’(xz) = 0. 


7.711. Although f’(a) = 0 is a necessary condition for f(a) to be 
a maximum or minimum value of a differentiable function f(x) it 
is not a sufficient condition, For example the derivative of 2° is 
3a° which vanishes for z = 0, but the origin is neither a maximum 
nor 3, minimum value of x3 for 23 > Oifx > Oand a? < Oifz <0 
however small |x| may be. 


7.72. If f'(a) = 0, f’(a+h) <0, and f'(a—h) > 0 for all small 
positive values of h then f(a) is a maximum value of f(z). 
5039 H 
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Proof. From f’(a) = 0, f’(a+h) < 0 for h < hy it follows that 
f(x) is steadily decreasing in the interval (a, a+-h,) and therefore 
f(a) > f(x) in this interval. From f'(a) = 0,f’(a—h) > Oforh < hy 
it follows that f(x) is steadily increasing in the interval (a—Apo, a) 
and therefore f(x) < f(a) in this interval. Thusf(a) > f(x) through- 
out (a—ho, a+h,), x ~ a, and so f(a) is a maximum. 

A similar argument shows that: 


7.721. If f’(a) = 0, f’(a+h) > 0, and f’(a—h) < 0 for all small 
positive values of h then f(a) is a minimum value of f(x). 


7.722. If f(a) = 0 but f’(x) has the same sign.on either side of 
x = a then f(x) has neither a maximum nor minimum at z = a. 

Suppose for instance that f’(x) is positive on either side of x = a. 
Then f(x) is increasing throughout some interval (a—hy, a-+-h,) and 
so f(a—h) < f(a) < f(a+h), which proves that f(x)—f(a) is positive 
or negative according as x is greater than or less than a and so f(a) 
is neither a maximum nor minimum value of f(z). 


7.73. Tf f’(a) = 0 then f(a) is a minimum or maximum value of 
f(z) according as f’(a) > 0 or f’(a) < 0. 

- For if f’(a) > 0 then f(x) is increasing at the point 7 = a, so 
that f’(a+h) > f’(a) = 0 and f'(a—h) <f'(a) = 0 for all small 
positive values of h, and if f’(a) < 0 then f’(x) is decreasing at the 
point z = a, so that f’(a+h) < f’(a) = 0 and f’(a—h) > f’(a) = 0. 


7.74. If f(a) = f’(a) = 0, and f(a) is a maximum value of f"(x), 
then f(a) is a maximum value of f(x); and if f’(a) is a minimum 
value then f(a) is a minimum value. 

For if f’(a) = 0 is a maximum value of f”(x), then f’(x) < 0 for 
all x near a, so that f’(x) decreases near a. Since f’(a) = 0, therefore 
when x < a, f’(z) > 0, and when x > a, f’(x) < 0, whence by 7.72, 
f(a) is a maximum value of f(z). Similarly, if f’(a) is a minimum 
then f(a) is a minimum. 


7.741. If f’(a) = 0 and f'(a) is a maximum or minimum value of 
f'(x) then f(a) is neither a maximum nor minimum value of f(z). 

For if f’(a) = 0 is a maximum or a minimum, then f’(x) has the 
same sign on either side of the point x = a, and therefore, by 7.722, 
f(x) has neither a maximum nor minimum value at z = a. 
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7.75. Tf f'(a) = f"(a) = ... = f?"-(a) = 0, and f(a) 4 0, then 
f(a) is maximum or minimum according as f?"(a) is negative or 
positive. 

If f?"(a) > 0, then since f2"-1(a) = 0, it follows, by 7.73, that 
f*"—*(a) is a minimum value of f2"-*(x). Hence, by 7.74, f2"-4(a) 
is a minimum, and therefore by repeated application of 7.7 4, 
f-*(a), f2"-8(a),..., f’(a), f(a) are all minimum values. Thus if 
f?"(a) > 0, f(a) is a minimum value of f(z). Similarly, if f2"(a) < 0 
then f(a) is a maximum value. 

7.751. If f'(a) = f"(a) = ... = f?*(a) = 0, and f*"*(a) + 0, then 
f(a) is neither a maximum nor minimum value of f(x). 

Suppose that f?"+1(a) < 0; then f?"-1(a) is a maximum value of 
f(z), by 7.73, and therefore, by repeated application of 7 .74, 
f'(a) is a maximum value of f’(x) and so, by 7.741, f(a) is neither 
a maximum nor minimum value of f(x). Similarly, if f"*"(a) > 0, 
then f’(a) is a minimum and f(a) is neither a maximum nor mini- 
mum value of f(x). 

7.76. If f’(a) = 0 and f’(«) changes sign as « passes through the 
value a, then x = a is called a point of inflexion of F(a). 

7.761. If f"(a) = f"(a) = ... = f(a) = 0, and f"*"(a) ~ 0, then 
« = a@ is a point of inflexion of f(z). 

For, by 7.74, f”(a) is a maximum or minimum value of Sf" (x); 
hence f'"(x) is steadily increasing or steadily decreasing near x = a, 
so that f"(x) changes sign as x passes through the value a. 

Examptes. To find the maximum and minimum values of 
x(a—b)/(x—a)(a—b),a > b > 0. 

_ _(a—b)e sa b 

f(@) = (a—a)(a—b) ~z—az—0’ 
2 a b 

f () = —@—a)i + (@—by’ 
i: 2a 26 

TO = Gap GF 

The roots of f’(z) = 0 are x = (ab) and « = —J(ab): 
f*{alab)} 
2 


2 2 1 1 
~ Va(Vb—Va)® Vb(va—Vb)8 — wana vat sp} = 
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f'{—v(ab)} 
_ 2 2 _ 2 va—V/b sig 
= — Natlaevbp* Joab ~ Wate (aby ~ 
Thus (a—b)x/(z—a)(a—b) has a maximum for x = ,/(ab) and a 
minimum for z = —,/(ab) and the maximum and minimum values 
are 
Na+~vb -— Na— Nb 
~~ a— Vb Wap’ 
To find the maximum and minimum values of (x—a)*(x—b)}, 
whena >b > 0. 


f(a) = (e@—a(a—b), 
f(x) = 3(a@—a)(x—b)*+ 4(a—a)*(x—b)P 
(x—a)*(x—b)*{7a—4a—30}, 


of which the latter is the greater. 


f'(a) = 6(e—a)(w—b){2(a—a)?-+-4(x—a)(w—b) + (x6). 
The roots of f’(x) = 0 are x = a, x = b, x = (4a436)/7. 
Since z—a = —}(a—b) and x—b = $(a—b), when 
a = (40-+36)/7, 


therefore f’{(4a+ 3b)/7} = 25.3?.(a—b)*/74 > 0 so that f(x) has a 
minimum at x = (4a+-36)/7. 

Since f’(a) = 0 we must examine the sign of f’(x) on either side 
of x =a. As (4a+36)/7 lies between a and b, therefore when = is 
near a, —(4a+-36)/7 is positive, and so too (zx—b)* is positive; 
since (x—a)? is also positive when ~ is near to but different from a, 
therefore f’(x) is positive on either side of x = a which proves that 
f(x) bas neither a maximum nor minimum value at 7 = a. 

Near b, x—(4a-+-3b)/7 is negative and (x—6)? is positive or nega- 
tive according as x is greater or less than 6; therefore f’(b—A) is 
positive, f’(6-+-h) is negative, for small enough positive values of h, 
which proves that f(z) has a mazimum value at x = b. 

Alternative proof. By Leibnitz’s theorem 


f(a) = {D*(a—a)*}(a—b)*+- 3D*(a—a)8D(x—b)*+ 
+3D(2—a)®D*(a—b)*-+ (x—a)®D3(a—b), 
so that f’(@) = 6@—5b)* and f(b) = 0, 
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and 

fix) = {D4(e—b)*}(a—a)8 + 4D9(x—b)*D(z—a)>+ 

+6D*(a—b)*D*(2—a)®+4D(x—b)*D3(a—a)$, 

so that Fiv(b) = 24(b—a)8. 
Thus f@=f'@ =0 and f’(a) = 6(a—b)4, 
and so, by 7.751, x = a is a point of inflexion of f(z). 

Since 
fo) =f"b) =f) = 0, and fi*(b) = 24(6—a)* < 0, 
therefore, by 7.75, f(b) is a maximum value of f(x). 


https:// t:me/ pdf4exams 


Downloaded from htts://t.me/ civilsbuzz 


VIII 
THE INDEFINITE INTEGRAL 


INTEGRATION BY PARTS. CHANGE OF VARIABLE. 
REDUCTION FORMULAE. RATIONAL FUNCTIONS. 
QUADRATIC IRRATIONALS 
8. If f(x) is the derivative of F(x) then F(z) is said to be an integral 
of f(x). There are several notations for an integral, corresponding 
to the notations D, D,, d/dx for derivatives, viz. I, <I, i} () dx. 
The origin of J or #J as the integral sign is self-evident, but 
the origin of the sign J ( ) dx will not become apparent until we 
have approached the question of integration from an entirely 
different point of view, though its technical utility is readily 

grasped. 

It follows from Theorem 3.651 that if F(x) and G(x) are two 
integrals of a function then F(x) and G(x) are equal, apart from 
an additive constant, for F’(x) = G’(x) = f(x), say. Accordingly, if 
one integral of a function is known, every integral is known. In 
writing down an integral we shall generally ignore an additive 
constant; thus, for instance, we shall write 

L2a = x 
rather than [2% = z*--5 or I2z = 21a, which are of course 
equally true, though on the other hand we shall usually find it 
more convenient to write [2(a+1) = (x+1)? rather than 
L2(a+1) = z+ 22. 


8.01. Differentiation and integration are inverse operations in the 
same sense in which we spoke of inverse functions, for, by definition, 


T{Df(z)} = fl) and D{If(x)} = f(x) 
whatever differentiable function f(x) may be. 


8.02. Instead of { 1 da, ie. eI 1, we shall write { dx, and instead 
of { {1/f(«)} dx we shall (sometimes) write f da/f(z). 

1 
8.1. Since the derivatives of ae sinz, —cosx, tanz, —cotz, 
tan-tz, —cot-1z, sin—1x, —cos~1x, e%, logz are x", cosz, sing, 
sec’, cosec*x, 1/(1+a*), 1/(1+-22), 1/,(1—a*), 1/.(1—a2), e*, 1/x, 
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respectively, it follows that the integrals of the latter functions 
are the former, and so (provided n 4 —1) 


adx dx = sin inx d 
f= ee Es | J cosx x = SINxX, it X GX = —COSX; 


J sec®x dx = tan x, f cosec?x dx = —cotx, 


1 
] its dx = tan-x, 
= —cot-'x (apart from an additive constant) ; 


J dx/,/(1—x?) = sin-!x 
= —cos"!x (apart from an additive constant) ; 


J e* dx = e7, J (1/x) dx = logx, provided x > 0. 


8.2. f Fe)+9@)} de = f fede + f g(a) de. 
For x J {F(e)-+9(e)} de] = fle)-+ g(a) 
an 
ral [10 de + [ ate) ae| =4 | te) ax +2 f a¢e) ae 
= fle)-+9(z) 


and so both sides of equation 8.2 are integrals of the same function, 
and so are equal, apart from an additive constant. 


8.21. It follows from 8.2 that 
J f@)-+9()+h(x)} dx = f fle)de + [ g(x) de + [ he) de, 
for 
[ f@)+9(e)+h(@)} de = f (fl@)+9(e)} de + f hx) de 
= [fe) de + [ g(a) de + [ h(a) de. 
Similarly, we can show that f (3 (@)} dz = > J u,(z) dx for 


any n. 
EXaMPLes. 


f (p+qe+ra*+ 828) de = pepe ae 
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J dz/sin®z cos®x 


= J [{sin?x+ cos®x}/sin%x cos*a] dx = J (anes a = 


ot eoaty 


= f cosec’z da + J sec*x dx = tanzx—cotz. 


Change of variable. Integration by substitution. 
If $(¢) has a derivative ¢’(t) and if « = (t) then: 


8.3. J fle) da = [ FG) 4'@ dt. 
For 
gel J 4) de] = Ff re) ae} MF — pa) & 
=S(¢)4'O), since x = $(t), 
and 5 { MOW)$'O) at = 4", 


and therefore i S(x) dx and J S($())¢'(H dt are equal apart from 
an additive constant. 


Exampues. (a) Take x = ; then 


az 1 dz 1 1 
late = Jlaum= dt = =f 1+ a 


ba 
ne ~iy = a Fi 
7 an on dian j 


(d) Take « = (t—p)?-+q?, then 


{ da 1 dx 2(¢—p) dt 
—= | ——___ gt — Se 
| z i (—p) +9 a | (—p +g 


and therefore 


f oat = log = log{(t—p)?-+q3}. 


t—pP+q 
(c) Take x = f(t) > 0, then 
Ss Cae (FO x 
% iG) ae f@ 
f£® 
Th = 
us lie fo) dt = logx = log f(t). 
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(2) To evaluate J (a? —2*) dx. Take x = asint, then 
J \(a?—2?) da = f v(a?—asin*t) 5 e dt = a? J cost dt 


sin 2¢ 


a? 
= | (1-4 cos 2¢) dé = oe 
Since sint = a/a, if ¢ lies in the interval (—47, 47) then 


(taking a > 0). 


t =sin-1~ 
a 
and cost = ,/(1—sin*) and so 
sa : + 4 @ x? 
somal =sinti= 47 /{1_7), 
t+ = t-+sintcost = sin Page J “) 
a? x 2 
2__ 2 — __gin-1Z iad 2. 42 
Thus i x) dz = 5 sin at5ve x), 


1 
(e) | aii dt. Take a-+-bt = 2, then 


lee = 
fz -lang* lan 


lam dt = plogz = = jlog(a-+0), provided a-+-bt > 0. 
Similarly 


and so 


ls hi dt = —Flog(a—tr), provided a—bt > 0. 
Hence 
a _ 1, a+bi 
aoe # = [= bt . i lan hee bt’ 
pave a® > 6%, 
and 


2bt . 1 _ 1 2 m9 
iE apa t= = ~ lan# a a ee 
provided a? > 6742, 


Note that la as dt = log(t—a) if t>a, 


but [ afta log(a—t), if t<a, 


since the logarithm is defined only for a positive argument. 
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Integration by parts: 
8.4. [ F@gla) de = fle)ga)— | fle)o'(@) de. 

Proof. Since 

L pesate)) =F eale)-+feea'@) 
therefore f()g(a) = f {f"@)g(x) +f @)9'(w)} de 
= ff e)g(a) de + f fle)g’(a) de, 

ie. fF @gle) dee = flw)g(x) — f fle)g’(e) dx, 
which is known as the formula for integration by parts. 


EXAMPLEs. 
(a) J wet dx = Ge) dx = xe* — J e* dx = xe*—e*, 
ie. | xe® daz = e*(a—1). 
(d) J erent dg = ww” | an-lew de 
= an _Fgh-lese + nee { an-2eax dar, 


and so on, giving 


uae eae grt 
fare da = —{x"—n—— + 
a a 


n(n 1) (1) mln D) 0 P ) (—, 


(c) [ esine dx = —xcosx + J cosz daz = sinx—zx cos x. | 


(d) J e*gin bx dx = “sin ba? { e%cos ba: da 


ear b b? : 
= —sin br ——, e**cos bx ——, J e*gin ba dx 
a a @ 


and therefore 


b? COs 
( +3 | e*gin ba dx == a (a sin bx—b cos ba), 
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i.e. f e*sin ba dz — (asin bx—6 cos bx). 


mo 
| togzde = f (Dajloge de = xloge— f 2.2 de 
= a(log 2—1). 


-1 -1 eels -ly— 
(f) ic x da = f @=)tan a dx = xtanly [ae 
= xtan—2—4log(1+2%). 
8.5. Integration of the circular functions 
The integrals of tanz and cot. 
J tone de — [= Be = — (d/da)cos 7, = —logeosx 
Me cos & : 
in any interval in which cosz > 0, i.e. 


J tanz dx = —logcoss. 


Similarly f cot da = +logsin x. 
The integrals of cosecx and sec are slightly more difficult. 
1 _ 1 1 1 fsectiz, f Dtaniz 
lms®-3/ ape’ = P) ime tan $2 as 
= logtan}a, in any interval in which tan 4a > 0, 
i.e. J cosec% dx = logtan $z. 


Writing « = $7-++¢ we have 


1 d. 1 
logtan(}r+4t) = f Prwen oat = | = i, 
i.e. 
f sect dt = logtan(}7+4t), in any interval in which tan(47-+-4f) 
is positive. 
Since 
1+tan}t  cosfi-+sin}t (cos 4¢+sin 4)? 
paket cat) 1—tan}¢  cos#t—sin}## cos }#—sin® } 
= 1-+sint 
cost 
therefore J sect di = log(sect-+tant). 


== sect-+tani, 
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8.51. The integral of 1/(a+-6 cos 2). 
Write ¢ = tan 42 so that 
cosx = (1—#)/(1+#) and a = $sec* 4a = 3(1+#*) 
and we have 


1 1 2 
J a-+-b cosa oa } a+b{(1—#)/(1+-#)} 1+? 


P dt _ 2 di 
J a+b+P(a—b)  a—b J #+(a+b)/(a—6)’ 


provided a + b. 
The value of the integra] depends upon the sign of 
a+b _ cry 
a—b a®—b?’ 


and so upon the sign of a?—6?. 
If a? > 6, let — - = \* > 0, then, since lm 


we have 


| axicare = eam i= oro} 


where ¢ = tan 4a. 


Ifa < BD, let _ = —p? < 0, then, since 


1 1 t— I —t 
| Pa dt = 5a Sig or Fk red 
according as t > pw or t < p, we have 
| soem da = eae 8 ene 
a-b cos x p(a—b) °8 5 p(a—b) Cit 
__] arctan) 
=a) °F 7 O+a/(b—a)} 
1 tog Ota 
Gat) °F | {(-Fa)/(6—a)}— 
according as ¢ > ./{(b+a)/(b—a)} or t < ./{(6+4a)/(b—a)}. 
These results may be transformed in various ways. For instance, 


if we write 
t = tan}e = pes 


or 
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then geose+b _ (a-+b)—(a—b)® _ 1—tan% 
at+beosa (a+b)+(a—b) 1+tan®w 
and therefore 


= a—\) _ 5, — eog-t tel 
2tan ( JS) 2u = cos cab eer ; 


whence it follows that 


= Cos 2u 


f ] ie~= ] ee (é cos A 
; atbeosx ~~ {(a?—b?) a-+-b cosz}’ 
provided a? > 67, ie. ja] > |b}. 

If a = b, the value of the integral is (1/a) { dt = (1/a)tan 4a, 
‘a ~ 0, and if a = —6 the value is (1/a) f (1/4?) dt = —(1/a)cot 42, 
a0. 

The integration of 1/{a+-bcosx-+csin x} may be reduced to the 
preceding case by writing 6 = tan-1(c/b), r = +-./(6?+-c”), so that 
bcosx-+csinz = r(cos 6@cosx-+sin @sin xz) = rcos(a—8), 

and therefore if y = x—8, 


f eee a f =O, 
a+b cos2-+csin x a+r cosy 
8.52. The integral of sin™x cos"x. 
8.521. If m is an odd positive integer = 2k+1, say, write 
t = cosa, then 

J sin”s cos"x da = f (sin’x)*cos"x sin x dx = — f (1— 1)" dt, 
which is integrated by expanding (1—?*)*. 
8.522. If n = 2k+-1, write ¢ = sin z, then 

J sin™x cos"a dx = J e(1—t?)* dit. 


8.523. If m+n = —2k, where & is a positive integer, write 
¢ = tanz, then 
J sin™2z cos"x dx = | (sez) coumens da 


COS & 


= [ tanm2(sec%x)'se0% dz = f #(1-+-#2)k-1 dt, 
which is integrated by expanding (1-+-é?)*-1. 
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8.524. If m+n = 0, m > 0, and integral, write = tan x, then 


J sine costa der = | ae 


Divide # by 1+, giving a quotient ¢°-*—#"++7"-6_.,. and 
leaving a remainder +1 or +¢ according as m is even or odd, 
whence the integral is evaluated. 


8.525. If m-+-n = 0, n > 0, and integral, write u = cotx, then 
: un 
J sin” cos" da = — i) Tat du, 
which is evaluated as in 8.524. 


8.526. If m = —(2k+1),n = : write ¢ = tan 4a, then 
J dx (1-47)? 


aang = 5e | en 

which is integrated by expanding (1-+2?)?-. 
8.527. If m = 0, n = —(2k+1), write y = 47—z, then 

ee oe. ee 

cos**tly sin2*+1y" 
8.528. If m and n are both integers, positive or negative (or zero) 
the integral of sin”x cos"x is evaluated by means of the following 
reduction formulae. 

Since J sin” cos"x da = ; sin™~1z cos"x sin x da, integrating by 

parts we have, provided n 4 —1, 


(1) | sin™2 cos™x dx 
sin™-1z cos"*t1z | m—1 ae sak 
= ea [ sin xz cos” t28y da. 
But 


f sin™—2y cos"+2x da == J sin™—*z cos"x(1—sin2x) dx 


_ f sin™—-2y cos"x dx — J sin™s cosa dx, 
and therefore 


m+n ‘ 
oe | sin” cos”a dx 


n+1 


_sin™txcos*tta | m—I [ .. 
= — —_______ +. | sin™-22 cos dz, 


n+1 n+ 
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whence, provided m-+-n + 0, 
(2) f sin™2 cos™x dx 
ease 1 ore 
= Pe A A LL : | sin”—2z cos"x dz. 
m+n m+n 
In the same way we can show that, provided m 4 —1, 
(3) f sin™s cos™x da 
__ sin™ ty coer n— wiki m2, dee, 
ag +555 [ sin 27 cos™—2a 
and, provided m-++-n + 0, 
(4) { sin” cos’x dx 
_ sinter cos*™-1z n—I1 
m+n m+n 
Formulae (2) and (4) may also be written in the forms 


(5) if sin”—*z cos"x dx 


sin™z cos”—24 dx. 


a | 
= = +nte | sin™2 cos"z dx, provided m + 1, 


(6) if sin™s cos"—2x dx 


eee EEE [ sine costs dx, provided n # 1. 

If m is a positive integer the repeated application of formula (2) 
reduces the exponent of sin x to zero or unity without changing the 
exponent of cosz; thus the integral of sin”r cos"x is in this case 
reduced to one of the integrals 
costly 

n+1 
If » is positive then f cos"x dz is reduced to either ldx=2 
or to J cosz = sin by repeated application of (4). 

If m is a negative integer the repeated application of formula (5) 
raises the exponent of sinz to zero or —1, and so the integral is 
reduced. either to f cos" dz or to 


cos”z cos"Z . i” 
dz = sinz dx = — t, 
| sin x f sin?z f 1—# : 


writing ¢ = cosz, and if n is positive this is evaluated by dividing 


| sin 2 cos™x dz == — and f cos”x da. 
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1—# into ¢. If nis negative, f cos" dx is reduced by formula (6) 
to one of the integrals 


1 
2 — . ae = 
i] sec’z dx = tanx ‘or | eae dx = log(seca-+tan z) 


nN. 
and | ua ” dx is reduced either to 
sin x 


| sezeseg = bostane or to | ag t = lretan de. 


Sin % COS X% 


Thus the integral is evaluated when m and n are any integers 
whatsoever. 

If m and n are of opposite sign the reduction process may be 
more speedily effected by a preliminary use of either formula (1) 
or (3). 


8.6. Miscellaneous integrals 
The integral of z(tan x)?. 
J etan% dx = J ws0ct de —_ f xdx = xtanz— f tanz dx —4x 


= xtan«z-+logcos x— $2?. 
The integral of 1/(a-+-6 tanz). 


V | = cos 7 dx 
~ jJatbtanz J acosz+bsinz 
= | eee a 2 men tbaine sin x dx 


a J acosxz+bsinz acosxz+bsinx 
_#_6 sin x dx 
~@ aj acosz+bsinz 
Therefore 
: bcosx—asin x 
log(a cos a-++b sin x) = aooae-pb ang 
a x 
= ov +-5(r—=| = (a+b) V /b—az/b, 
aa V= apploeta cos a+b sin x) -+--——, a 
The integral of x?/(% cos —sin x). 
: d 1 xsine 
Since ——{ —_____—_ | = —_—______—. 
dx\x cosz—sin x (x cos x—sin 2)? 
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_ therefore 
xt 
(x cos x—sin “F 


| zx a 1 
~ J sina dz\xcosx—sinz 


= x df{z 1 

~ sina(xcosz—sinz) fel): cos x—sin x 

= x x— cos x(z cos x—sin x) 

sin a(a onan) i ~ “gin a(x cos 2—sin x) 

_ xsinz+cosx  tanz+1/a 

~ x2eosz—sinz  1—(tanx)/x 
The integral of (1—r cos x)/(1—2r cos#+12). 


1—rcosx 1—?? 
[4a Se =3[/# +5 5} ice ireaza™ 
Writing ¢ = tan 42 we have 


= tan{e+tan-1(1/z)}. 


1 1—r? 1—r _ 4.3 1+r 
2 f 1—2r cos i=jrontte (l—r)?+ (1-4 r)0? oe ie 
Therefore 


1—r cosz _& afit+r 
i) were” ~ sc. fis “tan 42}. 

8.7. The integral of a rational function 

By expressing a rational function P(x)/Q(x) in partial fractions 
the integral of P(x)/Q(x) is transformed into a sum of integrals of 

da x+e : , 

the orm | x? dx, J Gta’ and {epatatp dx; accordingly 
the integral of any rational function may be determined provided 
only these integrals can be evaluated.f The integrals f xP dx, 


1 1 7 : : 

f @taPa dz, p > 0, ane J ea da are trivial, stele values being 
1 

ai » —1/p(x+a)”, and log(z-+-a) respectively; so too the integral 


x+e =; 2(a-+-2) c—A =f ro 
(er pay 2) @eya’ ta | @pyte 
= peer ey 4a eh 
} Unless the resolution into partial fractions is impracticable, which may 
happen either because the factors of Q(x) are too numerous and diverse or because 


the equation Q(z) = 0 is not soluble except by approximations to its roots. 
5039 r 
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There remains to consider the integral of (7-++c)/{(a-+-A)?-+-a7}?, 
p > 1. To evaluate this integral we express 7-++c in the form 


A{(a-+2)?-+.0%}—2(0-+A)H(Ax—B), 


where A = (c—A)/a?*, B = (A*?—~Ac+a?*)/a?, 
so that : 
we 
{(x accel 


2(a-+-A) _ 
—3{ & Tap reanp (4e—B) de 


_ Ae-B 
2(p—1) {a+ AP?+a7}o-1 


=4 lea 


4) eeanrops ep—7 


ees en ey es ee a: G . 

5 a J {er WF faa “x, after integrating by parts, 
1 Az—B (2p—3) 1 

= sea ener t ga | (ery papa™ 


Repeating the process the exponent of the denominator is step by 
step reduced to unity. 


Exampuie. To evaluate 


2 3a-+4 ™ 
@+1)8 
We have v+ 3a-+4 = (22+ 1)-+3(2-+1), 
and etl = 2?-+1—22.4(a—1), 
whence 
ar a J apts ei ae du 


1 
=! | app 3 | epee 


] 3 2#—] 3 1 
=< i) apy” tiga! @rip™ 


3 z—l 13 1 
-jenpts | ey 
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Since 1 = (2?+1)—2a. da, 


x dx 


Seppe = | ea®—a) erp 


1 1 x 1 1 
=(an®tiean-3] ea 


1 = 
’ = saat Ig, 
Hence 
e4t3et+4, 3 2-1 18 2 , 18, | 
aay ier sens * 


The same method of reduction may be applied to any integral 
of the form | amie. where P and Q are polynomials and @ does 


not contain a repeated factor. We have but to choose polynomials 
C and D so that P = CQ+DQ’, where Q’ is the derivative of Q, 
and then 


[ge-l[os gait | gee 
“Jose Saget | ae 


--Agat [rz Pat 
Of course the integral of (x-+c)/{(~-+-A)?+a7}” may also be 


evaluated by the substitution 7--A = atanz, but this method is 
generally far more laborious than the former. 
8.71. If R(x, y) is a rational function then the integral of 
R(sin x, cos 2x) 

may be evaluated by the substitution ¢ = tan 4a, for the integral 
becomes { : ( Zn 1) ‘dt 

1+-é2? 1-42) 1-2’ 
which is of the type discussed in § 8.7. 
. §.8. Integration of quadratic irrationals 
8.81. We consider first the integrals of the three functions 
1/./(a?—2?), 1/,/(a?-+-?), 1/y(az?—a*), a> 0. 
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By the substitution x = asint, 


1 1 
J Fama = | a=ammeo 
if we suppose that ¢ lies in the interval (—47, 47), then 


cost = ,(1—sin%) and ¢= sin, 


. 1 _ . gg B 
whence | rca = [ =e sin z 
The substitution z = asht gives 
1 1 
| yarcau® ~ J cht 
If x = achi, t > 0, then 
sht = j(ch%—1) and t= cht = log{x+-.,/(a®—a*)} 


and therefore 


chidt=t= sh-1= = log{a-+./(a?+«*)}. 


8.811. The integral of 1/,/(ax*+ 2bx-+-c). 
(i) Ifa > 0, 
‘ 2 — 2 
\{(ax?+ 2ba+c) = va |{(+7) +": 


a 
we must distinguish the cases ac < b?, ac = b?, ac > b?. 
If ac < 6? let ac—b? = —o*a?,-and so 


J aarraera® ~avelster /(e+3) —}] 
= Jplog b+ 5+ alaa*+ 2be-+-0)/val 


= J loglae-+ b+./{a(ax?+ 2bx+-c)}] 
apart from an additive constant. 
If ac > 6? the result is unchanged. 
(ii) Ifa < 0 write a = —A?, then 
ax®+ 2ba-+-e = c-+b?/?—(Av—b/A)? = c-+-b7/A2—)2(a—b/A?)? 
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- and. therefore 

1 1, Ma—b/2) 
laa? Reto) ee (e+ B22) 
If ac = b?, a > 0, then 

\(ax?+2ba-+c) = va(xz+b/a) if x > —b/a, 


and therefore 


where A = ,/(—a). 


| year porate ® = yale bla) 


8.82. Writing y = 4/(ax?+ 2bz-+c) we have 
petq,._ P f Xac+b) = J 1 
| 7 dx = oe | 7 dx +(q—pb/a) 7 


_?P - 1 
=? (ax2-+ 262+ 6)+-+ (q—bp/a) J 5a 


_ whence the solution follows from 8.811. 
8.83. a J y dx = (ax+b)yy— J er ae 


= (ax+bWy—a fy de +(ac—4) [ S 
and the solution follows from 8.811 and 8.82. 


8.84. A reduction formula for | Fae. 


Write : = de, then since 


S (eem-3y) = maze 4-(2m—I)ba"-14-e(m—1)ee"-8, 
| wehave f= ay n=) ta a7. 
The values of J, and L, are given by 8.811 and 8.82. 

| 8.85. The integral of 1/(a—p)"y. ; 

Write x<—p = 1/t, then log(x—p) = —logt and so 


SU... 
z—pdt~ —‘t” 
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whence 
m—1L 
J ae es 
(c—p)"y y t 


ym-1 
— | cere 
which is of the form 8.84 if m > 1, and of the form 8.811 if m = 1. 


8.86. We consider next the integral of (px-+q)/(az?+-b),/(x?-+-c), 
which.we evaluate in two parts. 


: w dz 
First we evaluate J (aa?) /le*be) ‘ 


Write (@?+e) = y so that az?+b = ay*+b—ac and ue =y 


and the integral becomes 


dy _1lf ad a 
fane-a P+k where k = (b—ac)/a. 


If k = r? > 0 the solution is 
1 ay _1 = _ _ 
_- tan e = vial ( ac)}tan-1,/{(ax*-++-ac)/(b—ac)} 


and if k = —s? < 0 the solution is 
1 [via?+e)—w{(ac—b)/a}P 
5, lo! veo = val (ac— b)}og + b/a 


dx 
Next we evaluate | (aa*pb) ape) 
Write y = 2/,/(x?+c) so that 
ae c dy st 2. oy 
ete Iie a (2?-+-¢)?’ ae a 1—y?’ 


y= 


then dx _ ( cadz (a+c)t 2? 
J (aa?+-b),/(a?+-c) | (z?--c)? #8 e(ax*-+b) 


= 1 y? 

= | ous ca aete 
ae ty 
(ax®-b),/(x?-Fc) J b—(b—ac)y? 


and the solution is completed as above. 


whence 
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8.861. The general case of the integral of 
(La-+M)/(ax*+ 2ba+-c),/(Aa?+2Bz+C), 
where ax?-+2ba-+c has no real factors, is easily reducible to an 
integral of the form 8.86. 
Write x = (rt+8)/(1+-2) and so 
as?+ 2be-+e = {a(rt-+s)*+4 2b(rt-+s)(1+t)-+e(1-++t)}/(1+4)?. 
‘The coefficient of ¢ in the numerator is zero if 


ars+b(r-+8)-+c = 0. (i) 
Similarly, 


Az*+2Be+C = {A(rt-+s)?+2B(rt-+s)(1+4)-+C(1+4)}/(1+t)? 


and the coefficient of ¢ in the numerator is zero if 


Ars+ B(r+s)+C = 0. (ii) 

Equations (i) and (ii) will both be satisfied if r, s are the roots of 

(aB—bA)62—(cA—aC)6+-(bC—cB) = 0, (iii) 
for this gives 

ars+-b(r-+-s) = {a(bC—cB)+6(cA—aC)}/(aB—bA) = —c, 
and similarly Ars+B(r+s) = —C. 
Moreover | a = 
Ga aH = rt and so a an 

and Le+M = {(Ir+M)t+ Ls+ M}/(1+4%). 


Therefore if r, s are the roots of equation (iii) the integral is 
transformed into one of the form : 
i ee |e 
(at?+B)y/(yt?-+8) vy J (od? +B)M(P+8/y) 
which we have evaluated in 8.86. 
It remains to prove that equation (iii) has (different) real roots; 
this requires 
(cA—aC)*—4(aB—bA)(bC—cB) > 0, 
subject to the condition ac—b? > 0 since az*-+-2bz-+c = 0 has no 
real roots. 
Let «, 8, y, be any three numbers, then 
(«+y—28)? > 0, 
whence at 2+ 2ay > 48(a-+y)—4? 
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and so (a—y)? > 4(oB+ By—ay—B?) 
= 4(8B—a)(y—B). 

Take A/a, B/b, C/c for a, B, y and we have 


(6-57 >o-21e-4 
i.e. (cA—aC)? > 4s “ (aB—bA)(6C—cB), 


and so, since ac/b? > 1, the aie for real roots is satisfied. 
To ensure that the equation (iii) has two different roots we require 
also that aB—6A is not zero; if aB—bA = 0 the transformation 
fails (since it reduces to x = constant) but in this case both 


ax*-+ 2bz-+-cand Aa? 2Ba-+ C are of the form (ax-+-b)?-+ constant 
and so the integral is reduced by the substitution az-+-b = t. 


8.87. If we denote the integral of 
(Le+M el ae aa ra C) 
by F(z, c) it follows that 
Ia+M 
aire, = Gar 2bx-+¢)>|(Aa*+ 2Ba-+C) 

and therefore | 

dP {d == Ia2z+M 

wae? (@, o) =e \(Ga™ Whee (APL BBE LO)" 


Hence if we assume that 


wage F(a, a) = alas F(a, e), 
we have 
: Ia+M _(—1)P @& Pe as 
(aa? 2ba-+-c)?+1,/(Aa®+ 2 Bat a” pl sis 


8.88. The integral of R(x,y), where y = /(Az®+2Ba+C) and 
R(a, y) is a rational function, P(x, y)/Q(x, y). 

By separating the odd and even powers of y in the polynomials 
P(x,y), Q(x,y) the rational function R(z,y) may be reduced 
to (A+By)/(C+Dy), where A, B, C, D are polynomials in x 
alone. Multiplying the numerator and denominator by C—Dy, 
(A+ By)/(C+Dy) takes the form H+ Fy, where E and F are 
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rational functions in x, and this again is of the form £+G/y 
where £ and @ are rational functions. Expressing @ in partial 
fractions the integral of R(x, y) is reduced to a sum of integrals 
of the forms 


m dx Lat Me 
{ Bde, [ Sa, lor * and | woes 
J y (z—p)"y (aa?+- bx poP Ay 
each of which has already been evaluated. 
8.89. In conclusion we shall examine some special, cases in which 
the integral of a quadratic irrational may be evaluated directly by 
a special substitution. 

Consider first the integral of 1/,/{(a—x)(x—b)}, where a > b. 
We seek for a transformation which will make a—z and «—6 both 
squares simultaneously; this requires a—x = u*, x—b = v*, and 
so a—b = u2+v?, which is satisfied by w= rcos), v = rsin§g, 
provided r? = a—b. Thus the desired transformation is 

x = 6+? = 6+ (a—b)sin?9 = a—u? 
" = a—(a—b)cos?? = asin?6-++b cos*é 
and, if 0 <6 < }r, the integral becomes 


aa learToaah 20” = 2 | a0 = 20 = asin? |=). 


To evaluate the integral of 1/,/{(a—x)(b—z)}, a > b, we require 
a—x = u?, b—x = v?, whence a—b = u?—v?, which is satisfied 
by u = ,(a—b)ché, v = ./(a—b)sh @, and so 

z= a—u? = a—(a—b)ch?9 = bch?6—ash*0. 
The transformed integral is 
—9 | d@ = —20 = 2loge-9 = 2log(ch @ — sh@) 
: = 2log{y(a—2)—y(b—2)}. 
Similarly, we can evaluate the integrals of ./{(a—z)/(z—b)} and 


. {(x—a)/(x—b)} by the transformations x = 6cos*é+-asin*@ and 


x = bch?@—ash?6 respectively. We find 


f /Gse = (a—b) J 2.cos?6 d@ = (a—b) | (1+ cos 24) dé 


= v{(a—2)(e—b)}+ (a—6)sin™ (=) 
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| d & 5) ae _ Lotte) tea} — —/{(a—a)(a—b)}. 


Examp.e. To evaluate 
—lI 
eee 22¢-+ 19) 


We make the substitution « = nis where r and s are deter- 


#1’ 


mined by the equations 
2rs—3(r+s)+5 = 0, 
7rs—I11(r+s)+19 = 0, 
whence r = 1, s = 2 (or vice versa). 
t2_ des. 1 


a =1t 5 we have — a — Gp and 


. 2a*—62+5 = ——__ (#21), 


From xz = —— 


me yp 
— =—= 
72°—22¢+19 = ai +3) 
and therefore 
—1 1 dt 
EF 19) ~s J (A+1)/(+9) 


= eee i 
Take y= TEER sO that y = PLE =1 FG 
dys tt 


Mae ~ (CBP 
Also 4-2 = 3/4(1—y?) and #241 = (4—y?)/4(1—y?), whence 
f 1 oe ae $tdt /(##+2) P42 
(1+) /(?+2) (+2? # #41 
3 4 
_ | vag 4—yi J ip 


ay gee I _ 
rast las Ma rs 


—] gt? 
(222— iF) iar 222-416) =; ar 


and therefore 


and therefore 
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THE FIRST MEAN-VALUE THEOREM. CHANGE OF VARIABLE. 
GENERALIZED INTEGRALS. INTEGRAL OF A POWER SERIES 
9. If two functions f(x) and g(x) differ only by a constant then for 
any x and y the difference f(x)—f(y) is unchanged if we replace the 
function f by the function g, for if f(x) = g(x)+-c then 

S@)—Fy) = 9(x)-+e—(gly)+¢) = 9(%)—9(y)- 
We have seen that an integral of a function is definite apart from 
an additive constant, accordingly if F(x) is any integral of a 
function f(x) then the value of F(x)—F(y) is the same whatever 
integral F(x) we choose; for instance x? is an integral of 2” and 
the difference x*—y? is unchanged by replacing 2* by any other 
integral of 2x, such as 2?-+-3. Though independent of F in the 
sense we have described, the difference F(x)—F(y) depends of 
course upon the values of # and y. 

If F(t) is uniformly differentiable in an interval (x, y), with 
derivative f(t), then the difference F(y)— F(z) is called the definite 
integral of f(t) from x to y, and x, y are called the limits} of the 
integral. 

We shall denote the difference F(y)— F(z) for brevity by [F(¢)]f, 
where the ¢ in F(t) may be replaced by any other letter (including 
either x or y). The expression [ j fO dt |? will be further abbre- 


viated to f fd. 


Thus if F(t) is any integral of f(t) so that F’(t) = f(d) in (2, y) 
then 7 
J f@ a = FY)—F@). 


In particular 
i f(t) dt = 0, and f f) dt = — i fd) dt. 
x ¥v z 


{ There is no relation between this use of the word ‘limit’ and the limit of a 
convergent sequence. 
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Examp.es. Since 
[pa = Joes, t>0, 


zx 


therefore J : dt = logz—log2 (provided x > 0). 


1 ee gee cy ae 
From | ptr t, l<ti<l, 


J yea = let er—4}, 2 >a, 


we have 


4 
i) ena dx = log(4-+~12)—log(3+ V5) = 2-0101—1-6556 
= +3545. 


9.01. The expression [F(u)]? satisfies the following simple 
theorems: 


(1) If F(x), G(x) are equal apart from an additive constant then 
[F@y? = [a(a)p. 
(2) [F@h+ Fa) = [F(z)}, for any F(x), a, 6, and c. ; 
(3) [F(x)+@(x)). = [F@)2+[@(a)}> for any F(x), G(x), a, and b. 
The proofs of these are obvious. 


9.02. Each of the equations 


Jf@at = F@)—Fo@), 
" f(e) = F'(@) 


is a consequence of the other, by definition. 


9.021. i — f(x) de = — f f(a) dx = f fla) dz, 
a a b 
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for if DF (x) = f(x) then D(—F(x)) = — f(x) and so 


b a ‘ 
[ -fe@) de = [—F@), = F@)—F() = [ fla) de 
a : . b 


b 
= —[F(b)—F(a)] = — f f(a) dx. 
9.03. From Theorem 8.2 and equation (3) of § 9.01 we have 
b b 28 
J F@)+9(a)} de = f fle) de + f g(x) de. 


9.04. From Theorem 8.4 and equations (1) and (3) of § 9.01 we 
have 


b b 
Jf @ale) de = [fla)ga)E— f fle)g'(@) dex. 
9.1. If f(z) > 0 then ft) dx > 0 for any x >a. 
For ¢ j SO ai = f(x) > 0 and so, by Theorem 3.62, i f(t) dt 


is steadily increasing; but i f(t) dt = 0 and so i f@ dt > 0 when 
a a 
u> a. 
Similarly, if f(x) > 0 then f f@) dt > 0, when z >a. 
Harhemoty, if f(z) > 0 Gs, 6b) and f(x) > 0 in a part of (a, 5) 
then f f(t) dt > 0; for if (c, d) is the part in which f(x) > 0 then 


i f(t) dt > 0 and i f(t) dt > 0, | f(t) dt > 0 and so 


b 
[roa =froa+ froa+ frm a > 0. 
a a c a 
9.101. Since |f(x)|—f(x) > 0 it follow from 9.1 that 


b 
f {4@)|-F@} de > 0 
.and so, by 9.03, 


f itertae — f fe) ax > 0, 
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; b b 
i.e. | \f(x)| dx > ff@) dx. 
Similarly, since |f(x)|+-/(x) > 0, therefore 


f fla)| de > — i f(x) dx. 


Hence, since 


f fee) aa| =[fleyae or — f fle) de, 


6 b 
therefore f [fla)| da > i fla) dz}. 


9.11. If m < f(x) < M for any =z in (a, b) then 
b 
m(b—a) < f f(x) dx < M(b—a). 
For M—f(x) > 0 in (a, 6) and therefore ja —f(x)} dz > 0. 
But 
b b b 
; {M—f(x)} da = J M dz — J fle) dx 
b b 
= [Mx}— f f(a) dz = M(b—a)— f f(a) dee 
and therefore M(b—a) > f F(x) dx. Similarly” 
b 
J f(x) dz > m(b—a). 
9.12. If m < f(x) < HU for any «x in (a, 5) then 
b 
m(b~—a) < | f(x) da < M(b—a). 


(Proof as in 9.11.) 


9.121. From 9.11 and 9.12 it follows that ifm < f(x) < M in (a, b) 
and m < f(x) < M in some part of (a, 6) then 


b 
m(b—a) < J f(x) dx << M(b—a). 
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9.13. If f(x) is continuous and m < f(z) < M in je b), m and M 


both being values of f(z) in (a, 6), then there is a number c between 
‘@ and b such that 


b 
—_ J fla) dx = f(c). 
For, by 9.12, j F(x) daz lies between m(b—a) and M(b—a) and so 


sf f(x) dx lies between m and M; but m and M are values of 
f(x) in (a, 5), and therefore f(x), being continuous, attains the value 
b 
— f f(x) dz at some point c in (a, b). 


Theorem 9.13 may also be proved without assuming that we 
can find the least and greatest values of f(z), viz. m, M. For if 
x 
F(x) = | f(t) dt, so that F’(x) = f(x) in (a, b), then, by Theorem 
3.61, we can find ¢, and c, in (a, 6) such that 


Fre) < FOLFO) < Prey), 


ie, fia) <{ fread [0-9 < fee 


but f(a) is continuous and therefore attains the value 


( 10 at) /|6—ay, 


between f(c,) and f(c,), at a point c in (c,, C3). 
Theorems 9.11, 9.12, 9.121, and 9.13 collectively are known as 
the mean-value theorem for integrals. 


9,131. If g(x) lies between f(x) and h(x) then j g(x) da lies between 


j F(x) dx and j h(x) dx when f(x)—A(x) is of constant sign. 


Suppose first that a <p. If f(x) < g(x) < A(x), then 
g(x)—f(x) > 0 and h(x)—g(x) > 0 
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so that, by 9.1, 


B B 
J G@—fe@)} de > 0, f (h(x) —g(x)} der > 0, 


helio j fle) de < f g(x) da < f h(ce) de. 
Similarly, if fta) > gla) > Ba) ae 
f fle) de > fj glx) dee > f h(a) dee. 
If « > B, ee f(a< je < h(x) ete 
[fey ax < f gla) de < fia) ae, 
; é s 
so that, changing the sign throughout, 
fre) dx > fo) dz > f me dig 
and similarly i > gla) > 1 on 
| f fle) de < i gla) dee < i h(x) de, 


which completes the proof. 


9.14. If f(x) is continuous in (a, 6), and if in any part (c, d) of (a, b) 
we can determine points py, v such that f(u) < f(x) < f(v) for any x 
in (c, d) then in each sub-interval (a,, a,,,) of (a, b) we can deter- 


mine a point c, such that 
b 
J Fe) dee = fleg)(a—0) + (C4) Aq— 44) +.» AF Ce) ars), 
where a) = a and a,,, = b. 


For by repeated application of 9.01 (2) 


Ok+1 Ob+1 


b a a, 
J fade = f fla)de = | fie) de + | fleyde+..t f fie) 
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Orat 
By 9.13 there is a point c, such that J F(a) da = fic,)(4,4,—4@,) and 
the required result follows. . 


9.141. f(x) is continuous in (a, b) and the points (a,) divide the 

interval (a, b) into a finite number of sub-intervals, each of length 

O(n). If x, is any point in the sub-interval (a,, a,,,) and if o, 

denotes the sum > f(x;)(@,41—4@,) taken over all the intervals of 
b 


the subdivision, then c,, > f F(x) da. 
a 


Proof. Since f(x) is continuous in (a, b) we can choose 7.80 that, 
for a given p, f(x)—f(x*) = 0(p) for any two points x, x* in (a, b), 
satisfying ~—a* = O(n). By 9.14, in each interval (a,, a;,,.,) there 


b 
is a point c, such that i F(x) da = ¥ f(cy)(4x41—4;,), and as c, and 
a 


x, both lie in (a,, a,,,), we have c,—2, = 0(n), and therefore 


fr (a) du —o, = ¥ f(Ck)(A441—O2) — Df (ex) (Gn 41—A%) 
: = ¥ £f(¢.) Se) ees—ae) 
= 0(p) Y (@x+1—4%) = 0(p)(6—a), 
which proves that o,, > fi F(a) dx. 


a 
Theorem 9.141 enables a definite integral to be evaluated with- 
out appealing to the indefinite integral. For instance, if we divide 
(0, 1) into m equal parts by the points 1/m.,,...,(m—1)/m, and form 


w= 
the sum > al —2), the limit of this sum will equal j a dz. 
7 


But 
rPirt+l +r 1 1 [m(m—1)}? _ 1 1\2 
— | ——_—_ — —-— | = =-{l—— 
>sF | aoe al 2 4 m)’ 
1 
which tends to 4; thus J x° dx = 4, which may of course be verified 


0 
by means of the indefinite integral { 2? dx = 2/4, 
(To justify the application of 9.14 to the function 2° we observe 
that in. any part (c, d) of (0, 1) we have c® < 2° < d@ for any x 
in (c, d).) 


5039 K 
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9.2. Change of variable in a definite integral 
Tf (1) (to) =a, P(t) = d; 
(2) ¢4(t) is differentiable in (to, ¢,); 
(3) f{d(t)} is continuous in (fg, ¢,); 
then 


b h 
9.21. j f(z) da = { S{d(t)}o'(t) dt. 
a to 


By Theorem 2.54 it follows from conditions (2) and (3) that f(x) 
is continuous in the interval (a, ¢(t)) for any ¢ in (f, ¢,); hence if 


x ty 
[f(e)dx = F(a) then f{ f(x)de = Fig} 


and therefore 
d(t) 


5 f(a) dx = F'{g@)}4'() = fd} 4’. 


But G | THO at = HO} 
to 


t 2) 
and so { f{p(t)}$’(t) dt and | f(x) dx, having the same derivative, 
to a 


differ only by a constant, and since each integral vanishes when 
¢ = to, this constant is zero and we have, for any ¢ in (fo, t,) 
$(t) 


i fe) dx = | APO} at. 


Taking ¢ = ¢, we have the stated result. 

Condition (3) is necessary only if, for a ¢ between ty and ¢,, (t) 
takes a value outside (a, 6), otherwise the continuity of f{d(t)} 
follows from that of f(x) in (a, 6) and A(t) in (fp, t). 

The theorem remains valid if we replace condition (3) by the 
condition that f(x) is continuous in an interval (a, 8) such that 
« < $(t) < B for any ¢ in (fp, ¢,), since this condition, together with 
(2) above, implies the continuity of f{f(t)} in (to, ¢,). 

cae 1 


‘EXAMries. Evaluate * dx by the substitution 7 = tant. 


=i 
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As ¢ varies from 0 to 47, x varies from 0 to 1 and tant is differen- 
tiable in (0, #7), and so by equation . 21 
1 


tant 
Jan - fae jroo 2 fant 


= [2 logsec ey = ie 2—log1 = log2 = -69315. 
Equation 9.21 may of course be used to derive either one of the 


integrals from the other. In the above example we have proceeded 
from the left-hand side of 9.21 to the right-hand side. To lueteate 


byt the transformation x = #?+1. We have 


1 1 
2t _ Fs 
fan#- Jena +1) dt = fi dx = log2 
0 


as before. To justify this transformation we need but to observe 
that #?+-1 is differentiable in (0, 1). 

It is most important to ensure, in working examples, that any 
transformation used satisfies the conditions of Theorem 9.2 


throughout the range of integration. For instance, if we seek to 
43/2 


evaluate | ey by the substitution x = sint we might be 


V(1—2*) 
+ 
tempted to write 
43/2 


J Jana @ = | oa 


since abe N3/2, sin $7 = sin}x = 4, 
1+43 


== er __ 
aa [—cos¢]," = = 9 


which is false because 


p x V3—1 
oe 3/2 _ 
) Jaa) 3) dz = [—/(—2")]} a ae 


The as of the fallacy lies i in the fact that ———. Ja—sin'y a in? ramp 38 


not continuous in the interval (47, 3) since the aes 
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vanishes at the point t = }7 in this interval. Another false step 
lay in taking ,/(1—sin’t) as cost throughout the interval (41, $7) 
whereas in the part of this interval from 47 to §z cosé is negative 
and equal to —,/(1—sin*t). It is, however, correct to write 


43/2 t7 

2x : 
i] 4 dz = | sin t dé. 
+ in 


The condition that ¢(¢) be differentiable burcnehode (tp, €,) in 
making the transformation x = ¢(t) in the integral i F{d()}d'(t) dt 


shows that e.g. such an integral as [Resins cost) dt cannot be- 


evaluated by the substitution x = tan it since tan 4¢ is not differen- 
tiable in ($7, 37). In the use of transformations involving the 
inverse circular functions great care must be taken to introduce 
the inverse functions appropriate to the range of integration; thus 
if the range of integration is 0 < x < 7m we cannot use the trans- 
formation x = sin-'¢ since the values of sin-"t lie between —}za 
and $7, and if the range is —4a < 2 < 47 we may use x = sin“¢ 
or x = tan-¥t but not « = cost. . 

A similar situation arises if we attempt to evaluate the integral 


2 
| x? dx by the transformation x? = y, for in the interval 
-1 
<2<0, x= —vy, 


and in the interval 0 << #< a x = +-y, and so in these intervals 
da = ee an dat = += 

dy 2Vy dy a 
function is not differentiable in the whole interval (—1, 2) (since 
+1/2vy has no value for y = 0), and so the transformation 2? = y 


is not valid in this interval; correspondingly, if we seek to treat the 


respectively, but the transformation 


2 
integral J x? dz as the result of the transformation y = x? on the 
“1 


4 
integral 4 f vy dy we find either that 
i 


tf sy dy = 4 f erede = f at ae 
i i 


1 
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4 —2 2 
or Af ydy=t [ —22ede= feds, 
i “1 1 


4 2 4 2 
but neither 4 wy dy =} [2a de nor J vy dy = 4 J — 22? da 
1 


is true, for Va? = +a if x > 0 and v2? — as ifa <0, ba neither 
vx? = +a nor vz? = —a is true throughout an interval which 
contains both negative and positive values of a. 

This example illustrates also a further point. In applying the 


4 
transformation y = 2x? to the integral ‘i vy dy it may be thought 
i 


that there is some ambiguity as to the limits of the transformed 
integral, since both (+ 2)? = 4and (—2)? = 4and so too (+1)? = 1 
and (—1)? = 1. Itis true that we have a choice for the limits, but 
for each chosen pair we must examine the nature of the trans- 
formation in the chosen interval; for instance, if we choose the 
values 7 = —1 and x = +2 for the limits of the transformed 


2 
integral then the integral becomes J Na? 2a dx, but this cannot be 
“1 


2 2 
replaced either by i a 2a dx or by J —x 2x dx and must be split 


up into 


i) 


0 2 2 
Nac? Qar di Na? Qe dx = { —ax 2x d: 2a dx. 
a) Me ane, | Aen ec lead 


‘-1 
0 
Writing ¢ = —x in the first of these integrals it becomes { 267 dt 
1 


and therefore 


2 0 2 
J vet2n de = [ 2 dt+ [ 20% de 
“1 


It will readily be verified that, whichever choice of limits we make, 
a correct interpretation of the function vz? in the chosen interval 
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2 
will always lead us to an integral equal to the integral { 2é dt. 


i 
That this must be the case we know already from Theorem 9.2 and 
the fact that a definite integral has a unique value. 


9.3. If a function f(z) has an integral, then f(x) is the uniform 
derivative of this integral and therefore f(x) is continuous. Thus a 
necessary condition for f(z) to have an integral is that f(x) be con- 
tinuous. In order that f(x) have a definite integral from a to b there 
must be a function F(x) of which f(x) is the derivative throughout 
the interval (a, 6), and accordingly f(x) must be continuous through- 
out (a, b). The step from an integral to a definite integral may not 


always be possible. For instance, although J * de = loge, it is 


not true that iE dx = [log x]7$, for the function log x is defined, 


and has the derivative 1/x, only for values of « greater than zero; 
=3 


to evaluate J . dx we make the transformation « = —i and the 
—2 


3 3 
integral becomes | — .—-l.dt= | ; dt, and since log ¢ is defined, 
2 2 
and has the derivative 1/¢ in the interval (2,3), the value of this 
integral is [log t}} = log 3. 
; 1 ae 
Again, from i} Ja—2) dz = sin-1z we can deduce 


dx = [sin—z]}t = dn 


; 1 
J a= 


1,71 = 
but not {ya's aaa a = [sin-1z], even though sin-'x is defined 
eieoualiont (0, 1), for sin—4z is differentiable, as has the derivative 
1/4(1—2?) only for |z| << 1. Of course, since -_——. is defined and 


Ja a) 
is continuous only for |%| < 1, 1/,/(1—2?) has no definite integral 
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over a range which is outside the interval [—1, 1], and so such an 
3 


expression as } ee dx ig meaningless. 
p \(1—2*) bs * 


As a further illustration consider the integral ic Je) yo 


The function 1/,/(z?—1) is continuous if << —1, “hug it is the 
derivative of ch-1z only if x > 1, and so we cannot say that the 


value of the integral is [ch-4z]_?. As in the case of the integral 
—3 


= de we make the transformation x = —t and the integral 


-2 
2 3 
1 1 . : 
becomes Fos .-l.di = | Je) dt, which, since the range 
3 


of integration is now positive, has the value 

478 3-+2V2 

[ch 1], =1 g 2+43 

Although continuity is a necessary condition for a function to have 

an integral there are continuous functions which cannot be integrated 

in terms of rational functions, circular functions, exponential or 
logarithmic functions. An instance of such an integral is 


= *4458. 


1 
| cea ® k<l, 
0 


which ts known as an elliptic integral. 


9.31. Standard results 


(i) f cos ma cos nada = 4 j cos(m-+n)a dx +4 f cos(m—n}e dx 
ti] 9 
sin(m+n)x sin(m—n)x]” 
= [er 2(m-+n) I, 2(m—n) | 


6 provided m? + n?, 


Thus, if m? 4 n?, 


kia 
J cos ma cos nx dx = 0. 
0 
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If m2 = n? ¥$ 0, 


J cos ma cos ma dar = = J oot de 
0 


=aft 1-++cos 2ma} da = [$a]}+ +(22"|" = $n, 


4m 
0 
ie. f costs du = in. 
2 ee ee 
- _ de _ 1 Ot) 1 a8. 
i) | apne [zat al oo a’ 
0 


dx a+bz 1 a+b ; . ; 
| a— bx? =|z! aba al = gap Egy’ Provided at > bi. 
0 . 


(iii) The integral of cos"x from 0 to 42. 
By reduction formula (4) of § 8.528 


tn in 
J cos"x da = — miei a — =| cos"~2x dx 
0 0 
—l1 
— a dx. 
Hence if n is an even whole number 
i7 
| cos" dx = a : i) dx 
and if n is odd 
. id L.n—3...4.2 7 
n—1.n—3...4. 
Yo d= 
J cos"x da ae ae | cos x da 
ri 0 


Thus if we denote by nj (read semi-factorial n) the product 
n.n—2.n—4...4.2 
if nm is even, and the product n.n—2. n—4., .3.1 if is odd, then 


we have in 


—1 «ps 
cos"2 dx = Digg, if n is even, 
i 


and 


cos"z da = Sie 


nj 


if n is odd. 


oe ol, 
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The transformation y = 47—zx shows that 
in 0 iv 
f sins de =— J cosra: dex = f cost dz. 
0 Fd 0 
(iv) The integral of sin™x cos"x from 0 to 37. 
We have 
id sin™+1z cos™-1z]#”  n—1 " 
sin™s cos"x da = ee | +—— sin™x cosa dx. 
m+n ; m+n 
0 0 
Hence if n is even 
r 1.n—3...3.1 * 
es . _ n—1.n—3...3. ee 
i anne oes or = nie Se | oe 
0 0 
Therefore if m and n are both even the value of the integral is 
(n—1)j(m—1)j 
(m+n); id 
and if n is even but m is odd, the value is 
(n—1)i(m—1)i_ 
(m-+n)j 
If n is odd 
° L.n—3...4.2 F 
gis - Z n—1.n—3...4. sit 
i] sins cos"x dx = fia a— ens sin x cos x dx 
0 0 
i 
m+n.m+n—2...m+3.m+1 
2 ie 
(m+n)j 


in 
Thus f sin™z cos"a da = 8{(m—1)j(n—1)j/(m+n)}}, 
3 ; 


where 5 = 47 if m and n-are both even but 5 = 1 otherwise. 
If m and 7 are both odd the integral may be expressed in terms 
of factorials. For if m = 2p+1, n = 2q+1 then 


(m—1)j = 2p.2p—2...2 = 27(p!), 


(n—1)j = 2q.2q—2...2 = 29(q!), | 
and 


(m+n); = Upt+q+1)-2p+q)-2(p-+q—)..2 = 2(ptq+)!, 
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and therefore 


yr Op 9 
2p+1 2q+1 — — te 
[ae ‘x cos*2 aaa 1)! 2 1 3 ( I! 


(v) The integrals of f(sin x) and xf(sin x) from 0 to a. 
Tv +7 a 
J fsinz) dx = | fisinz) da + J fisinz) dz. 
0 6 in 
In the second integral write t = 7—z and we have 


a +7 
f f(sinz) de = — j f(sint) dt = f f(sinz) dz, 
iz a0 0 
whence 
7 iv inv 
J f(sinz) dx = 2 J f(sinz) da = 2 i} f(cost) dt, t= 4n—a. 
0 0 0 


For instance, if n is even, then sin™z cos"z may be expressed as 
a function of sinz, and therefore 


sin™x cosa dx = {(m—1)j(n—1)j/(m-+-n)j}}28, 1 being even. 


Psy 


Also 


vw 


tr i7 
J sinte de = 2 [ sin*z da = 2 f cosa da 
0 0 0 

$7 $7 
= J (sin*x-+-cos’r) dx = i ldx = fn. 
Further ° : 
7 0 
J af(sinx) dx = — J (7—t)f(sint) dt, writing t = 7—z, 
Q 7 
=7 J f(sinz) dz — J 2f(cinz) dx 
0 0 


and so 


T Tv ‘7 
f af(sinx) de = }r [ f(sinz) dz = a f f(sin x) dx. 
0 0 


0 
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For example 


— —_ _ yr 
i 2_ =z. d ~ fi i reo = [—tan 1(cos x) |p = jr, 


and therefore j oS dx = 4n’*. 


9.32. There are further instances when it is possible to evaluate 
(in finite form) the definite integral of a function without a know- 


ledge of an integral of the function. This possibility is illustrated 
again in the following example. 


To evaluate if logsin x dx. 
0 


We have seen (in 9.31) that 
7 in 
J logsin a dz = 2 i logsin x dx. 
a a 
Since sinz = 2sin 47 cos 42 therefore 
7 7 wv w 
j logsin x dx = if log 2 dx + J logsin 4a dx + f logcos $a dx 
a fr) fr) a 


=f+h+ (say). 


Writing x = 2¢ in J, we have 
in 7 
= 2 | logsint dt = J logsin x dx, 
0 0 
and writing « = 7—2¢ in J, 


iv wT 
i,=2 i) logsint dt = J logsin x dz, 
fr) 6 
and so J logsin « dz = wlog 2-+-2 { logsin x dx, 
0 0 


and therefore J logsin # dx = —z log 2. 
0 
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9.4. The comers integral. 


If the integral i f(x) dx exists, then i f(} dé is continuous in x 


and continuous in y in the interval (a, 3) and therefore, for any i 
in [a, 6], 


b-1jn 


J f(x) da > i f(x) dx 


a 
and J f(z) da > i f(a) dx, 
whence: oo : 
b-1/n 
9.401. i f(a) da + i f(x) da 
at+ijn 


A 
= i f(x) dx + f f(x) da = ‘ f(a) dex. 
a A a 


9.402. If f(x) is continuous in the interval (a+ 1/n, b—1/n) for any 


b-1/n 
n, and if, for a certain A in [a, 6], { f(x)de—>uand f f(x)dx+v, 
atijn 
then for any other point A* in [a, 6] both the sequences 


b—1)/n a‘ 
i} f(x) dz and J fle) dx 
ae at+1/n 

are convergent and 
b-1)/n - Ye 
lim J f(x) da +lim J f(x) dx = uty. 
a» a+ijn 
Suppose A* < 4, then 


b-1/n —1j/n 


‘ 
- | + Ff f(t) de> { fle) de +u, 
a at 


a d a 
and ; _ f _ [fe)de>0— {i dx, 
a+ijn at+ijn a* 
x» b-1/n 
whence lim J f(x) de +lim J f(x) dx = u+v. 
; a+tijn 
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The sum of the limits 


tim f f(x) dx +lim ve f(x) dex 


a+ij/n 
is called the generalized integral of f(x) from a to b. The generalized 
b 


integral is also denoted by J F(x) dx, so that 


[ f(x) dz = lim f f(x) da +-lim ‘i “fle) da: 


atijn 


for any A in [a, b]. This dual usage of the integral sign leads to 
no confusion because, by equation 9.401, when the integral exists 
in the ordinary sense, its value is the same - that of the penstalied 


integral. If the generalized integrals [ F@) dx and f F(x) da, 
a <b <c, both exist then we define: 


c b c 
9.403. f fle) dx = f fla) dx + f f(a) dex. 
a a 6 
9.41. If f(x) is continuous in (a, b—1/n) for any n, and if 
b-1/n 
[ fe)deg, 


then g is the value of the generalized integral from a to 6. For if 
A lies in [a, 6], then f(x) is continuous in (a, A) and so 


i fla) de > i fia) de. 
Furthermore — 


b-1jn 


J f(a) da = j f(x) dx + f ” ple) dz, 


and therefore 


b-1/n 


A a a 
lim [ f(z) dx +lim [ney ae = f pte) do +o~ f flay ae = 9. 
A a a 


at+ijn 
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Similarly, if f(x) is continuous in (q-++1/n, b) for any 7, and if 
b 


f(x) dz > g, 


a+ijn 
b 
then g is the value of the generalized integral i f(x) dx. 
a 


b 
9.411. If the generalized integral { f(a) da exists then 


b 
| (x) da > 0. 
b-1jn ‘ 
b 
By 9.402, the sis ie f f(x) dx exists for any fixed n. 
b-1/n 


Since f J (x) dx exists, vi "fle) dz is convergent, and therefore 


o-1/N 


fle) dex <5 for N>n>n, 
ees 
whence f f(x) da] < 1 n> My, 
b~—1/n Sy 
b 
ie. i| f(x) da > 0. 
b—-1/n 
a+ijn 
Similarly, f f(x) da > 0. 


a 


9.42. If both the generalized integrals j f(x) dx and fate dx 
exist and if f(x) < g(x), then 


i fla) de < i g(2) dee. 


It suffices to consider the case when f(x) and g(x) are both con- 
tinuous in (a, b—1/n), and f(x) < g(x) in this interval, since the 
general case may be reduced to a sum of such cases. Then 

b-1j/n b-1j/n 


J fede < fo) de, 


a 


whence the result follows. 
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9.421. If f(x) is continuous in (a, b—1/n) for any n, and positive 
‘ : 

near 6b, and if J f(x) dz exists, then for any sequence b,, such that 


b, ee ORO be lave 


f f(a) de > f fla) de. 


Since b,, -> 6, we can "find Ny, 80 that b, > b—l/k for n > n,, and 
therefore, as f(x) is positive near b, we have, for any p, 


b-1[p b-1/p 
J feyde< [ fede 
bn b-1/k 
and therefore 
b b 
fe da < i f(x) dz>0 by 9.411. 
tn b—1/k 
Hence, using 9.402, 


bn b b b 
f f(x) dz = f fl) dz — f fla) da > J fla) dx. 
a a bn a 

Seley if f(x) is continuous in (a+1/n, b), positive near a, and 


if j f(x) dx exists, then 


fe dx ~ | re) dz, prowaded a, >aand a, >a. 


9.422. Conversely, if f(x) is continuous in (a, b—1/n) for any n, 


bn 
positive near 6, and if J f(x) dx is convergent for a sequence b,, 
a 


b 
such that 6, < b and b, > b then f f(x) dx exists and is the limit 
a 


of ( F(a) dx. 


For if 1/n < b—6, and b—b, < 1/N, then 
b-1/N 


ba : 
[ fede < f fede <5, A>k>ky 
& 


b—1ijn 


ba b-1I)n 
since J J(«) dx converges, and therefore J _ f(x) dx converges. 
@ a 
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b 
Thus f f(x) dx exists. Hence by 9.421 
a 


ba b 
J f(x) da—> f f(x) da. 


The condition that f(x) be positive near b may be replaced by 
the condition that it be negative, for if 
b-1/n b-1n 
f (S@) de =— J flee) de 


a 


b—1/n 
is convergent, then [{ f(x) dz is convergent. 
a 


9.423. We may omit the condition, in Theorem 9.421, that F(x) 
is positive near b, if in addition to the eer conditions upon f(x) 


given in 9.421, the generalized integral j |f(x)| dx exists. 
For, applying 9.421 to the positive fanction |f(x)|, it follows that 


i |f(x)| dx > 0. 
bn 


Hence since |f(x)| > +f(x) in (a, 6], therefore by 9.42 


b b 
J fle) az) < f Ife) dx +o 
bp bn 


so that , , , : 
[ fe) dec = f fle) dx — | fle) dx { fiw) de. 
a @ on a 


9.424. It is important to observe that the fundamental theorem 
for definite integrals 


d z 
5 | 10a =se) 


Ed 
does not extend to generalized integrals, for when f(a”) = =a J f() dt, 
a 


then f(x), being a uniform derivative, is continuous in (a, x), which 


z 
is not the case when { f(t) dt is a generalized integral. 
a 
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9.425. If f(x) is continuous in (a, b—1/n) for 7 n, and if 
(b—ax)'f(z) is bounded in (a, 6], where A < 1, then j F(x) dx exists. 
For if |(b-—x)¥(z)| < M, then for N >n, 


b- ca b—-1/N 
fle) dal < f fle de 
b— J. b- 2. 
b—ij/N __»\1-N b—1/N 
<M f (6-2) de = au] —O= 2 
b—in 4 b-ijfn 
M 1 1 Mi i 
= Talla ST Xnea 


since 1—A > 0. 
b-1/n 


-i ! 
Thus f f(x) da is convergent. 
In particular [ F(x) de exists if f(x) is bounded in (a, 6], for 
ifA=0, | (b—a)'f(x)| = If(@)|- 
Similarly, if f(x) is continuous in (a+1/n, 6) for any n, and if 
b 
(a—a)'f(x) is bounded, then { f(x) dx exists. 
a 


9.43. If f(x) is continuous in (a, n) for any n, and if f f(x) dx — v, 
then v is called the generalized integral of f(x) drome to infinity. 
This generalized integral is denoted by 

[ te) ae, 
so that, by definition, ° ‘ 


f F(x) dx = lim i F(x) dx. 


It is important to realize that the expression ‘the integral from 
a to infinity’ means neither more nor less than ‘the limit of the 
integral from a to n’, and in no way implies that there is some 
hitherto unmentioned number infinity. An analogous notation is 


often employed for series, the limit of the sum $ a, being denoted - 
T 


by s Dy» 
1 


5039 L 
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b 
If J f(x) dx is convergent and tends to w then w is called the 
—n 


generalized integral from minus infinity to b, and we write 


i f(x) de = lim f f(x) dx. 
—@ ~R 


a n 
If both the sequences i (x) dx and J f(x) dx are convergent we 
define ’ 4 


[foo dx = lim f se dx -+-lim [ fe dz. 


9.44. If f(x) is continuous, and if, for p > 0, |x1+>f(x)| < M, in 
the interval (a, ), for any n, then the generalized integral if f(x) da 
a 


exists. 
For if V > n, then 


fr) ae — f p44] - | 00a <u sta 
=¥{ ay" Mita) <i oe since p > 0. 


n co 
Thus { f(x) dx is convergent, and so J f(a) dz exists. 
Similarly, if |z1+”f(~)| < M in (—n, a) for any n, the integral 
G 
J J (x) dx exists. 


For if N > n, 
[ree froe|- | [404 <a | iajee 
-uf2 Tap A > 0. 


Accordingly, if f(x) is continuous and |z!+"f(x)| < M in (—n, n) 
for any n then [ f(x) dz exists. 
~—D 
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9.45. If f(x) is regular in (a, ) for any n, and |f(x)| << M in (a,n), 


then f ft) dz exists when p > 0, a > 0. 


a 
nt n 


For [2 dz = [Ae] +2 f Lae. 


oul) <M so that, by 9.44, the 


Since [f(x)| < I, therefore 


second integral is convergent, and furthermore 


[Parte [Bar 


| <> 0, 
and so 


gitp 


ExamMpues. Since sin-!z is differentiable, with derivative 
1//(1—2?) in the interval (0, 1—1/n), for any n (but not in the 
interval (0, 1)) we have 

1-1/n 


et de sin —2\— tint 
i} ea ( :) sin-! 0 
0 


+ sin-!1—sin-10, 
since sin-!z is continuous in (—]1, 1), 


1 
1 
and therefore J Ja—=) da = 4r. 
é 


For any 2, 
J e-cos ba dx = e~**{—a cos ba-+-b sin bx}/(a?+-62), 


and therefore 
n 
i e~*%eo8 ba dx = e~*"{ —a cos bn-+-b sin bn}/(a?+-b?)4-a/(a?+-6?). 
0 
If a is positive, 
|e-¢"cos bn| < e-@ < l/an > 0, 
and similarly e-*"gin bn —> 0. 


co 


Therefore f e~**cos ba dx = a/(a?+b*), a> 0. 
0 
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n n 
From f wre da = [—xPe*]}+-p f aP—le-e dx, 
ry a 
since n?/e” -> 0, we have (by 9.44) 


fer xPe* dx =p i gP-le-= dx 
and therefore, if p is a positive integer, 


= dx =p! | e-* dx. 
[are*de p! fer*de 


n 
But J e-* dx = [—e~*]} = l—e™ > 1, 
0 


and so i} xPe-* dx = py}. 


If a? > b? and 0 <2 <7, then 


1 1 _1 {@ cos ae 

| a+b cosa ae ~ V(@—6) —b?) co a cos 2’ 
the equality does not extend to the points x = 0, x = 7, since at 
acosxz+6b 


a+b cosx 
and cos—y is differentiable only in the open interval [—1, 1]. 


Hence 
37 


J 1 dic 1 [cos (i cos =| 
a+bcost  — (a —b?) a+bcosz} |, ,,, 
1jn 


1 19 agg-1 [4 008 1/n-+b 
~ [(a—?) =) {o08- a (ES aim 


these points takes the values 1 and —1 respectively, 


1 -1 6b . -1 
> V@—e) (008 a -— cos 1 ’ 
since cos~1y is continuous in the closed interval (—1, 1). 
Similarly, 


n—l1jn 


_ 1 a . -14__1\_. 10 
| a+b cosa = (a?—6?) (10s (Tos 3): 
iv 
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- 1 7 
and so | cpbome” = Jory 
0 


149 


If a? < b?, then a+b cosx vanishes for cosz = Bip ie. 


b 
tan ge — /(F) —n (cay). 


Consider the integral.from 0 to 2tan-\(u—1/n); in this interval 
tan 4x < p and so, writing ¢ = tan $x 


atan~—1/n) 1 1 ped feo 1/n 
—_-——_ dz = ———_. | log 
a-++b cosx _— e att), 


eB) {8 + log(2»—2)}, 


which is not convergent since log n?—logn = logn > 1, forn > 3. 
Hence, since a+6 cos z is of constant sign in (0, 2tan-1y], it follows 
that the integral over this interval does not exist. 


9.5. The integral of a power series 
If Sa, x" is convergent in the interval (0, X) and if f(z) is its 
limit and F(a) is an integral of f(x), then F’(x) = f(x) and so, by 


Theorem 3.71, 
Fe)—F0) = > an 


gti 


, x xz 
i.e. ff@) dz = Oy B+ Oy + a= + for #/X <1 
. x 
; enti : 
Since Oni = | a,, x" dx for any this result may be expressed 


0 
by saying that a power series may be integrated term by term in 
any interval in which it is convergent. 


9.51. Series for tan-1x. Since | 
1—2?+a4—2'+... = 1/(1+2*) provided |x| < 1, 
it follows from 9.5 that 


xz 
1 zw of 
-lg = | ——— de = r——_+4—~—... . 
tan-lz las x 315 for |z] <1 
0 
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Since 1—1+}4—44... is convergent,t if 4(a) denotes the limit of 


5 
224% —..., then ¢(z) is continuous in (0, 1) and therefore 
1 
J]—_ 1); 
#(1—3) + 0); 
but tan-!z is also continuous (for any x) so that 


tan-} (2 -;) —>tan-!1 = }r. 
Thus: 
9.52. dr = 1—444- 

Formula 9.52 is far more convenient for the calculation of the 
value of 7 than the method described in § 5.2, but even so, as many 
as 500 terms of the series are needed to obtain 7 to 3 places of 
decimals. We can however readily obtain, from 9.51, other series 
from which the expansion of z can be obtained with reasonable 
rapidity. 

For instance, since 

tan{tan-* 4+ tan 3} = ($+4)/(1—4) = 


therefore 


do = tan-!1 = tan-14+ tan} 


11 1jl 1 ijl ,1 
= G+5)—alata +5(5+35 a. 
and 50 terms of this series give 7 to 30 places of decimals. 
Similarly, 


* tan (2 tan-1 3) = a and so tan (« tan-17) = = ' 
1,1 (—1)"41 
t Ife, = cae ams » then 


(—1)?77 
wl = iri -sgte bon p op 


Sn+9—8 


= ( 1 1 ) - 1 
~~ On+1 \Qn+3° 2n+5/ 7" ~ Qn+1’ 


which proves that s, is convergent. 
This is a particular case of the theorem proved in Example 1.3. 
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whence 
1 1 120 1 120 
-1- -1 Pompe eae 1 Some ee 

tan [4tan mies 535} — (3 sa)/ ( +375 355) 


__ 120.239—119 __ 119.2394-120 
™ 719. 239-+120 119.239-+120 — 


and therefore 


jo = tan] = 4tan1>— tan T 


239 
1 11,11 1 1 1 1 1 
| =4{7— 38: a —(g3-3-ma te me} 
50 terms of the first series and 15 of the second suffice to give a 
to 70 places. 


9.53. Series for log(1+«). Integrating the series 


1 2 
ite = l~g+a?—a8+..., |x| <1, 
we obtain 
log(1+2) = e242 Fy. jal <1. 


Since the series 1—}-+-}—}4-... is convergent and log(1+-) is 
continuous in (0, 1) it follows as in 9.51 that 


log 2 = 1-}+4-}+-. 
Similarly, integrating 


— = 1+a+z2?+28+..., [2] <1, 


we have 
—log(l1—a) = opp EE ba |jz| <1, 
and so 
log t® = log(1-+x)—log(1—2) = afo+5+ 5+; [x] <1. 
By means of the identity 
y= (4 a/( Fa) 


we obtain the oe series 


— 9f¥a1 ify , 
logy = 22 Fitg3 y+ +3(45) + +f, vee ee 0. 


https:// t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 
152 THE DEFINITE INTEGRAL 
9.54, We conclude this chapter with an account of a simple 
method by which the expansions of tan-z and log(1-+x) may be 
obtained, without integrating a power series. 
Since 

1+t+e+...-i-1 = (1—#")/(1—#), for all t except ¢ = 1, 

therefore 
1. 


rear eam ag Bi et(— 1) —tyan-2 4 (— yn 


1+2 
and so 


: rf gan 
[apa fone. + (—1)e-e-9} dt +(— ine aad 
é 


that is, 


es od yn 
tany = @—o +(-) 


—+(— ry f 


+2 


° 


{2n 


But it 


< #", and so, ifO0<2#< lI, 


> where u = —4, 


yen (—a)2n+h j 
= du < -——— < ——.. 
1+? 2n+1 2n+1 
Qo 
Accordingly 
gs gd y2n-1 1 

—— ff... --(—1)*71 —tan-1 —— 

2a gr UP oa Oe aa 


provided —l<e<l, 
which proves that the series 
_# a 
= ste 


converges to tan-1z, provided —1 < x < 1, since 1/(2n+-1) > 0. 
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a since 

pL n-1yn—1 

Ti = 1—t+ 8 —...4(—1)- 1+ (— iy 
therefore 


xz 


mea f Ot —...(—1)--9 dt +(— 1)" fi inh 


ot 


that is, 
2 
log(1+-2) = e242. +(— ya +(— [aS dt. 
fo <2< tl, then 
rt . 1 
13 
ae mn ince —— < 
| e< fi dt, since ia < 1 when ¢ > 0, 
0 0 
grt 1 
= <— 
n+1 ~n+1 


2 
and so 2—— +o—.. converges to log(1+), when 0 <2 <1. 


Moreover, if —1 < x < 0, then 


\ 


—2z 
Te 
= | Bie du, where u = —4t, 
1—u 
°0 


—2 
< | urdu, since 1—u > 1+2 when 0 <u < —2, 


1 (—a)42 0 1 1 


~Tta n+l S14+a1+4n’ 
and so, since 1/(1--z)(1-+-”) > 0 for any fixed 4 —1, therefore 


2 
the series 2— > +o. converges to log(1+-z) also when x is 


negative, provided z > —1. 
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DIFFERENTIAL GEOMETRY OF A PLANE CURVE 


TANGENT AND NORMAL. AREA AND ARC LENGTH. POLAR 
COORDINATES: CURVATURE. INFLEXION. EVOLUTES 
10. An ordered pair of decimals (x, y) is said to define or to be 
the coordinates of a point, and the point (0, 0) is called the origin 
(of coordinates). A functional relation f(a, y) = 0 is said to define, 
or to be the equation of, a (plane) curve; if X, Y satisfy the equation 
f(X, Y) = 0, the point (X, Y) is said to le on the curve f(z, y) = 0, 
and the curve is said to pass through the point. If X, Y satisfy 
both f(X, Y) = 0, g(X, Y) = 0 then (X, Y) is called a common 
point, or point of intersection, of the curves f(x,y) = 0 and 
g(x, y) = 0. The curves f(x, y) = 0 and kf(x, y) = 0 have all their 
points in common (if & ~ 0) and so are said to be the same curve. 
A pair of equations « = f(t), y = g(t) determine a curve, for the 
result of eliminating t between the equations is a functional 
relation between x and y. Such a pair of equations are called 

the parametric equations of a curve. 


10.01. The distance between two points (2,, y,) and (a, y2) is 


defined to be +{(@1—22)?+ (Y1—Yo)?}- 


In particular the distance between (x,, a) and (2x,, a) is |x,—2| 
and the distance between (a, y,) and (a, y2) is |y,—y|- 


10.02. If f(x, y) is linear in both x and y, f(z, y) = 0 is said to 
define (or to be the equation of) a straight line; since the general 
linear function is az+by-+c, the general equation of a line is 
ax-+-byt+c = 0. If aa’+-b6’ = 0 the lines 
ax-+-by+c = 0, a'x+b'yt+c’ = 0 
are said to be perpendicular. 
The equation of any line through the point (z,, y,) is 
a(x—a,)+b(y—y,) = 0 

since this is the most general linear relation satisfied by 2,, y,. 
Of all the lines through a point (2, y,) only one passes through 
a second point (X2, yz), for if a(z—2,)+b(y—y,) = 0 passes through 
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(2g; yz) then a(x,—2,)-+b(y,—y,) = 0 and so the unique line 


through both points is ——— ot es 


%q—-% Ya" 
Writing the general equation of a line through the point (2,, y;) 
in the form — = rh we may denote each fraction by r and 


obtain the equation in parametric form 
c= ath, = yy+mr. 

Here 2, y,, 1, m are constants and r is a variable parameter; the 
distance of any point (x, y) of the line from the point (x,, y,) is 
+f{(s—ay)2+(y—ys)} = + {r(P+-m*)} = |ry(P+-m?)|. 
10.021. We shall use single capital letters as names of points and 

single small letters as names of lines. 


10.03. The distance from a point (X, Y) to a point on the line 
x= 2,+lr, y = y,-+mr (which does not pass through (X, Y)) is 
h = \{(X—«P+Y—y)}. 

Now 
dh 


f= — (x9 F407 Bl Max Fo 

= —{l(X—x)+m(¥ —y)}/V{(X—aP+ (Y—y}} 

and therefore h is a minimum for I(X —x)+m(Y —y) = 0, i.e. 

r(P--m?) = UX—a,)-+m(¥—y,). (i) 
The line through (X, Y) perpendicular to (e—2,)/l = (y—y,)/m is 
lat-my = 1X-+mY, 
and this meets the line x = 2,+/r, y = y,+mr at the point where 
r(P+-m?) = UX—x,)+m(Y—y), 

and so by (i) at the point of the line = 2,+/r, y= y,+mr 

nearest to (X, Y). Thus the perpendicular from a point P to a 

line p (i.e. the distance between the point P and the point of 

intersection of p with the line through P perpendicular to p) is 

the shortest distance from P to a point on the line p, showing that 

the use we have made of the term ‘perpendicular’ is consistent 

with that in elementary geometry. 


10.04. The length of the perpendicular from a point (X, Y) to a 
line ax--by-te = 0 is |aX-+b¥+c}/,/(a?+-6%). 
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Let (2,, y,) be.a point on the line, so that its equation may be 
expressed in the form (x—z,)/l = (y—y,)/m, where m = a,1 = —b, 
and ly,—m2, =c. Then by 10.03 the length of the perpendicular is 


V{((X—a)?+(Y—y), 


Y-y 1 _6 
a Xa ma’ 
X-—x Y-—y 
and so in wie ce 


Thus the length of the perpendicular is |o|,/(a?+-b2); but 


ax+-by--c = 0, 
therefore a(X—oa)+b(¥—cb)-+c = 0, 
whence o = (aX+bY+c)/(a2-+-6%), 


which completes the proof. 
10.05. Since the equations az+by-+c = 0, a’x-+-b'y+c’ = 0 have 
no common solution when ab’—a’b = 0, the lines of which these 
are the equations have no point of intersection under this condi- 
tion, and are said to be parallel. Note that each line is perpendicu- 
lar to the line ba = ay. 
10.06. The lines y= 0, x= 0 are called the ‘x-axis (of co- 
ordinates)’ and the ‘y-axis (of coordinates)’ respectively. The 
axes are perpendicular. 

The perpendicular distances of a point (X, Y) from the axes 
x= 0,y = 0 are |X|, | Y| respectively. 
10.07. The equation of a circle centre (a, b) and radius r > 0 is 

(—a)*+-(y—b)? = r, 
for every point on this curve is a distance r from (a, b). 
10.1. The straight line 
X= f(t)+rf(t),  y = §(t)+-r8'(t) 

is called the tangent to the curve x = f(t), y = g(t) at the point 
(f(z), g(z)). 

For example, the tangent to the parabola x = #, y = 2¢ at the 
point (9, 6) is oe O4C6r, = 6+2r, 
for dx/dt = 2t, dy/dt = 2,80 that when? = 3, dx/dt = 6, dy/dt= 2. 
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If f’(r) and g’(r) are both different from zero the equation of the 
tangent may be written in the form 


or, denoting f(r), g(r) by X, Y, 


y—Y = (eX) if (m}- 

If the result of eliminating ¢ between x = f(t), y= g(t) is 
y = 4(x), so that g(t) = ¢{f(t)} for any #, then g'(t) = ¢'{f}f'(), 
and 0 g/(t)/f'"(t) = ¢'(f()), whence 9'(r)/f'(r) = $'(flr)) = $'(X). 
Accordingly the tangent to the curve y = (x) at (X, Y) is 

(y—Y) = (x—X)@’(X). 

Examee. The equation of the tangent to the parabola y = 4x? 

at the point (3, 36) is 
y—36 = (x—3)8.3, 
i.e. 24a—y—36 = 0. 

When ¢’(x) exists, it is called the slope or gradient of the curve 
y = ¢(z) at the point (x, y). Thus if b 4 0 the slope of the line 
ax+by-+c = 0is —a/b. 

Even when the equation of the curve f(z, y) = 0 cannot be 
solved for y, we may be able to find the tangent at a point of the 
curve; for instance, if 25+y5 = 33 then 52+ 5y4(dy/dx) = 0 and 
therefore at the point (2, 1) on the curve the gradient dy/dx has 
the value —24/14 = —16 so that the equation of the tangent is 

(y—1) = —16(4—2), ie. 16%+y—33 = 0. 


10.2. The acute angle between the lines az+by-++c=0 and 
a’'x-+b’'y+c’ = 0 is defined to be 
cos~}|(aa' +-bb’)/,/{(a?-+-b2)(a'?-+-b")}| 

and the obtuse angle between the lines is 
. cos-*{ — |(aa’ +-6b’)/./{(a?+-6?)(a2-+b)} |]. 

Since cos-1(—2) = 2—cos-!z, it follows that the sum of the acute 
and obtuse angles between any two lines is 7; if the lines are 
perpendicular, so that aa’-+bb’ = 0, then the angles between the 
lines are both equal to 37—conversely, if an angle between two 
lines is 47 then |(aa’+-bb’)/,/{(a?+-6?)(a’?-+-6"2)}| = cos $a = 0 and 
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therefore aa’+-bb’ = 0 which proves that the lines are perpendicu- 
lar. Observe that since cos@ > 0 if 0 < 6 < dn, and cosé < Oif 
ia < 0 < , therefore an acute angle lies between 0 and 47 and 
an obtuse angle between $7 and 7. 


10.21. The acute angle between the line ax+by+c = 0 and the 

x-axis, y = 0, is cos—*|b/,/(a?-+ 6) |; if @ = cos—1|b,/(a?-+.62)|, so that 

0<4< hr, then cosé = |b|/,/(a?+5?), and so (provided b + 0) 
tan?@ = sec*9@—1 = {(a?+b?)/b?}—1 = a?/b?, 

whence (since 0 < 6 < 4) tan@ = |a/b| and tan(—6) = —|a/b]; 

if b = 0, 0 = 4n. The slope of the line az+by+c = 0 is —a/b 

(6 # 0), and therefore, if @ is the acute angle between az+bytc = 0 


and the x-axis, the slope of ax+by+c = 0 is tan 6 if a/b is nega- 
tive and is tan(—@) if a/b is positive. Hence if we define 4 by the 


conditions b= 0 if a/b is negative or zero, 
7% = —@ ifa/d is positive, 
y= 3r ifb = 0, 


then the slope of the line az+-by+c = 0 is tans (if 4 < 4m); ois 
called the inclination of the line. Observe that —}a << 4n. 
It follows that the equation of a line of inclination y is 


y = «tan sal 
if 4 < 4, and is ax+e = 0if y= 
10.22.* A transformation from the variables z, y to new variables 
X,Y by the relations 
XxX =az-+a, Y = y+0, 


for any constants a, b, is called a change of origin. 
A transformation by the relations 


X = xcosat+ysin a, Y = xsina—y cosa, 


for any constant «, is called a rotation of axes. 
A combination of change of origin and a rotation of axes, 
expressed by the relations 


X = xcosa+ysina-+a, Y = xsina—ycosa+b, 


is called a general transformation of rectangular axes. 
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Notice that a general transformation may be effected. by a 
rotation followed by a change of origin, or vice versa. For if 
é = xcosa+ysina, 7 = xsina—ycosaand X = é+a,Y = +b, 
then 

X = xcosa+ysina-+a, Y = xsina—ycosa+6d; 


and if €=2+(acosa+bsina), = y+(asina—bcosa) and 
X = £cosa+nsina, Y = sina—7 cosa, then 


X = xcosa+ysina+a, Y = xsina—ycosa+b. 
10.23.* The distance between two points, and the angle 
between two lines, are unchanged by a transformation of 


axes. 
For if X, = x,+a, X, = 2,+a and Y, = y,+6, ¥, = y,+5 then 


(X;—Xq)?+ (¥,—Fp)? = (1%)? + (Yi — Yo), 
and if X, = 2, cosa+y,sina, X_ = 2,cosa+y,sina, etc., then 
(X:—X,)?+(%#—%)? 
= {(%—2q)co8 a+ (y—Y2)sin a}*-+ { (7, —a_)sin a— (y; —Y2)C08 a}? 
= (%1—22)?-+(y—Y2)?. 


The pair of equations ax-+.by+c = 0 and a’x+b’y+c’ = 0 trans- 
form under z = X cosa+Ysina+1, y = Xsina—Y cosa+m into 


X(acosa+bsin o)+Y¥(asina—bcosa)+al+bm+e - 
and 
X(a’' cos a-+6' sin «)+-Y(a' sin a—b’ cos «)-+-a'l-++b’m-+-ce’ 
and since 
(a cos a+ 6 sin «)(a’ cos a+b’ sin «)+- 
+ (asin «—6 cos «)(a’ sin a—b’ cosa) = aa’+-bb’ 
(a cos a+b sin «)?-+- (asin a—b cos a)? = a?--b?, 
(a’ cos a+b’ sin «)?-+ (a’ sin a—b’ cos «)? = a’?+b”, 


it follows that the (acute) angle between the lines is unchanged. 


and 


10.24.* Let (z,, y,) be called the point P, r = 1, 2, 3, and denote- 
the distance between P. and P, by PP, and the line joining P. to P, 
by (£,, B,). We prove: 
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If (P,, B,) is perpendicular to (P,, P,) and if 6 is = acute angle 
between (P,, P,) and (B,, P,) then 


P, P} = P, PI+P, P3 


and P, P, = P,P; 00s 8, P,P; = P,P;sin 8. 
Since (Ff, P,) is perpendicular to (F,, P,) 
LyX = Ya" = b sav. (i) 
Yo—-Y1 k_—%, a” m 


Let (a, «) be the polar coordinates of the point (%,—z,, ¥.—4;) 


so that F 
%_—2%, = &COSa, Yo—Y, = asin a 


(see § 10.5); then by equations (i) 
%3—2X, = bsina, Y3—Y1,= —bcosa. 
Consider the transformation 
= (w—2,)cos a-} (y—y,)sin a, 

. = (x—2,)sin a—(y—y,)cos x. 
The coordinates 

@ = X, Xo, Lg; Y = YW, Ya Ya 
take the values 

X = 0, a, 0, Y=0,0,6 respectively. 
The equation of the line joining the points (a, 0), (0, 5) is 
bX+aY = ab, 

and the acute angle 6 between this line and the line Y = 0 is given 
by cos@ = |ja|/,/(a?+b?). The distance between (a, 0) and (0, b) is 
\(a?-++b?) and so, by 10.23, 

P,P} = a?-+b* = P, PHP PR 
and 

P,P, =\a|= FPjcos8, = RP, = |b] = Egtgune, 


10.3. The area bounded by a curve | 

If x(é), y(t) are differentiable functions, and if «(f)) = x(é,), 
y(to) = y(t), but the equations x(t) = 2x(u), y(t) = y(u) cannot be 
simultaneously satisfied by a ¢ and wu in the i interval (to, ¢,], open 
to the right, then the equations « = wis y = y(t), pb <t<h, 
define a simple closed curve. 
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The formula for the area bounded by a simple closed curve is 


(A) 


% { (xy’—x’y) dt : 


where 2’ = dax/dt, y’ = dy/dt. 

A rigorous proof of this formula belongs to the theory of double integrals 
and is postponed to Chapter XVII. 

It is sufficient for the application of formula (A) if z(t) and y(t) 
are continuous in the interval (f), ¢,) and if the interval may be 
divided into a finite number of parts in each of which the functions 
x(t) and y(t) are differentiable. 

For instance the formula may be applied to the functions z(t), 
y(t) defined in (0, 4) as follows: 


a(t) = a+(b—a)t, y(t) = ¢, 0o<t<l, 
= 6, =c+(d—c)t—1), 1<ti< 2, 
= b—(b—a)(t—2), =d, 2<t<3, 
= a, = d—(d—c)(t—3), 3<t<4. 


Both 2x(¢) and y(t) are differentiable in each of the intervals (0, 1), 
(1, 2), (2, 3), and (3, 4), and are continuous in (0, 4), but not 
differentiable in (0, 4). The curve described by x(t), y(¢) consists 


| of the parallel segments y = c,y=d,a<u< b, and the parallel 


segments = a,%= b,c y< d, which, since the lines x = a, 
y = are perpendicular, determine a rectangle. 
Now 


4 
{ @y’—2'y) dt 
° 1 2 3 4 
=f+f+ft+]@'—xya 

6 i 2 8 

1 2 3 4 
— f c(b—a) dt + J b(d—c) dt + f d(b—a) dt — J a(d—c) dt 
0 1 2 3 

= Xb—a)(d—c). 
Hence formula (A) gives the familiar value o— a)(d—c)| for the 
area of the rectangle. 

_ Exametez. To find the area bounded by a loop of the curve 


az == asin 2¢, y = asint. 
5039 ' Mu 
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Since x and y are zero simultaneously when ¢ = 0 and t = z but 
not for any value of t between 0 and 7, therefore the equations 
x = asin 2t, y = asint, 0 < t < x, determine a closed curve which 
bounds an area — 


$f (2y’—2’y) de 
0 


, v 
= 4a? (sin 2¢ cos ¢— 2 cos 2¢ sin t) dé 


0 
Tv T 
=a J sint dt —a* f sin ¢ cos” dt, 
a 6 

since 2(sin 2¢ cost—cos 2¢sin#) == 2sint, 
7 3 bid 
= a*[—cost], +a*| Se" | = 2a?— 3a? = {a?, 
) 


(10.31. If «= x(t), y = tx, ty << t<t,, are the equations of a 
closed curve, then the area bounded by the curve is the positive 
value of the integral 


} ic dt. 
to 


Hor ay’ —a'y == x*(d/dt)(y/x) = x, since y/x = t, 


and therefore 


hh ty 
4 f atdt = 4 f (xy'—2’y) dt, 
to te 


which completes the proof. 


ExamP.eE. To find the area of the loop of Descartes’ Folium 


a-+-y3 = Zany. 
Write y = tx, then 23(1-++23) = 3ax%t so that 
x = 3at/(1+8), = 3at?/(1+#). 
When t = 0, x = y= 0, and iin imo = 0. Further- 
l+n 1 -+-n8 


more z and y are not-simultaneously zero for any positive ¢, and 
so & = Sat/(1+é), y = 3af?/(1+-2) describes a closed curve as é 
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increases from 0 through all positive values, and the area bounded 
is . 
1 9a7t? 
2) G+) 
0 


at = lim | 5 


—38a2 1” 8a? 
| , 


0 
10.32. The area bounded by the curves y = f(x), y = g(x) and the 
lines x = a,x = 6. 


We suppose that f(x) > g(x) in [a, 5}. To obtain a parametric 
representation of the curve bounding the given area, we define 


x(t) =a-+(b—a)t, y(t) = gfait)}, 0<t<}, 
=6, = 9(b)+{f(b)—g(b)}(t—1), 1< t <2, 
= b—(b—a)(t—2), = f{a(i}, 2<t<3, 
=a, = f(a) +{9(a)—flalt—3), 8 <b < 4. 


As ¢ varies from 0 to 1, the point x(t), y(t) describes the curve 
y = g(x), « varying from a to 6; as ¢ varies from I to 2, x(t), y(t) 
describes the line x = 6, y varying from g(b) to f(b); as t varies 
from 2 to 3, x(t), y(¢) describes the curve y = f(x), x varying from 
b to a, and, finally, as ¢ varies from 3 to 4, x(t), y(t) describes the 
line x = a, y varying from f(a) to g(a). 

Thus we have determined a parametric representation of the 
given curve. The area bounded by the curve is the positive value 
of the integral 


4 
4 [ (y'—2'y) dt 
0 
1 3 
=a] [ face’ aoe at + f 66f6)—9(6)) dt + 
0 1 


+ | f2f'ee’—a'f(e)} dt + | afgla)—flay at. 


In the first and third integrals we transform from the variable ¢ 
to the variable x by the relation x = x(#), and we obtain 
b 


1 
f 9’ @)—o@)}a" dt = | {r9'(w)—g(x)} de 
0 


a 


b 
= [a g(x),—2 f g(x) da, integrating by parts, 
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and 
[ @f@ fee’ dt = f ff @ fw) de 


b 
= —[2f(@)+2 | fe) de. 


Furthermore 
2 4 
f &(6@)—9(0)} de + f afg(a)—fla)} dt = [x fle),—[z9(2), 
1 3 

and therefore the area ts given by 


b 
10.33. J {f(x)—8(x)} dx. 


10.34. An important special case of 10.33 arises when the curve 
y = g(a) is the x-axis, y = 0. In this case it follows from 10.33 
that the area bounded by a curve y = f(x), the x-axis, and the 
lines « = a, x = bis 


{ F(x) dx 


provided f(x) > 0 in [a, 6]. 
Similarly, taking f(x) = 0, g(x) < 0, we find the area bounded 
by the x-axis, the lines x = a, x = 6b, and the curve y = g(z) is 


6 b 
f o@) da = — f 9() de. 


Exampuis. I. The area bounded by the parabola y = 2°, the 
z-axis, and the lines x = 0, x = cis 


fe dx = [FI], = 46%, 


which is one-third of the area of the rectangle bounded by the 
lines x = 0, x = ¢, the z-axis, and the line parallel to the z-axis 
through the point (c, c) on the parabola. 
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‘II. The area of the circle x?-+-y? = a?. 
The circle is bounded by the two curves 


y= a2), y= —V(a?—2*) 
which intersect at (and only at) the points (a, 0), (—a, 0). The 
area of the circle is therefore 


if [y(a®—22)—{—,(a®@—2*)}] dx 
=2 f (ar—a2) dx = [x,(a®—a?)-+-a? aresin z/a]® , = 7a. 


10.4. The formula for the length of the arc of the curve x = x(t), 
y = y(t) from t = ty to t is 


(L) a(t) = f +(x"+y') dt. 


The proof of this formula is postponed to Chapter XV. It is 
sufficient for the application of this formula that the interval 
(to, #) can be divided into a finite number of parts in each of 
which x(é), y(t) are differentiable. 


10.41. Since a parametric representation of the are of the curve 
y = f(z),a <a <b, is given by 


—2t)=t yQ)=f, w<t<d, 
it follows that the length of the arc is 


b b 
f +vee"+y/2) dt = f +VL+H{7' Op] at 


10.411. = j + Nita dx. 


Conversely we may derive formula (L) from formula 10.411. 
For if « = x(t), y= y(t) and a= x(t), 6 = 2(é,), then since 
dy/dx = y'/x' we have 


j J (+ (z) — j d (1+ (2) 2" dt = faerey dt. 
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Examrpues. I. The length of the are of the parabola y = x? 
from « = 0 toz = cis 
ec 


f Jol [ovens 


0 


=} f vate) dt, «=H, 
0 


= UtY(1+#)+logft+y(i+e)}}h° 
= gey(1-+-40*) +} log{2e+-(1+-40*)}. 


II. The length of the circumference of the circle x?+-y? = a®. 

The circumference of the circle is made up of two semicircular 
ares, y = +,/(a?—2?), y = —./(a®—2*), each from x = —a to 
x= -+a. On the first semicircle dy/dx = —2/,/(a®—2z*) and so 
the length of the arc is 


[+e (@@—22)}] dx = a | Teas = afarcsin(z/a)]* , = 7a. 


Similarly the length of the second arc is za, and so the total 
circumference is 27a. 

Alternatively, since = acost, y=asint, 0<t< 2m, is a 
parametric representation of the circle, the length of the circum- 
ference is given by 


an 20 
f +-./(a* sin*t+-a? cos’) di = a J dt = 2na. 
0 0 


THIS COMPLETES THE PROOF THAT THE DECIMAL 7 WE INTRO- 
DUCED IN § 5.2, AS THE LEAST POSITIVE ROOT OF THE EQUATION 
cos $7 = 0, IS THE SAME AS THE NUMBER 7 IN ELEMENTARY GHO- 
METRY, NAMELY, THE ‘RATIO’ OF THE CIRCUMFERENCE OF A CIRCLE 
TO ITS DIAMETER. 


10.42. In a unit circle a chord of length 2sinx cuts off an arc of 
length 2x (provided 0 < x < 4). 

Consider the chord joining the points (sin a, cos «), (—sin «, cos «), 
0 <a < }r, which lie on the unit circle z?-+-y? = 1. 
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The length of the chord joining these points is 2sin a, and the 
length of the arc joining them is 
sina 


f V+ Gy/ax)% de = if: M{1+22/(1—2)} de 
~—sinag —sing 
sing Pe 
= f {1/./(1—2*)} dx = [arcsina PP" | = 2a. 
—sinag 

THIS COMPLETES THE IDENTIFICATION OF THE FUNCTIONS sin 2 
AND COs 2, INTRODUCED IN § 5, WITH THE ELEMENTARY TRIGONO- 
METRIC FUNCTIONS. 


Examptz. To find the area bounded by the z-axis and an arch 
of the cycloid x = a(t—sint), y = a(1—cosz?). 

The cycloid meets the x-axis at the points t = 2nm, so that a 
complete arch is contained between the points z = 0, x = 2az, 
where ¢ = 0, t = 27 leis The required area is 


2ar 


y du = | ya' dt = | a*(1—cost)? dt 

Podem Poa =| 
2a 

=a J (1—2 cost + cos%) dt 
0 


23 
2 
= 5 J (3—4 cost + cos 2t) di 
0 


2 
= 5 [3t—4sine-+ $sin 22" 
= 3nxa?, 
The length of the arch of the cycloid is 


aa ar 
\(a’?+-y"?) dt = a f {(1—cost)*-+-sin2s}* dt 
0 0 
=a F20—cosayt dt 
0 


27 

= 2a f sin }t dt, since sin 4t is positive in (0, 27), 
0 

= 4a[—cos }t])” = 8a. 
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10.43. The angle subtended at the centre of the circle 
z=a+ZFoost, y = b+ Rasini (0<t< 27) 

by the arc of the circle from the point ¢ = « to the point t = B, 

B > a, is defined to be B—«a. 


The acute angle between the lines joining these points to the 
centre of the circle is 


arccos|(1-+-tan « tan f)/,/{(1-++-tan*«)(1-+tan?8)}| 


Va 


= arccos|cos(B—a)| = y, say. 
Thus the relation between y and - is given by the equations 
vy = B-—a if O0<f-a< }, 
y=m—(B-a) if, in <P-a<-, 
y=(B—«)—7 if w<B—a< 3a, 
and v= 2a—(B—a) if 307 < B—a < Qn. 
10.44. The length of the arc of the circle 
z=a+feost, y = 6+ Rsint 
from ¢ = « tot = «+6 is 
a+6 até 


J N(z'?+y"?) dt = R f eee d= R J dt = Ré. 


By .10.43, the angle subtended by this arc at the centre of the 
circle is 9, and therefore 

THE LENGTH OF THE ARC OF A CIRCLE IS THE PRODUCT OF THE 
RADIUS OF THE CIRCLE AND THE ANGLE SUBTENDED BY THE ARC 
AT THE CENTRE. 


10.45. Units. Elementary trigonometry introduces two units for 
recording the size of angles. One unit is the degree, which is a 
ninetieth part of the angle between two perpendicular lines, and 
the other is the radian, which is the angle subtended at the centre 
of a circle by an arc equal in length to the radius. The relation 
between these units is that an angle of 7 radians is equal to an 
angle of 180 degrees. 

We have seen in § 10.44 that in a circle of radius R, an arc of 
length R subtends a unit angle at the centre. This shows that 
the unit angle of the present work is equal to the radian 
of elementary trigonometry. 
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10.5. Polar coordinates 
The pair of numbers r, @ defined in terms of x and y by the 
relations 
r= +/(2?+y’), 
6 = arccos(z/r), ify >0,r> 0, 
= 2n—arccos(z/r), ify <0, 
are called the polar coordinates of the point (x, y). « and y are 
expressed in terms of r, 0 by the equations 
x =rcos6, y = rsin 6. 
The equation ¢(r, 6) = 0, where ¢(r, 6) = f(rcos6, rsin@), is 
called the polar equation of the curve f(x, y) = 0. 
The general polar equation of a straight line is 


r(A cos0+ B sin @)+C = 0; 
in particular lines through the origin have the equation 
6 = constant, 

for if 6 = « then y/z = tan@ = tana, ie. y = rtana. 
10.51. To find the area bounded by the curve r = f(#) and the 
lines 9 = a, 6 = B. 

A parametric representation of the bounding curve is given by 

x(t) = 1(t)cos A(t), y(t) = r(é)sin O(¢), 


where 
O(t) = a, r(t) = tf(a), 0<t<l, 
= a-+(B—a)(t—1), = fA}, l<t<2, 
= B, = (3—df(8), 2<t<3. 


The required area is therefore 


3 3 3 
4 J (xy’—ax’y) dt = 4 J oF (lz) dt =4 | r? cos" g (tan 6) dt 
0 0 


=4 f 7.00328 800% % dt, 


since bi is constant in (0, 1) and in (2, 3), 


2 
= tf es dt = if d0, since 6(1) = «, 6(2) = B. 
1 a 
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Thus the area bounded by the curve r = f(6) and the lines @ = a, 

0= Bis B 

4 | r? dO. 
! 


10.52. To find the length of the arc of the curve r = f(6) from 
6=ato = fp. 
A parametric representation of the arc, with parameter 0, is 


x(8) = f(8)cos 8, y(0) = f(6)sin 6. 
Since 


2 = g/t y’2 — (r’ cos0—r sin 6)?-+ (r’ sin 8-+-r cos 6)? = r’2+-72, 
the dash denoting differentiation with respect to 0, therefore the 
length of the arc is B 


J +-4/(r’2--r2) d6. 


Examptes. I. To find the areas of the loops of the curve 
7? = (1-+2c0s6)?. 
The expression 1-+2cos@ is negative when 27 < 0 < 4m and 


positive when @ lies outside this range, that is when 0 < 0 < 3a 
or $7 < @ < 2m. Hence the loops are given by 


r=1+2cos#, OS A<3a or 47 <O< Qn, 
and r= —2cosd—-1, In <A< a 
.The area of the first loop is therefore 
in 27 
4 | r2d6 +4 | r2d0 
peer] 


in 20 


= aff +} (1-+4 cos + 2(1-+-cos 28)) as} 


= 4{207+-4 sin $7 + sin $74 27—4 sin $7 —sin 8a} 
= 2n+4sin 47 — sin fr = an + 23, 
And the area of the second loop is 


tr 
4 [ 7? d0 = H{20-+4sin $x + sin §n—4sin $n — ain $7} 
ia , 
= T——_—. 


2 
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II. To find the total length of the cardioid 
r=1+cos#, 0<0< 2z. 


171 


We have 
gs’ == 72+7'2 = (1-+cos 6)?+ sin? 


= 2(1+-cos@) = 4 cos? 46. 
Hence the required length is 


2a Tv 20 
2 J +-4{(cos? 40) d0 = af J cos $0 dd + J — 00840 as}, 


since cos 30 is positive in the range0 <A9<a 
and negative in the range 7 < 6 < 22a, 


= 4{{sin 46)" —[sin 36]}?7} 


= 8, 
10.6. A differentiable relation between three variables, 
Fa (a, y; 2) = 0, 


is called a surface. If the equation has one of the forms 
Y+P=fe), te =fy, arty =f) 

the surface is known as a surface of revolution with axial symmetry. 

The surface y?+z? = f(x)? is said to be formed by rotating the 


curve y = f(x) (or the curve z = f(x)) about the x-axis (and similarly 
for the other forms in relation to the y- and z-axes). 


10.61. The formula for the volume contained by the surface formed 
by rotating the arc of the curve y = f(x), from «=a tou= 65, 
about the x-axis is 


b 
jee 


and the area of the surface generated by the rotating curve is 
given by 


{ Ong ds, 


where s is the are length of the curve y = f(x) and s,, 3, the 
distances along the curve from the point — x= 0 to the 


points where x = a, x = 6 respectively; gigs a as =f ( +(2 4) 1, 
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this integral, after transforming the variable from s to x, becomes 


b 
dy\? 
fae 
a 

The foregoing formulae for volume and surface area are provable by 
multiple integrals. 

Examp.e. The surface formed by rotating the arcy = ./(a?—2*), 
from x= —a to «=a, about the z-axis, has the equation 
y’+22 = a?—2?, that is, z?+y?+2? = a*, which is the equation 
of a sphere. Thus the volume of the zone of a sphere, formed by 
rotating the arc y = ./(a®—2*) from x = p, to = pg, about the 
a-axis is 


Pe 
J a(a?—2*) dx = 4n(p2—p,){3a*—(pi+-p; pe+p3)} 


P1 
and the surface area of this zone is 


Da 
J Pen J(a2—a*) [1+ fa/y(a?—29)}"] daz = 2ma(p.—py). 
D1 


10.7. Tangent, normal, subtangent, and subnormal 

If the tangent at a point P, of a curve, whose coordinates are 
(X, Y) meets the x-axis at the point 7 then the distance between 
the point 7 and the point (X, 0) is called the length of the sub- 
tangent of the point P. 

The line through P perpendicular to the tangent at P is called | 
the normal at P and if the normal meets the z-axis at N the 
distance between the points N and (X, 0) is called the length of 
the subnormal of P. 

Thus if (X, Y) is the point P on the curve y = f(x), since the 
equation of the tangent at P is y—Y = (4—X)f’(X), therefore 
the equation of the normal is 


(y—Y)f'(X)+(e—-X) = 0 
and the coordinates of T and NW are 
(X—Y/f'(X),0) and (X+Y/"(X), 0). 
It follows that the length of the subtangent of P is 
IZ (X)| 
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and the length of the subnormal is 
IY f'(X)I. 
Exampue. The length of the subtangent of the point (2, y) of 
the parabola y? = 2azx is 


v/# 


and the length of the a. is 


/z lal. 
yit| = Y/ G| = 


Thus the subnormal of the parabola is of constant length; we shall 
see in the next chapter that the parabola is the only curve with 
constant subnormal. 


10.71. If « = X, y= Y when t= T then the equation of the 
tangent to the curve x = a(t), y = y(t) at the point t = T is 
aa = ae where X’ = x'(T), ¥’ = y'(T), 
and so the equation of the normal takes the form 
(a—X)X’+(y—Y)¥’ = 0. 
10.72. If ys is the inclination of the tangent to the curve y = f(x) 
at the point (x, y) then, by 10.21, 
| tany = f'(2). 
But if s(x) is the length of the arc of the curve from a to x then 


oa) = [ HD+] dx 


and therefore 


& = +y[1+{f'@}] = + (1+tan%)) = secy 
ae (since —}7 <  < 47), 
so that a Y, 
and = WE — tanyoos} = sin, 
i.e. ey sin. 
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10.73. If p is the length of the perpendicular from the origin to 
the tangent to the curve y = f(x) at the point (X, Y) then 
= |Y cos$—X sin yl, 
where y is the inclination of the tangent. 
For the equation of the tangent is 
(y—Y)—(«—X)tany = 0, 
i.e. y—xtan~—(Y—X tan ys) = 0, 
and therefore 
oe bees tan ys 
J tan®y) 
10.74. If r is the distance from the origin to the point (2, y), on 
the curve y = f(x), % the inclination of the tangent at this point, 
p the perpendicular distance of the tangent from the origin, and 
s the length of the arc of the curve then 
dr ds 
r—=-| = |>]- 
p| ds 
Let ¢ = ycosy—zsiny so that p = |g]. 


= |Ycos/—X sing]. 


We observe first that since p? = g? therefore p te q a and 
"80 Py ae| = jail , whence ie | = i , for any t. 
Now 
dq__dy ee ae - dp 
We ae ysinys 7 —sing % 008 ys 


oe dis ‘ dy _ a5 
= —(ysiny-+z2 cos x) Gz’ ‘Binee ance = tan cosy = sin yx, 


dq dqdx _ F dfs 
therefore Za —(ysiny+z cos W) 


= 5 (ysin +x cos #). 


whence r 


But 7? = 2?-+-y? so that 


dr __ dx dy dy) ds 
raat! ag (TY al ap 
= {x cos -+-y sin }} i 
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' ar ds 
and therefore — =~, 
"dq dp 
: dp| __|dq| . dr|__|ds 
Since # = eZ it follows that |r ie = ap : 


10.75. The line joining the point (r, 6) to the origin is called the 
radius vector through the point; its equation is xsin#? = ycos0. 
If $* is the acute angle between the radius vector and the tangent, 
through the point (r, 6), to the curve r = f(@) and if % is the 
inclination of the tangent, then since the tangent is parallel to 
xsinys = y cosy, we have 


cos 8 cos s+ sin 6 sin % 


von "= | F(sin20-+ cost8)(sin*y-+ eos] — [esl 
But 7? = 2?+-y? and so 
—_ oe Oo cos 6 cos#-+ sin 6 sin ys = cos(6—y). 
ds rds'rds 
Therefore cos ¢* = dr A 


Let ¢ = ¢* if dr/ds is positive and 6 = 7—¢* if dr/ds is negative, 
then in either case cosep = dr/ds. ¢ is usually called the angle 
between the tangent and radius vector; observe however that ¢ 
is the acute or the obtuse angle between the tangent and radius 
vector according as dr/ds is positive or negative. 


10.8. The curvature of a plane curve 

If (X, Y) is a common point of a curve and a éixele and if at 
the point (X, Y) both dy/dx and d?y/dz? have the same value for 
the curve and the circle then the circle is called the circle of 
curvature of the curve at the point (X, Y); the radius of this circle 
is called the radius of curvature and its centre the centre of curva- 
ture; the inverse of the radius of curvature is called the curvature. 


10.81. To find the radius of curvature at the point (X, Y e on the 
curve y = f(x). 
Suppose the equation of the circle of curvature is 


(7—a)*-+(y—b)? = p2, (i) 
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then at any point on the circle we have 


(x—a)-+(y—0) @ = 0, (i) 
1+ (y—) 44 (zy =i. (ii) 


The equations (i), (ii), and (iii) must be satisfied by 
= = dy dy an 
a=X, y=¥, Basie, F=s'®, 


therefore (X—a)?+(Y¥—b)? = p? 
and 


(X—a)+(Y¥—b)f(X)= 0, 14+(¥—6)f"(X)-+{f' (YP = 0, 
(iv) 


whence 
X-a_ (vs) = t{(X—a)+(Y—b)} _ p 
F(®) V+ EF)? JO+F OP)’ 


the square root having the same sign as —(Y—b), and so the 
same sign as f"(X), since —(Y—b)f"(X) = 1+{f'(X)}? > 0; hence 


1+{f'(X)}? = —(¥—6)f"(X) = pf'(X) N+P (O)"), 
which shows that o = [1+Ef (XP PPX), 
the square root having the same sign as f”(X). 
Thus the radius of curvature at the point (x, y) of the curve 
y = f(z) is the positive value of , 
(1+ {f'(x)}P}/f"(x). 
10.811. Solving the equations (iv), § 10.81, for a and b, we see 
that the centre of curvature (a, 6) at the point (z, y) on the curve 
y = f(x) is given by 
a= 2—{1+f' (ef (F(a), 
b= yt {lt f@Af'@). 
10.812. Writing dy/dx for f’(x) and d*y/dx? for f"(x) the formula 
10.81 for the radius of curvature becomes 


(+(ae)} ash 
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This formula is unaltered by areas x and y; for 


a _1/% a d (, /dy\de _ Py (dx\* 
dx’ dy? dx\ /dx]/dy dx*\dy 
dx dx 
i +a) ) = E+ (a) la) 
dx dx ly d?y 
Se eee: 
and therefore 
+ Gah) Fa — [+ GN) as 

10.82. The radius of curvature at the point ¢ on the curve x = x(t), 
y = y(t) is 


{2'(t)?+-y'(t)}/ fa’ Oy" ()—2"(y'(O}- 
For if the result of eliminating t between x = z(t), y = y(t) is 


y = f(z) 
then y(é) = f(x(t)), for all t. Whence 
y’ = f'(e)x’ 
and y” =f" (x)u"2+f' (x)x", 


so that the radius of curvature is 
DHF! _ tye _ fatty’ 
f' (x) (x'y"—y'x") [x8 a'y —2"y"’ 


the square root having the same sign as z’y"—z"y’. 


10.83. To prove that p = |ds/dpj. 
Since f’(x) = tan, therefore 


f'(«) = sooty = sooty ae = seoty & 


and 80g = (Les eH") 
= [seo*p]* / sooty & = boots / seckys 4 
whence p= a 
6039 RK 
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10.84. The radius of curvature at the point (r, @) on the curve 
r = f(6) is 
{r?+-r’2}4/{r?+ 2r’2—rr”}, 


where 7’ = dr/d6, r” = d*r/dé*. 
For at any point of the curve we have 


x = f(@)cos 6 = rcosA, y = f(0)sin? = rsiné, 
so that 
xz’ = r’ cos6—rsin 6, y' = r' sin @+rcos 6, 
x” = r” cos 0—2r’ sin 6—r cos 6, y” = r’ sin 0+ 2r’ cos 0—rsin 6, 


whence the result stated follows from 10.82 after a simple calcula- 
tion. 


10.85. From 10.83 and 10.74 we have p = |r(dr/dp)|. 
10.86. To prove that 


1 d?x\?  {d?y\2 
= (aa) +(e): 


We have 
, dx ae dfs 
Ts = 08 and so aes sing 5. =. 
a dy dif 
Similarly gt = 008 p me 


and therefore 


da\?  {d?y — (ein? 21, (ap\? _! 
(a3) +(3 za) (sin®ys+- cos vz a by 10.83. 
10.9. Definitions. If Y > y then the point (X, Y) is said to be 
above the point (x, y), and the latter is said to be below the former. 


10.901. A point (X, Y) is said to be above a curve y = f(x) if 
Y > f(X), and below if Y <f(X). Two points are said to be on 
the same side of a curve if they are both above or both below the 
curve. 

Observe that if (X, Y) is above y = f(x), then provided f(x) is 
continuous, (X, Y) is above all points (x, y) of the curve for which 
x is sufficiently close to X; for when |X—z| is small enough 
If) —f(X)| < Y¥—f(X) and’so f(x) < ¥. 
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10.902. A curve y = f(z) is said to be above a curve y = g(x), in 
(a, b), if f(x) > g(x) in (a, 6), and then y = g(2) is said to be below 
y = f(a). 

If two curves c, and c, are both above, or both below, a curve c 
they are said to be on the same side of c. 

If y = f(x) is above y = g(x), and f(x) and g(x) are continuous 
then any point (x, y) on the first curve is above any point (X, Y) 
of.the second, provided x and X are sufficiently close. For by 
hypothesis f(x) > g(x) and so the point (x, f(x)) is above the curve 
y = g(x), and therefore, by 10.901, above any point (X, Y) on 
y = g(x) for which |X —z| is sufficiently small. 


10.91. If f’(a) > 0 the centre of curvature of the curve y = f(x) at 
the point x = a is above the tangent to the curve at this point, and 
af f’(a) < 0 the centre of curvature is below the tangent. 


The centre of curvature at the point (a, f(z)) has the coordinates 
t= 4-1 t+f(@3falra@, ya=fa+Otf@ yf. 
The tangent at 7 = aisy = = fia)+(e—a) f(a) and so when x = 2,, 
on the tangent, 
¥ = 4 =f@—14+fl @O3F @ f(a). 
_ ‘Hence Ya—H% = UF AP PIP), 
and therefore if f’(a) > 0, y, > y, and the centre of curvature is 


above the tangent, and if f’(a) <0, y, < y, and the centre of 
curvature is below the tangent. 


10.92. If f’(a) > 0, then in the neighbourhood of the point a -the 
curve y = f(x) lies above the tangent to the curve at this point. 
First we prove that the function {f(«)—f(a)}/(~—a) is increasing 


’ in the neighbourhood of a. 
The derivative of {f(x)—f(a)}/(z—a) is 
{(c—a) f'(x)—(f(z)—f(@))}/(e@—ay, x #a, 
which has the same sign as ¢(x) = (w—a)f'(x)—{f(x)—f(a)}. But 
, $ (x) = (x—a)f"(x) and for values of ~ near a, "(x) being con- 
tinuous has the same sign as f’(a), and therefore (2) decreases 


for « <a and increases for « >a. Since d(a) = 0, it follows that 
¢(x) > 0, x #a. Hence {f(x)—f(a)}/(x—a) is increasing both for 
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z<a and «>a. Furthermore {f(z,)—f(a)}/(t,—@) >f'(@) as 
L_ >a and so 
(fa) —fa}[(a*—a) < f(a) < {f@)—f@)/e—a), x* <a <a, 
whence fx) > f(a)+(e—a)f'(a) 
whether x be greater or less than a. Thus the point (2, f(x)) on 
the curve lies above the point (x, f(a)+-(«—a)f’(a)) on the tangent 
to the curve at the point (a, f(a)), for all values of x near a. 

Similarly, if f’(a) < 0 the curve lies below the tangent. 


10.921. Theorems 10.91 and 10.92 together show that at any point 
of a curve the centre of curvature is on the same side of the tangent as 
the curve. 


10.93. Theorem 10.92 may also be expressed in the following way : 

If f’(x) > 0 throughout an interval (a, b) then in this interval the 
curve y = f(z) lies below the chord joining the points (a, f(a)), (6, f(b)) 
on the curve. 


For {f(x)—f(a)}/(c—a) is increasing in [a, 6) and so if x lies in 


(a, 6] then 
{f(x) f(a} (@—a) < {f(6)—f(@}/(o—@), 

and so f(z) <f@+{f)—f(@)}(e—a)/(6—a), 
i.e. f(x) < {(b—x) f(a)+ (x—a)f(b)}/[(6—x)+ (w—a)], 
which shows that the point (x, f(x)) on the curve lies below the 
point x, {(b—x) f(a) + (x—a)f(b)}/(6—a) on the line joining (a, f(a)) 
to (6, f(b)). 

Similarly, if f’(z) < 0 in (a, 6) then in this interval the arc of 
the curve y = f(x) lies above the chord joining its end-points. 


10.931. If f(a) = 0 and f"(x) changes sign as x passes through 

the value a, then the curve y = f(x) crosses the tangent at x = a. 
For the difference between the y-coordinates of the point x, f(x) 

on the curve and the point 2, f(a)+ («—a)f’(a) on the tangent is 


p(x) = f(x)—f(a)—(x—a)f'(a). 
Since ¢’(x) = f'(z)—f'(a) and ¢"(x) = f’(x), therefore all three 
¢(x), $'(x), and ¢”"(z) vanish at z = a, and ¢’(z) changes sign as z | 
passes through a. Hence ¢’(x) either first increases to ¢’(a) = 0 
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and then decreases, or vice versa, so that ¢'(x) is of constant sign 
near x = a, and therefore ¢(z) either steadily increases or steadily 
decreases through the value ¢(a) = 0, so that ¢(x) changes sign 
as x passes through the value a. Thus the curve crosses its tangent 
at 2 = a. 

A point of a curve where f’(x) vanishes and changes sign is 
called a point of inflexion, and the tangent at such a point is called 
an inflexion tangent. An inflexion tangent has a closer relation- 
ship to the curve than an ordinary tangent, since not only dy/dx 
but also d?y/dz? has the same value, at the point of contact, on 
the curve and on the tangent. 

If f’(a) = 0 but f’(x) does not change sign as x passes through a, 
then the curve does not cross the tangent at x = a, 

For when ¢”(x) vanishes at x = a without changing sign, then 
¢'(x) changes sign as x passes through a, and therefore ¢(z) itself 
does not change sign. 


10.94. If the centres of curvature of a curve C compose a curve 
C’ then C’ is called the evolute of the curve C, and C is called 
an involute of C’. 

Thus, by 10.811, the parametric equations of the evolute of the 
curve y = f(x) are 


X =e f@eyyf@pf@), Y= y+{l+f'(2)3/f"), 
and so the evolute of x = x(é), y = y(t) has the equations 
X= x—(e?+y")y'[(z'y"—2'y’), 
Y = yt+(e?+y")2'/(2'y"—2"y'), 
where «’ stands for dz/dt, etc., since dy/da = y'/x' and 


dy ae ’ 3 
qa @y'— ay Ve". 


10.95. The parametric equations of the involutes of the curve 
x = x(t), y = y(é) are, with an arbitrary constant a, 


g=2—| f wru atha'|e-+y'™, 


a=9-| {ery aihy’|(a+y'™. 
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Proof. & = x! —2' (x:'2+-y’2)t/(a’24-y/2)t— 
—a"| f (x’?--y'?)t at} / (a:’2-y’2)# 
+a'(a'a"+y’y” ){ J (22'2-+-y'2)# at} i (a'2+-y’2)t 
=(f @ +0 dily'@'y’—a’y'\e*+y'! 

and am [female ey ene 
and so ¢'x’+-n'y’ = 0, whence 

B= —(y'/2')n" + (2"'y’—2'y")n) |x" 

£"n' —E'9" = (x"y' —2'y"\n'2/ a0", 
E92 = {(x'?+-y'2) ar'?}'2, 


Hence the parametric equations of the evolute of the curve (£, 7) 
are 


XK = E—(2 +9") [(a'y’—a"'y') = E+ [ (w-+y!2) delac'[(a’2+y'2)4 
= €+(c#—£) =x 

and YY = 9+ (x?+-y')E'/(2'y"—2"y') = n+(y—n) = y, 

ie. the evolute is X = x(t), Y = y(t), which completes the proof. 


and therefore 


Moreover 


10.96. If # is the centre of curvature at the point P of a curve C 
then the normal at P, to the curve C, is the tangent to the evolute 
of C, at #. 
Let X, Y be the centre of curvature at the point x(t), y(t) on the 
curve 7 = x(), y = y(t); we prove first that 
(i) (X—a)x'+(Y¥—y)y’ = 0, 
(ii) (X—a)x"+(Y—y)y” = x?+y". 
By § 10.94, 
(X—a)x'+(¥—y)y’ = (2?+y"){a'y’—a2'y}/(x'y"—a’y’) = 0, 
and 
(X—~—ax)a"+(Y—y)y’” — (a'2+-y'2){a'y" —a"y} ] (x'y" — a” y’) = — et y’2, 
' Differentiating (i) it follow that 
X'2'+Y'y' = 0. 
The normal at (x, y) is (€—x)x’+(y—y)y’ = 0, and since 
(X—a)2z’+(Y—y)y’ = 0, 
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the equation of the normal may be written in the form 
(€—X)z’+(n—Y)y’ = 0, 

and since X'x’+Y'y’ = 0 this is the same as 
(€—X)/X' = (n—Y)/¥", 

which is the tangent to the evolute at (X, Y). 


10.97. If E,, E, are the centres of curvature at the points Po, P, 
on a curve C, and R,, R, the radii of curvature at these points, 
then the length of the arc of the evolute of C, from Ey to #,, is 
|R,—R,|, provided R’ is of constant sign between Fy and F,. 

Since the tangent to the evolute at (X, Y) passes through (x, y) 
we have : 


X'/(X—2) = Y'/(Y—y). (i) 

Differentiating the identity 
(Xa + (% yh = B ii) 
we have (X—x)X'+(Y—y)¥’ = RR’,. (iii) 


whence from (i), (ii), and (iii) 
R°X' = RR'(X—2z) 


or X' = (X—a)R'/R, provided R #0, 
and similarly Y’ = (Y—y)R'/R, 
whence o = +4(X?+Y") = |R'], 


where o is the arc-length of the evolute. Hence if R’ is positive 
between Py, P, we have 


ty 
o= J R' dt = R,—R,, 
2 te 
and if R’ is negative, 


ty 
c= —[Rda= Rh. 
to 


which completes the proof. 
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XI 
DIFFERENTIAL EQUATIONS 
LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS. 
SIMULTANEOUS LINEAR EQUATIONS 
_ 11. A differential equation is a functional relation between a 
variable x, some function y, and one or more derivatives of y with 
respect to x. For instance 


dy\2 


BY (yt 1) — dy\? | OY _ 
xy 3 —(« +1)7 = 0 and. (2) 


+¥7a=0 


are differential equations. Integration of a differential equation 
consists in the determination of a relation between x and y which 
does not contain any of the derivatives and which satisfies the - 


differential equation; thus a solution of the equation yw —az=0 
is y°—2* = a, where a is any constant, for if y2—2? is constant 
then g (y2—az?) = 0, ie. yn = 0, and so the differential 
equation is satisfied. 


11.01. Differential equations arise in the attempt to solve many 
diverse problems; commonest of these are problems in Dynamics, 
but many problems in the Calculus also give rise to differential 
equations. For example, if we seek to find for what curves the 
angle between the tangent and chord has the constant value a, 


we must solve the equation ‘c = tana; writing the equation in 


ldr 
the form ro 


derivative of 


| ( 3c 9| Fe ie sa d@ —@ cota = logr—f cota, 


cota = 0 the left-hand side is seen to be the 


r db rdo 
and so a solution is 
logr—@cota« = constant = loge (say) 
and so r = cefcota 
which is the equation of the equiangular spiral, 
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11.1. The first type of ane equation we shall consider takes 
the form Zz 
| ut —N, 


dz 
where M is a function of y alone and N is a function of x alone. 
Since the derivative of J {at wy dzis M wy it follows 


that the solution of the equation is 


f {wot — | dx = constant =a (say), 


Le: [aac = | wae ig, 
dx 
and so . f May = [ Nde +a. 
Exampue. The solution of ae ay cos2 is 


i} =weL dy = | coszdx-+a, ie. (logy)? = sinz-+a. 


11.2. The equation dy/da+-Py = Q, where P,Q are functions of x 
alone. 


If we can find R, a function of x alone, such that dR/dz = PR, 
then d 
RA 4 PRy = RY ty OR y = 4 (Ry) 


and the differential equation becomes 
d 
=; (Ry) = BQ, 


of which the solution is 
Ry = J RQ dx +a. 


It remains to show that we can find an R satisfying dR/dz = PR; 
| writing this equation in the form 


adr _ 

Rdz ” 
we see log R = | Pde, 
and therefore R= ei Pa, 
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Since the solution of the differential equation is effected by 
multiplying the equation by this R, the function RF is called an 
integrating factor of the differential equation. ; 


Examptez. To solve x log zd +y = loga. 
Write the equation in Se form 


1 1 
t+ cosa ~ a 
The integrating factor is 
eS ielogz)dxz — glogdogz) log x 


and the solution is 
ylogz = | 1082 dz -+-a, 


i.e. ylogx = $(logx)?-+a. 
11.3. Linear equations with constant coefficients 


a” d”- 
049 tay wtay=R 


each a, constant, R a function of x. 

Writing D for d/dx the equation takes the form 

A, Dy +An-1D" y+... +aoy = R, 
which we shall abbreviate to 
n 
(a, D"+-a,_,D"1+...ta))y = R, or ( > a, D'\y = R. 
r=0 

If L(t) denotes the polynomial a, i”+-a,_,t"-1+...+a,t-+a) the 
equation may be further abbreviated to L(D)y = R. When L(é) 
is of the nth degree we say that the differential equation L(D)y = R 
is of the nth order. 

Before discussing the solution of this equation we shall prove a 
number of simple results on which the method of solution is based. 
11.31. If y, and y, are any two functions of x then 

L(D)(y,+-Y2) = L(D)yi t+ L(D)y2- 

For D(yy+Y2) = Dy,+Dy, and if D*(y,+y,) = D'y,+D*y, 
then 

D*+1(y, +y2) = D{D*(y,+-y2)} = D{D*y,+D*y} 

= D.D'y,+D.D*y, = D¥ty, + D¥y, 
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- and so D'(y,+y2) = Dy,+Dy, for any r. 
n n n 
Hence 2 a, D'(y,+Y2) = = a, Dry, + 3 a, Dy, 
ie. L(D)(yy+Yye) = L(D)y,+ L(D)y2. 


11.32. Ifais constant and y a function of x then L(D)ay = aL(D)y 
(proof as in 11.31). 


11.33. D™(Dy) = D*(D7y), for any m and n, since each side of 
the equation is equal to D”*"y. 
11.331. If f(t) and g(¢) denote the polynomials 
An t™ +O ~l™1+...Fa and 6b, i+6,_,1%-1+...+b9 
then F(D)fg(D)y} = g(DF(D)y} = (F(P)g(P))y- 
For by 11.32 and 11.33 
a, D"(b, D’y) = b, D(a, D'y) = (a,.D*)(b, D*)y 
‘ and so 
m m 1m 
aie lbs Diy) a (a, Dry) =2,4 D )(b,D® yy, 
ie. f(D)(b,D'y) = b, D(fD)y) = (f(D), D%)y, using 11.31, 
and adding these equations for s = 0, 1, 2,..., n we find 
S(D){g(D)y} = 9( PF DOly} = FDgD)y- 
11.332. If L(¢) denotes the polynomial 
a, t+a,_,t"1+...+a,t+-a, 


and L’(t), L’(t),..., [7(t),... its successive derivatives, and if u, v are 
any two functions of x, then 

L(D)uv = uL(D)v+Du L'(D)o+ 

2, 
+o (Dye... +24 It(Dyv+... +2" IMD). 

Proof. The Leibnitz formula for the rth derivative of uv may 
be written in the form 

Druww = uD'v+DurD-1v 4 or 1)D*-2y-+ 


+ Ft Hr 1Nr—-2)D 0+. 4 Hn v 
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and therefore 


L(Dyuv = 3 a, Druv 
') 


n 2. 
> {ua, Dtv+ Dura, Dv 4 etn Ia, Dr v+...+ 
a ! 


go =r 1).. (r—k-+- la, Dr-*y +. +24 ra, o} 


= uL(D)v+Du L(D)o-p FPL D0 ot 
+54 IM Dw sess +2 LoD). 


11.4. L(D)e* = e?*L(p). 
For De? = pePt, and so > a, D'e?® = > a, preP*, ie. 
L(D)eP® == L(p).e?*. 
11.41. L(D)e?*y = e?*L(D-+-p)y. 
For, by formula 11.332, 
L(D)erty = em{LiD4 91D) +E UD) +h LD )hy 


= e?*I(p+D)y, by Example 7.92. 


11.411. eP*l(D)y = L(D—p)e”ty, 

for L(D—p)eP*y = e?* L(D+-p—p)y = e?*L(D)y. 
11.42. L(D?)sin px = L(—p?)sin px 

and. L(D?)cos px = L(—p?)cos px. 


For D’sin px = —p*sin px and so if (D*)"sin px = (~—p*)"sin px 
then 
( D®)*+1gin PL = D{( ‘D?)"gin px} = D?*{(—p?)"sin px} 


= (—p*)"Hsin pz, 


so that {D?)’sin px == (—p?)’sin pz for all values of r. 
Hence 


L(D2)sin pe = > a,(D*)'sin px = ¥ a,(—p?)'sin px = L(—p*)sin px. 
Similarly L(D*)cos px = L(—p?)cos px. 
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Exampctes. (D?+2D-+-2)e = (3?+2.3-+42)e8* = 17e%. 
(D?-++2D-+2)e%a? = 69*{(D-+3)?-+2(D+3)+2}a2 
= {D241 8D+17}a* = e8*{2-+- 162+ 1727}. 
(D4+ D?-+1)(A sin 27+ B cos 32) 
= A{(—2?)?—2?-+ l}sin 22+ B{(—3?)?—3?+ l}cos 3x 
= 13A sin 27+-73B cos 32. 
11.43. (D?+-a?)"2"cosax = (2a)"n! cos(ax-+ 4nz). 
11.431. (D?+-a?)"2"sin ax = (2a)"n! sin(ax-+ gn). 
Proof. Since 
(D?+-a?)cosax = (—a?+a*)cosaxr = 0, 
by 11.332 we have 


(D?-+-a*)a cosaz = x(D?+-a*)cosax-+2D cosax = —2asin az, 
i.e. (D?+-a?)x cosaz = 2a cos(ax-+47). 
Similarly (D?4-a?)z sinaxz = 2asin(ax-+-4n). 


Thus 11.43 and 11.431 are true for n = 1. Suppose that they 
are true for n = k. Then 


(D?-+-a*)*+1z*cos ax = (D?+-a*)(2a)*k! cos(ax+$kr) = 0, 
and so, by 11.332, 
(D?-+-a?)FHzk+1cosax = (D?-+-a?)*+1z xkcos ax 
= 2(D?+a*)*+2%cos ax+2(k+1 \D(D*-+.a)Fx*eos a ax 


= —2a(k+1)(2a)*k! sin(ax+-4kr), 
whence 


(D?+a?)#+1gk+1eos aa = (2a)*+1(k-+1)! cos{ax-+4$(k-+ 1)m} 


since —sin(az+4km) = cos{ax+43(k+1)zx}, 
and similarly 


(D?+-a?)F+4¢k+1gin ax = (2a)*+1(k+ 1)! sinfax+ ($k+ 1)7}, 
so that 11.43 and 11.431 are true for n = k+1 and so are true for 
any value of n. 


11.44. Since (D?-+-a?)cos(ax-+4nm) = 0 it follows from 11.43 that, 
ae ai (D?-+.a?)Px"cos ax = 0, 


and similarly (D?-1La?)P2"sinax = 0. 
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11.45. Theorems 11.43 and:11.431 may be written 
(D?+-a?)"x"cos(ax-+ 3nt) = (2a)"n! cos ax, 


(D?+-a?)"x"sin(ax-+ gn) = (2a)"n! sin ax, 
for 


(D?+-a*)"x"cos(ax-+- $n) 
= cos $nn(D?+a?)"x"cos ax—sin $n7(D?-+ a?)"2"sin ax 
= (2a)"n!{cos(ax-+ $n7)cos $n7—sin(ax+ dnz)sin $n} 
= (2a)"n! cosaz, ete. 

Instead of cos(ax-++ $n) we may of course write cos(az—4nz), 


and sin(ax—4nz) for sin(ax-+-3nz). 


11.46.* wu, V9, Wo,... are n differentiable functions of x, and ty is 
another; t,, u,, U,,... are the rth derivatives of fo, Up, Vp,... Tespec- 
tively. 

Then if the determinant 


= |ty Ug % Wo . | is zero for all values of a 
ty Uy Y Wy, 
ty Ug Ue W 


but the determinant 


5 = | us Up W . . . «| is different from zero for 


Uy % Wy Wo we ts all values of 2, 
Ug Vg We 


Una Un-1 Wn-1 
we shall prove that there are constants 
, A, B, 0, 
such that ty = Auy+ Boy + Cu y+... . 


The determinant A is called the Wronskian of the n+-1 functions 
to, Up; Uo,-.-; accordingly the determinant 5 is the Wronskian of the 
n functions U9, V9, Wo... 


‘ 
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191 
Since 8 is not zero the equations 


4 = Bb Diy bBo (cx) 


i= Kanes me oo 
’ determine unique functions K, L, Y..... 

Let Ku,,+Lv,+Mw,4... = tate. (x’) 
Eliminating K, L, M,... from the equations («) and («’), we have 


to Uo U = 0, 


ty Uy Vy 
ty Ug Ve 


tz to Un Vn Wn + + 
i.e. A+o5 = 0, whence o = 0, since A = 0 and 8 4 0. Therefore 


t, = Ku,+Lv,+Mw,+.... (B) 


Differentiating the equations («) and taking into account the 
equations (x) and (f), we have 


0 = K'ug +L’) 4+-M'wot+.. 


0 = K'u,4+L'7,4-M'v,+.. 
0= K’ are: le 


"> 


+3, 


bal} 


0= Ki ihe nat Mw Ss 


where K’, L’, M’,... are the derivatives of K, . M,... respec- 
tively. Multiplying these equations in turn by the cofactors of 
Ug: Uy, Uy,... in 8, and adding, we find K’S = 0; and so K’ = 0, 
i.e. K is a constant; similarly LZ, M,... are constants, which com- 
pletes the proof. 


11.5.* Ify = uo, y = U9, Y = Wg,... are n solutions of the differen- 
tial equation of the nth order L(D)y = 0, then 
y = Autg+ Boyt Cwyo+... 


is the general solution of the equation, i.e. every solution of the 
equation can be obtained from Au + Buy+Cw +... by a suitable 


https://t.me/ pdf4exams 


Downloaded from htts://t.me/ civilsbuzz 
192 DIFFERENTIAL EQUATIONS 


choice of the constants A, B, C,... provided that the determinant 


5 = | u% OP Wo is different from zero for all 
Uy Vy, W, values of z. 
Ug, Vg Ws 
Un-1 Un—-1  Wn-1- 


A set of » solutions, of an nth order equation, with non-zero 
Wronskian is called a fundamental set of solutions. 
Let the differential equation be 
(a, D™+a,_,D"1+... ta )y = 0 
and let ¢, be any solution. Then 
On tn t+-On—y byte + gto = 0, 
An Un tn—yUnat--+Ag ty = 0, 
a n Unt Ona ear to % = 0, 


Multiplying these equations in turn by the cofactors of t,, Un, Ups 
in A, and adding, we find a, A = 0; but a, ~ 0 since the differen- 
tial equation is of the nth order, and so A = 0. Hence, by 11.46, 
there are constants A, B, C,... such that 


ty = Atty + Bog+ Cwo+... . 
11.51. If y = y, is a solution of the equation f(D)y = 0 and 
Y = ¥2 is a solution of g(D)y = 0 then y = A,y,+A,Y. is a solu- 
tion of {f(D)g(D)}y.= 0. 
For 

f(D)g(D){A191+42y2} = 9(D)f(D)41ys3+f(D){g(D) A242} = 0. 
It follows that to solve an equation L(D)y = 0 we need only 
to solve the equations f(D)y = 0 for each factor f(t) of the 
polynomial L(t). 
11.52. The general solution of (D—a)y = 0 is y = a,e™ for 

(D—a)aye* = (a—a) aye = 0, 
11.53. The general solution of (D—a)*t1y = 0 is 


y = eM (ag ta, 2+a,27+...+4, 2%), 
for (D—a)FHlewgr = etDet1gr7 = 0 ifr <k. 
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11.54. To solve {(D—a)?+b7ly = 0. We have 
e-*{(D—a)?-+5%y = 0 
and therefore {D?+-b?}e-**y = 0; but 
(D?-+-b?)sin ba = (D?-+-b)cos bz = 0 

and so the general solution of the equation is 

e-aty — A cosbz+ Bsin ba, 
i.e. y = e*(A cosbx-+ Bsin bz). 
11.55. To solve {(D—a)?-+-b?}4+ly = 0. The equation is equiva- 
lent to (D2 b2)kHe-azy — 0, 
From 11.44 it follows that 

(D?+ b?)k+1g"(A,.cosbz+B,sinbx) = 0, provided r < k 


and so the general solution is 


k 
e-aty = > (A,cosbz+ B, sin bx)2", 
r=0 
i.e. 
y = et Py x*(A, cos bx-+ B, sin bx) 
= et®oos sb Ag+ A,a-+.. .+A,2*)+ sin bx(By+ B,x+...+B,x*). 
EXxamMPues. (i) (D?+D—2)y=0. The factors of D*4-D—2 
are D—1 and D+ 2; the general solutions of (D—1)y = 0 and 
(D+2)y = 0 are y = Ae* and y = Be-** and so the general 
solution of (D?-- D—2)y = 0 is 
y = Ae*+ Be-*, 
(ii) (D?4+2D2+2D+1)y = 0. The factors of D?+2D?+2D-+1 
are D+1 and D?+D-+1. 
The solution of (D+1)y = 0is y = Ae-*. To solve 


(D?+D-+l)y = 0 
we write the equation in the form {(D-+}3)?+2}y = 0, whence | 
(D?+ fey = 0 
and so the solution is y = e~#*(P cos $V32+ Q sin $V3 2); therefore 
the solution of (D?++2D?42D+1)y = 0 is 
y = Ae-*+-e-**(P cos $v3x+ Qsin $v3 2). 


5039 fe) 
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(iii) Pe re 5)2y = 0. The solution of (D+1)'y = 0 
is y = e-*(L+ Mz+Nz?), and the solution of (D?--2D+5)*y = 0, 
ie. {(D—1)?+4}*y, is 
y = e*{(a+-bx)cos 2x-+-(c-+-da)sin 22}, 
so that the general solution of equation (iii) is 
y = e-*(L-+ Max-+Na*)-+ e*{(a-++ bx) cos 2a+- (c+-dx)sin 22}. 


11.6. If y = y, is a solution of L(D)y = 0 and y = 7 is a solution 
of L(D)y = R then y = y,+7 is a solution of L(D)y = £. 
For L(D)\(y.+) = L(D)y,+ L(D)y = B 


11.61. If y = Y is the general solution of L(D)y = 0 and y = y, 
is any solution of Z(D)y = R then any other solution, y = 7, of 
L(D)y = R satisfies 7, = Y-+n, for a suitable choice of the con- 
stants in Y. 

For L(D)(y2—m) = L(D)2.—L(D)n, = R—R=0 
so that y = 7,.—7, is a solution of L(D)y = 0, and therefore, 
with a suitable choice of the constants in Y, y,—7, = Y. 

It follows that the equation L(D)y = R is completely 
solved if we know the general solution of L(D)y = 0 and 
any solution, however particular, of L(D)y = R itself. In 
relation to the solution of L(D)y = R the solution of L(D)y = 0 
is called the Complementary Function and the particular solution 
of L(D)jy = RB is called a Particular Integral. The sum of the 
Complementary Function and a Particular Integral is called the 
Complete Integral. We have seen how to find the complementary 
function of the equation L(D)y = R; it remains to consider how 
a particular integral may be found. 

11.62. Ify = 7, is a solution of L(D)y = R, and y = 7, a solution 
of L(D)y = R, then y = 7,+ 7, is a solution of L(D)y = R,+ R,. 

For = L(D)(m +72) = L(D)m+L(P) 12 = By + Ry. 

11.7. Particular integrals of the equation L(D)y = R when 
R takes one of the forms e?*, x‘e?*, sin px, cos px, x"sin px, 
x'cos px, e™x'sin px, e™x'cos px, and x". : 
11.701. If L(D)y = e?*; since L(D)e?* = e?*L(p), therefore, pro-— 
vided Li{p) 40, L(D){e?*/L(p)} = e?”, and so a solution of 
re ld y = &/L(p). 
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11.71. If L(D) = (D—p)*g(D), where g(p) ~ 0, then a solution of 
L(D)y = e?* is 


ep ok 
Y= 9(p) Ei 
For L(D+p)x* = g(D-+p)D*xt = g(D+-p)k! = g(p)k! 
and so eP®L(D-+-p)x* = g(p)k! eP*, 
i.e. —— E(D)eP®ck = g(p)k! eP#, 
epr ak 
whence a) a Epa, 


11.72. If y = y, is a solution of L(D)y = e?* then a solution of 
: dy 
L(D)y = xe®* is y= —2). 


Differentiate the equation L(D)y, = e®* r times with respect to 
y and we find 1p) v3 = xeP%, proving that y = va satisfies 

L(D)y = xrer@, 

In particular, if the result of taking » = 0 in d'y,/dp", after 
differentiating, is denoted by y* then y = y* is a solution of 
L(D)y = x’. 

We shall later give a more direct method of finding a solution 
of L(D)y = x". 

ExamMPie. (D?—1)y = x(1+-x)e. 

The solution of (D?—1)y = e?* is 


epe 
ed pl 
dy xeP™ —— per 
and so dp * pei ip 
ana d*y = x%eP= — darpeP™ §=—-2.(3p?-+4+- 1 )eP™ 


dp pl (p18 "(p18 
Taking p = 2 we see that a solution of (D?—1)y = xe®* is 
xe 4 
39°? 
and a solution of (D?—1)y = 2*e** is 
we 8 2. , 26.2, 
3 a acs +57 
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and therefore a solution of (D?—1)y = x2(1-++z)e”* is . 
5 a. ee . 
Y= ae are +55¢ (using § 11.62). 
11.8. To solve L(D?)y = cos az. 
Since | L(D*)cosax = L(—a*)cosax 
we have 
2, cosax , = 
L(D Ta) =cosax provided L(—a*) + 0, 
so that the solution is 
__ cosax 
~~ LE(—a?)’ 
Similarly the solution of L(D*)y = sinaz is y = nai" 


11.81. If L(D?) = (D?-+-a?)*g(D?), where g(—a*) 4 0, then 
L(D*)x*cos(aa-+-3km) = g(D?)(D?+-a*)txkcos(ax-+ $n) 

= g(D?)(2a)*k! cos ax 

= g(—a?)(2a)*k! cos az. 
Hence the solution of 

g(D?)(D?-+La*)*'y = cosax 

is _= ak cos(ax-+ fhm) : 

k! (2a)*9(—a?) 
11.82. If L(D) is not a polynomial in D* then L(D) may be 
expressed in the form f(D*)+Dg(D*). 


Then L(D)y = cos ax 
takes the form {f(D?)+Dg(D*)}y = cosax. (i) 
But 


{f(D®)-+Dg(D*)}{f(D*)—Dg(D»)} 
= {f(D*)}*—D%g(D9)}? = h(D*), say, 


and so 
{ f(D?) +Dg(D*)}{ f(D?) —Dg(D?)}cos ax 
= h(D*)cosax = h(—a*)cos az, 
showing that a solution of equation (i) is 
y = {f(D*)—Dg(D*)}cosax/h{(—a*) provided h(—a?) 4 0. 
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_ f(—@*) _ pgl—@) 

Whence y= h(a) cosax—D haa?) cos ax, 

i.e. y = {f(—a?)cos ax+ ag(—a?)sin ax}/h(—a?). 


Since h(—a?) = {f(—a*)}*-+.a*{g(—a”)}*, h(—a?) can vanish only 
if both f(—a?) and g(—a?) are zero. If f(—a?) = g(—a?) = 0, let 
(D?+-a?)* be the greatest power of D?+a? which divides both 
f(D?) and g(D?) and let the quotients of f(D?), g(D*) by (D?--a?)* 
be F(D?) and G(D?) so that F(—a*) and G(—a?) do not vanish 
simultaneously. Further let H(D*?) = {F(D?)}®?—D*{G(D*)}*. Then 
L(D) = (D?+a*){F(D?)+ DG@(D*)} and so, since 

(D?-a%){ F(D®) + DG(D*)}{F (D®)—DG(D*)}*cos(ax-+ $k) 

== H(D?)(D?-+a?)'xkcos(ax+-8km) = H(D*)(2a)*k! cos aa 
= H(—a?)(2a)*k! cosaz, 
therefore a solution of L(D)y = cosaz is 
x*cos(ax-+ 3km) 
_ 2) 2 
_ { L(—D) een ee 
7 (pany k1(2a)*H(—a?) ° 
Alternatively, since 
L(D)L(—D) = {f(D?)}?—D{G@(D*)} 
= (D?+-a2)*H(D?), 
therefore 
L(D)L(—D)x**cos(ax-+ 3k) = H(D*)(D*®+-a*)**x?*cos(ax-+ 3kr) 
= H(D*)(2a)?*(2k)! cos ax 
= H(—a*)(2a)?*(2k)! cos ax, 
and so another solution of L(D)y = cosaz is 
__ L(—D)x**cos(ax+ 3k) 
Y = ~"A(—a*)(2a)**(2k)! 


11.83. To solve L(D)y = e?*cos ax. 
We have ez L(D)y = cosax 
and so LI(D+p)ye-?* = cosaz, 


which is of the form M(D)z = cosaz, and the solution is completed 
as in 11,82, 
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11.84. If y = y, is a solution of L(D)y = e”*cos ax then 
L(D)y, = e?*cos az, 
and so, differentiating r times with respect to p, we have 


Lp) = aeP@cos ax, 
which shows that a solution of the equation 
L(D)y = x*e?*cos ax 


is y= = 


where y = y, is a solution of L(D)y = e?*cosaz. 
Similarly, if y = y, is a solution of L(D)y = cos(ax+ 3r7) then 


= oes is a solution of L(D)y = z’cosaz. 


Exametes, A solution of (D?+-2D—3)y = 3e* is 
SE ag 
Y= 192-3 5 
A solution of (D—2)3(D?+D-+1)y = ec? is 


a ae 
To find a solution of (D?+2D2+3D-+8)y = cos 32. 
Since D3+2D?+1-3D4-8 = 2D?+-8+ D(D?-+-3) 
we consider 
{(2D2+4-8)+ D(D?-+3)}{(2D?-++ 8) —_D(D®-++3)}cos 3a 
== {(2D?+- 8)?—D*(D?-+3)"}cos 3x 
= {(—18+8)?+ 9(—9--3)*}cos 3a = 424 cos 32, 
which shows that a solution of the equation 
_ {(2D*4.8)+D(D?-+3)}y = cos 3x 


cos 3x 


is y= {(2D*+8)—D(D*+3)) EF 


10 
= — 7400832 + Doos3 3x 


5 9 . 
= 319 8 ag 3a. 
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To find a solution of (D?—4D+5)*(D?—4D+ 6)y = e**cos x. 
We have 
e~**(D?—4D-+-5)*(D?4D-+-6)y = cosx 


and so (D?+-1)?(D?2+ 2)ye-2= = cos. 
Now 

(D? + 2)(D?+-1)?2*cos(x-+-3m) = (D?-+-2)22(2!)cosa = 8cosx 
and so a solution of the equation is 


2 2 
yee 5 cos(x-+37) = —<cosz, 


i.e. y = —fe*2%cos x. 

In particular cases it may be possible to make L(D) a function 
of D* without multiplying by Z(—D), by using only some of the 
factors of L(—D). For example, to solve (D?-++ 4)3(D-+-1)y = cos 2x 
it suffices to consider (D?-+4)3(1—D*)y = cos 2z; since 

(D?+-4)8x8cos(2a-+$7) = 48(3!)cos 2x 
therefore 
(1—D?)(D?-+-4)°xcos(2z-+$r) = 49.3!(1-+4)cos 2a 
so that a solution of (D?+-4)8(D+-1)y = cos 22 is 


_ (1—D)a%cos(2z+37) . (2®—32z?)  a2®cos 2x 
G6 oe oe er 


(Of course a solution of (D?+-4)3(1 —D*)y = cos 2x may be written 
down directly by 11.81.) : 


11.9. The equation L(D)y = R when L(t) is a polynomial of the 
mth degree and FR is a polynomial in x of the kth degree. We 
assume that L(0) + 0, for if L(D) = D?L*(D), then integrating 
D?°L*(D)y = RB repeatedly we find L*(D)y = 8, where L*(0) 4 0. 

Suppose we can find a polynomial M(t) which is of the kth degree 
and which is such that L(t)M(t)—1 contains no term of degree less 
than ¢*+1, so that L(t)M(t)—1 is of the form ##+1N (t), then 


{Z(D)M(D)—]}R = N(D)D*41R = 0, since Risof the kth degree, 


and so L(D)M(D)R = R, 
which shows that a solution of the equation L(D)y = R is 
y = M(D)R. 


It remains to show how to find the appropriate polynomial M(t). 
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The condition that L(t)M(t)—1 contains no term of degree less 
than t*+1 means that the coefficients of #, #, #,..., in the product 
L(t)M(t) are zero and the coefficient of ¢° is unity, so that we have 
k--1 conditions to determine the k+1 coefficients of the poly- 
nomial M(t). Alternatively we can determine M(t) as follows: 


We have L(t) M(t) = 14+¢**N(t) 
il Nit) 
and so M(t) = Te ae 


Divide L(t) into unity until we obtain a remainder R(t) divisible 
by t#+1 and a quotient Q(¢) of the kth degree and let R(t) = &+18(d). 
Then 
My = Qe TO FSO, 


Since pa TOO is equal to the polynomial M(t)—Q(t) and 
since L(t) is not divisible by t, therefore L(t) must divide NV (¢)+ S(é) 
and so pa is either a polynomial of degree (k+1) at 
least, or is zero. But M(t)— Q(t) is of degree k at most and therefore 
N(t)+S(t) = 0 and M(t) = Q(t), showing that the required poly- 
nomial M(t) is obtained by dividing L(t) (ordered by increasing 
powers of ¢) into unity until the quotient is of the kth degree. 
11.91. To solve L(D)y = Re®*, where R is a polynomial, write 
e~PtL(D)y = R, 

whence L(D+-p)ye?* = R 
and the solution proceeds as in 11.9. 

Exampues. I. To solve (D+2)?(D+4)’y = e~*a?(1+-24). 

We have e8*(D-+-2)?(D+-4)?y = 27(1+2%) 


and so (D—1)*(D+1)®ye* = a?-+-25, 

i.e. (D?— 1)?ye®* = a?+-25, 
1 

Now ia 1+ 242+ 344+ 446+... 


and so a solution of the differential equation is given by 
yer = (1+2D243D4)(2?+25) 
= 9?+4+454 4023+ 3600 = 23+ 402° +-2?+ 3602+ 4, 
i.e. y = e325 4025+. 27+ 360x-+ 4). 


https://t.me/ pdf4exams 


Downloaded from htts:/ / t.me/ civilsbuzz 
DIFFERENTIAL EQUATIONS 201 


ITI. To solve (D—5)?(D—6)’y = ated, 
We have (D—1)?D8ye~5" = a4, 
whence D8ye->* — (14+ 2D+43D?+4D8+ 5D*)x4 


= a1 823+ 36a? 96x-+-120 
and so 
8x6 3625 962% 12023 


a 
rr sa we ay eee pita te riot 
i Bs ea 4.3.2"°1.2.3° 


Le. y= = PON {at + 14a + 1260*4 8402-4 4200). 


11.92. Variation of parameters. Lagrange’s solution of 
L(D)y = R(x). 

Let 41; Yo:--+; Yn, be a fundamental set of solutions of the equation 
L(D)y = 0, and define the set of functions ¢,(x), ¢o(z),..., ¢,(%) by 
the n equations 

ee CY tle Yot---+lnYn = 9, 
pee ees ilk Pin = = 0, 


o, D*-2y, +0, D*-2 Wes Bes D'-ty, = 0, 
¢, D®-ly, 4, “y+... +c, D™-ly, = R. 


. The equations are solvable for ¢, cy,..., ¢, since the Wronskian 


of the set ¥,, Yo,..-, Y, is not zero for any x. 
Then y=y, i} c, dx +42 | Cade +..+Yy { Cy AX 
is the general solution of the equation L(D)y = R 
Proof. Write C(x) = f c,(z) dz, 1 <r<n, so that 
C(x) = ¢,(z), 
then if Y= WQtyeQat.-+Yn Cn 
it follows that 


Dy = CG, Dy, + ©, Dyg+...+-€, Dyn, 
since > y, DC, = > y,¢, = 0, 


Dy = C, D*y, +C, Dy, +...+-0,, D°yn, 
since > c, Dy, = 0, 


Dr-ly = O, Dy, +...+C, Dy, 
since > c, D"-*y, = 0, 
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and Dty = C,Dy,+..+0C,D’y,+R, since }c,D"—y, = R, 
whence L(D)y = C, L(D)y,4+...4-€, L(D)jy, +R = R. 
Exampie. To solve (D?+1)y = sec*x. 
The fundamental set of solutions of (D?-++1)y = 0 is sina, cosa. 
The solution of the equations 
c, cos7-+-c,8inx = 0, —c,sinxz-+c,cosx = sec’x 
is c, = —secxtanz, c, = secx. Hence the general solution is 
y = sing J secx dx — cosx i sec x tan a dx 
=A sinz-+Bcosz + sinzlog(secx + tanxz)—1. 
11.93. Simultaneous differential equations 


11.931. Routh’s method. The general solution of the system of 


equations Piut+Q,vt+k,w=0, n=1, 2,3, 


where wu, v, w are functions of x and P,, Q,, R, are polynomials 
in D,, n = 1, 2,3,isu =A, v = py 6, w= 6, where Ag, Hy: Vn 
are the cofactors of P,, Q,,, R,, in the determinant A with nth row 
P,Q, Ry: = 1, 2, 3, and £ is the general solution of the equation 
Al = 0. 

For 

P,U+Q,0+8, w = (Parr tn bat Bards = 0 

for all C ifn = 2 or 8 
=AC ifn=1, 

and so all three equations are satisfied if Af = 0. 


11.932. A particular integral of the system of equations 
; Piut+Q,vt+k,w=X,, n= 1, 2,3 
is 
w= AyEAAH+AS, Y= Mé+eeantHss, w= vyEtventysf, 
where €, n, Care any particular integrals of the equations Af = X,, 
An = X,, and At = X; respectively. 
For - 
Pyut+Qye+kyw = (Pry t+ Qi pat By ré+ 
+(Pyrgt Qi tat By v2) t+ (Fy Ast Qi rst Ry r9)b = AE, 
and. similarly 
Pyut+Q,v+R,w = An, Pyut+Q,v+ Raw = AC. 
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11.933. If w= U, v= V, w= W is the general solution of the 
equations L, = P,u+Q,v+F8,w = 0,n=1, 2, 3, and wu = %, 
v = Ug, W = w, is a particular integral of the system L, = X,, 
nm = 1, 2, 3, then u = U+uy, »v = V+v5, w = W+, is the com- 
plete solution of the system L, = X,, n = 1, 2, 3. 

Let u = u*, v = v*, w = w* be any solution of the equations 
L, = X,; then u = u*—ug, v = v*¥—v9, w = wt—w, are solutions 
of L,, = 0, for 

P,(u*—tig)-+Qq(0*—09) + Ry (tw*—w,) = = X,—X, = 0. 
Hence u*—u, = U for some values of the constants in U, etc., 
and so w= U+%u, v=Vty, w= W+w, is the odiniilete 
solution, 

Examp.e. Solve the system of equations 

Du+v-+-(D+1)w = 0, (D+1)u+Dv-+w = 0, 
u+(D+1)v+Dw = 0. 
We have A = 2(D?+-1) and so a 1)¢ = 0 whence 


C= Ae*+el=(B cos ea+0 sin —— ab at. 
Therefore 
w= (D®?—-D—1)f = Ac-*—2ei+| Boos r+ sina}, 
v= (1I—D—D*)f 


= Ae-*-+elel(B— CN3)cos Fat (C+Br9ysin Sa}, 
w= (D°+D+1)f 
= Ae-*}-<[(B4 Ov3)008 82+ (0— Bvs)sin >, 
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XII 
MEAN-VALUE THEOREMS 


THE DERIVATIVE ATTAINS THE MEAN SLOPE. ROLLE’S 
THEOREM. THE CAUCHY FORMULA. THE GENERALIZED 
CAUCHY FORMULA. MEAN-VALUE THEOREMS FOR INTEGRALS 


12. As in § 3.6 we shall denote {f(b)—f(a)}/(b—@) by x(a, 5). 
12.1. If X lies in [a, 6], and if p(a, X) > pG, 5), then 
p(X, b) < p(a, 6). 

For if {f(X)—f(a)}/(X—a) > {f6)-f(@)}/(6—a) 
then LX) > fOHIO)S@}{(X—a)/(o—a)} 
and so 

f(6)—f(X) < {f£6)-f(@}—{f)-f@}{(X —a)/(6—a)} 

= {f(b)—f(@)}{(6—a)—(X—a)}/(b—a) 

= {f(6)—f(@}(6—X)/(b—4), 
whence p(X, b) < p(a, 6). 
12.11. Similarly, if p(a, X) < p(a, 6) then p(X, b) > pla, b). 
12.2. If {f(«)—f(a)}/(w—a) is constant in (a, 6) then f’(x) = u(a, 6) 
for any x in (a, 6). 

For {f(z)—f(a)}|(—a) = p(a, 6) and so 
f(z) = f(a)+H(a, 6).(z—a), 

whence f’(x) = p(a, 6). 
12.21. If {f(x)—f(a)}/(w—a) is not constant in (a, 5), then we can 
determine a point c in [a, b] such that f’(c) = p(a, 6). 

For if p(a, x) is not constant, there is an X in (a, 6) such that 
p(a, X) is different from (a, b). Suppose u(a, X) > p(a, 6), so that, 
by 12.1, p(X, 6) < pa, 6). 

Now by 3.61 there is a point c, in (a, X) such that 

f(x) > wa, X) 
and a c, in (X, 6) such that f’(c.) < y(X, b), and therefore 
f'(e1) > wa, 6) > f'(C2)- 
Since f’(x) is continuous (3.02), f’(a) takes every value between 
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f'(c,) and f’(c,), and in particular there is, accordingly, a point c in 
the open interval [c,, c,] such that 


Fc) = #(@, 6). 
Since c lies in [c,, c,], therefore c lies in [a, b]. 
Similarly, if u(a, X) < p(a, 6) there is a point c in [a, b] such 
that f’(¢) = p(a, b). 
Theorems 12.2 and 12.21 together give: 


12.22. If f(x) is differentiable in (a, b) then there is a point c 
such that f'(c) = {f(b)—f(a)}/(b—a) anda <c <b, 
Theorem 12.22 is known as the mean-value theorem. 


12.23, It is important to observe that in the mean-value theorem we prove 
the existence of a point c where the derivative equals the mean slope in 
(a, 5), and ensure that this point lies between a and 6, and does not coincide 
with an end-point of the interval. The existence of a point in the closed 
interval (a, b) where the derivative equals the mean slope—a result of 
relatively little importance—is of course a consequence of 12.22 but may 
be established more simply as follows: We know directly from 3.61 that 
there are points c,, ¢, in (a, b) such that f’(c,) < p(a, b) and f’(ex) > nla, b); 
if equality occurs at either place the result is established, and if there is 
‘no equality, then f’(c,) < u(a, b) < f’(c,) and Theorem 12.21 follows. 


If f(a) = f(b) then u(a, 6) = 0 and from the mean-value theorem 
we deduce Rolle’s theorem that 


12.3. If f(x) is differentiable in (a, b), and if f(a) = f(b), then 
there is a point c such that f/(c) = 0 anda <c <b. 


{ 


Although apparently just a special case of the mean-value 
theorem, Rolle’s theorem is in fact as general as the mean-value 
theorem; we shall show this by establishing Rolle’s theorem 
independently of 12.22 and then deriving the mean-value theorem 
from it. 


12.4. If f(x) is constant in (a, b) then f’(z) = 0 throughout (a, b). 
12.41. If f(a) = f(b) and f(x) is not constant in (a, b), then there 
is a point c such that f’(c) = 0 anda <c <b. 

For if f(z) is not constant there is a point X in (a, b) where F(X) 
differs from f(a); suppose that f(X) > f(a), then since f(b) = F(a) 
it follows that.f(X) > f(b). 

By 3.61 there is a point c, in (a, X) such that 


FG) & {f(X)—f@}/(X—a) > 0, 
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and a point c, in (X, 6) such that 
feo) < {f(6)—f(X)}/(@—-X) < 9; 


hence since f(x) is continuous, positive at c, and negative at Cy, 
therefore there is a point c between c, and c, such that f’(c) = 0. 
Similarly, if {(X) <-f(a), there is a point c in [a, 6] where the 
derivative vanishes. 


12.42, Theorems 12.4 and 12.41 together give Rolle’s theorem. 
Consider now the function ¢(x) = f(x)—Az; ¢(z) is differentiable 
and ¢(a) = ¢(b), provided f(a)—Aa = f(b)—Ab, ie. provided 
A = p(a, b). Thus (x) satisfies the conditions of Rolle’s theorem 
and so there is a point c in [a, 6] such that ¢’(c) = 0; but 


$' (x) = f'(x)—HG@, 6) 
and so f’(c) = p(a, 6), which proves 12,22. 


12.5. If f(z) and g(x) are differentiable in (a, 6) and if g’(x) # 0 
in [a, b] then we can determine a point c in [a, 6] such that 


fe)—fla) _ fe) 
12.51. = Fe) 7) (Cauchy). 
Consider the function L(x) = {f(b)—f(a)}g(x)—{g(b)—g(a@)}f(x); 
L (a) is differentiable, and L(a) = L(b) = f(b)g(a)—f(a)g(b). Hence, 
by 12.3, there is a point c in [a, 6] such that L’(c) = 0, ie. 

{fe)—f@}9'(e) = {9(b)—9(@} FC). 

Since g’(z) #0 in [a, 6], therefore g’(c) 40, and g(b) # g(a), 
whence equation 12.51 follows. 

The interest in 12.51 lies in the fact that the variable on the 
right-hand side has the same value ¢ in both numerator and 
denominator, an identity which cannot be ensured by the applica- 
tion of the Mean-Value Theorem to f(x) and g(x) separately. 

The Cauchy formula (12.51) is really an example of the applica- 
tion of the Mean-Value Theorem to a composite function. 

For if G(z) is a function differentiable in an interval (a, 8), with 
a non-vanishing derivative in [«, 8], then, since the derivative of 
f(G(x)) is f'(G(x))G’(x), by the Mean-Value Theorem there is a 
point y in («, 8) such that 


ACEN-LEM) — Fae. (i) 
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Since G(x) 4 0 in (a, B) and G(x) is necessarily continuous, 
therefore G’(x) is of constant sign, and so G(x) has a unique 
differentiable inverse g(x), say, such that G(x) = 1 /¢'(G(z)). 
Write a, 6, ¢ for G(«), G(8), Gy) so that g(a) = «, g(b) = B, and 
equation (i) becomes f()—fla) _ fe. 

9(6)—9(@) — 9c) 
12.52. The functions f(z), g(x) are differentiable » times in the 
interval (a, b), ft(«) _ g"(«) =0, l<r<n, 
and lg"(x)| > 0 in fo, 5], l<r<n. 
Then if « < a < 6, we can find ¢ such that 

fo)—Fla) _ fey 

g(b)—g(a) gc) 

For by Cauchy’s formula we can find Cz, Cay.) Cy—y, © in turn, 


eee fO)—fla) _ fe) 
g(b)—g(a) (cy) 
aa Ley) _ Fle—F (a) _ Plc) _ oe ent) 
9'(ey) — g’(e,)—g’(«) 97 (C2) g* (C4) 


Mona) — fa) _ fo) 
9" MCy-1)—9" Ka) g(c)’ 
which completes the proof. 

Note that c, lies in [a, 6], so that c, > a, and since Cp41 lies in 
[«, ¢,] therefore c, > « implies that c,,, > «3; hence c, > « for all 7, 
and therefore |g"(xz)| > 0 in each of the intervals [a, ¢,], which 
justifies the applications of Cauchy’s formula made in the proof, 
The conditions a <<a <6 may be replaced by a <6 <a; the 
essential point is that the derivatives g'(z) should not vanish 
between a and b. 


12.53. The functions f(x), g(x) are differentiable n times in (a, b), 


and |g”(x)| > 0 in (a, 6). 
Tf f(x), g(z) vanish simultaneously at distinct points between 
a and b then there is a point ¢ = e(z) between a and b such that 
fiz) _ fc) 
g(x) g*(c) 
at all points of (a, b) where g(x) + 0. 
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Proof. Let 
H(t) = fla)g(t)—g(z) ft), «<4 <b, g(x) #0, 

then H(t) is differentiable m times in (a, b) and H(é) vanishes at 
n-+1 distinct points in (a, b), say at t,, t,..., t,, and 2. Hence by 
Rolle’s theorem we can find n points u, Ug,...5 U1 U, in (a, b) 
such that H'(u,) = 0, r= 1, 2,...,n—I1, n. 
It follows that there are (at least) n—1 points in [a, 6] where H(é) 
vanishes, n—2 points where H(t) vanishes, and so on up to 2 points 
where H*~-\() vanishes, and so finally we reach a point c in [a, 6] 
where H"(t) = 0. But H(t) = f(x)g"(t)—g(x)f"(t) and so 
F(a)g"(c) = g(x) fr(c) 

fle) _ fc) 

g(x) gc) 
provided g(x) + 0 (for g”(c) ~ 0 by hypothesis). 

As an application of 12.53 we prove that if d(x), %(z) are twice 
differentiable in (y, z) and if x is a point in this interval then there 
is a point ¢ in [y, z] such that 
(y—2)b(x)+ (2—2)b(y)+(@—y) $2) __ $°(c) 
(y—2)b(a)-+ @—a Wy) + (e@—y)o@) — P(e)" 


f(x) = (y—z) h(x) + (2-2) bly) + (2—y)4(2), 

g(x) = (y—z)yp(ae) + (2—a)b(y) + (e—y (2) 

fhen both f(x) and g(x) vanish at the end-points of the interval 
(y; 2). 


12.541, Taking ¢(x) = (w—y)(z—x) in 12.54 we obtain the inter- 
polation formula 


$(a) = —— ay) + 80) —Hx—y)(e—2)6%(c). 


or 


12.54 


For if 


12.542. In determinant notation formula 12.54 may be written 
P(c)| P(x) wx 1| = P%(c)| ye) x 1 
oy) y 1 vy) y ii, 
o(z) z 1 wz) 2 1 


which immediately suggests the extension to four or more variables. 
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12.55. If d(x), ¥(x) are differentiable three times in an interval 
which contains the four points z, y, z, w then there is a point c in 
this interval such that 


Y8(c)| d(x) a? x 1|= d%(c)| g(x) 2? aw 1 
oy) yw y 1 oy) yy y 1 
f(z) 2 z 1 wz) 2 2 IP 
d(w) w? w il p(w) w? wl 


This is an immediate consequence of Theorem 12.53, with n = 3, 
since each determinant is a.function of z which vanishes at the 
three points y, z, w. 

An alternative method of proof is to observe that the determi- 


7 Hw) =|¢) ¥Q ®t 1 
$e) W(x) a® 2 1 
oy) wy) yw y 1 


gz) H(z) 2 z 1 

p(w) (w) we w tl 
is a function of t which vanishes at the four points x, y, z, and 
w, so that H%(t) vanishes at some point c. Only the first line of 
the determinant varies with t, so that the third derivative of the 
determinant is obtained by differentiating the elements of the 
first row three times, which leads immediately to the required 
formula. 


12.6. Integral mean-value theorems 
If we apply the mean-value theorem to the function 


F(@) = i g(t) dt, 
a 
since f’(x) = g(x), we have the mean-value theorem for integrals 
{ g(x) dz = (b—a)g(c). 
a 
We have already obtained this result in 9.13; the present proof 


has the advantage of not assuming a knowledge of the least and 
greatest values of g(x) in (a, 6). 


5039 Pp 
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12.61. Applying 12.5 to the functions 
F(x) = [fOg@) dt, — G(x) = [ git) ae 


with g(x) > 0 in [a, 6], so that G(x) is increasing in (a, b), we have 
' F(b)—F(a) _ F’(c) 


G)—Ga) Gc)’ 
1.ée. 


b b 
{ { reratey ax} /{ f ola) de} = flergeriale) = fle), since glo) + 0, 
whence , : 
12.611. f F(a)g(x) da = f(c) f g(a) dx. 


12.611 is known as the second mean-value theorem for integrals. 


12.62. In 12.61 the condition ‘g(x) > 0’ in [a, b] may be replaced 
by ‘g(x) < 0’ in [a, 6], for if g(x) < 0 then —g(xz) > 0 and so by 
12.611 ‘ ‘ 


J Fe—a(e)} dee = fle) f {—g(a)} de, 
b b 
whence J fle\g(@) dx = f(e) f g(a) de. 
12.7. If f(x) and g(x) are continuous in (a, b) and if f(x) is mono- 
tonic (increasing or decreasing), and g(x) > 0, in [a, 6] then there 


is a point c in [a, b] such that 


b c ; b 
12.71. [ flx)g(a) de = fla) [ gl) dx + f(o) [ g(a) dex. 


Let G(x) denote the function f(a) Ff oe) dx + f(b) re g(x) dx, and 


b 
k the integral f g(x) da, 
a 


Then G(a) = kf(b) and G(b) = kf(a), and by 12.611 there is 
a point X in [a, b] such that 


b b 
J Feat) dee = f(X) f ole) de = kf(X). 
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Since X lies in [a, 6] and f(x) is monotonic, therefore kf(X) lies 
PEON k f(a) and kf(b), i.e. kX) lies between G(a) and G(b); 


but J f(x)g(x) dx = kf(X), and so i f(x)g(x) da lies between G(a) 

and “G(b). Therefore, as G(x) is continuous in (a, b), we can deter- 

mine a point c in [a, b] such that G(c) = j f(x)g9(x) dx, which proves 
a 

12.71, 


12.72. f(x) is monotonic and continuous, and does not change 
sign in (a, b), and g(x) is continuous in (a, b) and greater than zero 
in [a, 5]. 

If f(x) is positive and decreasing (or negative and increasing) 
then there is a point c in [a, 6] such that 


6 e 
12.73. f f(x)g(x) dx = f(a) f g(x) dx 


and if f(x) is positive and increasing (or negative and decreasing) 
then there is a point c in [a, 6] such that 


b b 
12.74. i! f(x)g(a) dx = f(b) J g(x) da. 


Proof of 12.73. If f(x) is positive and decreasing then 
{f(a) —f(x)}9(x) = 0, x = a, 
and so f {f(a)—f(x)}9(a) dx > 0, whence 


o<] fla)g(e) dex < f(a) j (ce) dx 
and so j S(x)g(a) dx lies between the values of f(a) j g(x) dz for 


z=aandz = 8. Since fs g(x) dx is continuous there is, therefore, 


a@ 
a point c in [a, b] such that 


c b 
fla) { g(a) de = f flw)gle) de, 


b c 
i.e. fF F@)g(w) dx = fa) f g(a) de. 
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If f(x) is negative and decreasing then —/f(x) is positive and 
increasing and so 


b ¢ 
J Seale) de = —fa) f g(a) de 


b c 
whence f S(x)g(x) dx = f(a) i g(x) dx. 


Proof of 12.74. If f(x) is positive and increasing then 
{f)—f@)}jo@) >0 for x<b 


b b 

and so i f(x)g(x) dx lies between zero and f(b) J g(x) dx, whence 
a a 

the proof is completed as in 12.73. 


12.75. We may interchange f(a) and f(b) in 12.71; the only change 
x b 

in the proof lies in taking G(x) = f(b) [ g(x) dx + f(a) | g(a) da. 
a x 


b 
In 12.73 we may replace the right-hand side by f(a) f g(x) dx, 
e 
b b b 
for f f(x)g(x) dx lies between f(a) | g(x) dx and f(a) | g(a) da and 
a b a 


80 ( f F(x)g(x) ae) / f(a) is a value of f g(x) dx for an x between 


a and b. 
Similarly, in 12.74 we may replace the right-hand side by 


F(6) f g(x) dx. The point to notice is that when f(x) is positive 


and decreasing we take f(a) outside the integral, and when f(z) is 
positive and increasing we take f(b) outside. 


12.76. In Theorem 12.72 the condition that g(x) is greater than 
zero in [a, 6] can be relaxed. We shall show that formulae 12.73 
and 12.74 hold even when g(x) changes sign in [a, 6], provided that 
g(x) vanishes only a finite number of times in [a, 6]. It suffices to 
consider the case when, for instance, g(x) vanishes twice in [a, 6], 
the proof applying, unchanged, to any other case. We prove in 
fact: 
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12.761. If f(x) is positive, increasing, and continuous in (a, 6), and 
if g(x) is continuous in (a, 6) and vanishes only for z = «and z = B 
in [@, 6], « < , then there is a point c in [a, b] such that 

b b 

J f@)g(@) dx = f(b) { g(x) de. 

a ¢ 

Proof. Since g(x) is continuous and non-zero in [a, «], [w, B], and 

[B, 6] therefore g(x) is of constant sign in these intervals, whence 


“by 12.61 and 12.62 we can find ¢,, cg, cs in [a, a], [a, B], [B, 2] 
respectively such that 


b 
J fle)g(e) da 
a 7 B " 
= | fleg(e) dx + | fla)g(n) de + | flwg(a) dex 
@ « B 


a b 
=f (ex) f gle) de +f(es) i g(a) dx -+fles) [ g(x) de 
a od B 


b b b b b 
=fte{ [ - foe ae|-+fley{ | — | ote) dx| 4410) | ofa) ae 
a a B B 


= fla) i oer) dex + {f (co) —F(ex)} i g(a) dex + 
+ (cs)—F(ca)} i g(x) dee 
=f) i ge) dex + £4 (62) Fic) J g(z) dx + 
+£f(¢a)—F(ca)} J g(a) da + {f(b)—F(cs)} / g(a) de, 


6 
since J 9@) dz = 0; 
6 
hence if J and g are the least and greatest of the four numbers 


fate ae, foteyde, foteyde, ond f ote) a, 
dicts a oa B 6 


f(x), {F(ce)—f(ex)}, F(es)—F (ce), and {f(6)—f(cs)} 
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are positive, and 


F (Cr) +{F (C2) —F(ex)} +f (Cs) Ff (Ca)} + {F(0) —F(Ce)} = F(0), 
b 
we have 1f(b) < | fledg(a) de < gf(b)- 
Thus f f(a)g(x) dx lies between two values of the continuous 


b 
function f(b) f gl) dz, a <t <6, and so there is a value of ¢ in 
t 
[a, 6], ¢ (say), such that 
ob b 
J Fe g(a) dee = f(b) { gle) de. 
12.762. If f(x) is positive, decreasing, and continuous in (a, b) and 
if g(x) is continuous in (a, 5) and vanishes only for « = a, x = B 


in [a, 6], « < f, then there is a point c in [a, 6] such that 


b c 
| Fleygte) de = fla) { g(x) de. 
For ° . 


] “ B b 

| Fle)g(e) dex = Fler) f + Flea) J +(e) [ 96a) ao 

a = a Z j : 
= {f(a)—Fley} { +£fe)—F(ca)} { +£Fle2)—Flea)} | +4 (ea) J 

and so f f(x)g(z) da lies between /f(a) and gf(a), where J and g are 


t 
the least and greatest of the four numbers J g(x) dx, t = a, a, B, 6, 
a 


whence the proof is completed as above. 
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XIit 


THE TAYLOR SERIES 


STANDARD AND GENERAL REMAINDERS. GENERALIZATION 
OF THE LIMIT CONCEPT. CONTACT OF PLANE CURVES. 
APPROXIMATION TO THE ROOT OF AN EQUATION 


13. In § 7.4 we proved that if the difference f(X)—f(x) can be 
expanded in — of X—zx in a convergent series 


xA— 
(X—x)ay(z) FP a(x) 4 A Se anh) bons 
then, for all values of n, a,,(x) is ome to f(z), the nth derivative 
of f(x); in other words, the expansion 


13.1. fle) +(X—x)f (2) + FED pray 4 SED pray pt 


po n 
4 Fae? poe) tn 
is the only possible expansion of f(X) in powers of X—z. 

The series 13.1 is called the Zaylor series associated with the 
function f(X), in the interval (x, X). 

We have seen that the equality of f(X) and its Taylor series is 
assured if we know that f(X) can be expanded in a series, but this 
condition is too indirect to be of much practical value, and we 
shall now consider what simple restrictions imposed upon f(z) 
directly suffice to ensure the equality of f(X) with its Taylor series. 

We shall first consider the difference between f(X) and the sum 
to n terms of the Taylor series 13.1; this difference is known as the 
remainder (after n terms) in the Taylor series. We shall denote 
the sum to nm terms of 13.1 by T(x) (or by 7,,(x) when we require 
the ‘n’ explicitly), and make the following initial assumption 
about f(x): 


a,(z)-+.. -+}—— 


13.2. f(x) is differentiable m times in the interval (2, X). 
13.21. Since 
(X—2) o, 
Trs(v) = Tyx)-+—S*" pf) and T(x) = fa) 
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therefore T.(X) = f(X), 
and 
Prax(t) = Ta) ~L—T— prte) + SAP prove, 


T(x) = f'(x); 
hence (x) = (X—zx) f(a), T;(2) = aes 3(2), 


and so on up to T(x) = Te f(x). 


Since the function 7'(z) satisfies the conditions of the mean-value 
theorem, 12.22, we can determine a point c in (2, X) such that 
T(X)—T (x) = (X—x)T’(c). 

Accordingly 

JX) Ba) = TX)— Te) = (K—2) FI pe, 
Thus 

" = —%)"~ 

13.3. f(X) = fle)-+(X—2)f'(e)4+..-$ 5 


a te 


(X—c)*-1 ,,, 
+ (Xa) Fa pa) 


If we write X—x = h and (c—2)/(X—zx) = 0, so that c = x-+6h 
and X—c = h(1—6), then equation 13.3 takes the form 


13.31. f(x--h) = £(x)-+hf'(x) + £"(x)+.. enn = (x)+ 
a (1—0)"~ 
+he CSF Px-+ 0b). 


(1—6)*-1 
(n—1)! 
13.311. We obtain a second form of the remainder by applying 
Theorem 12.5 to the functions T(x) and (X—s«)”; by 12.51 
T(X)—T(x) _ T'(c) 
(Xa ~ Spor 


The remainder h® 


f"(x-++ 6h) is known as Cauchy’s form. 


a<c<X, 
and so 


f(X)—T(x) = T(X)—T (x) = (X—ax)P (X—c)"-1 


p(X—c)P-?_ (n—1)! IMO), 
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whence f(z)—T(x) = a f"(x-+ 6h), 


which is the Schlémilch remainder. Cauchy’s remainder is just a 
particular case of Schlémilch’s with p = 1; if we take p = n we 
obtain the Lagrange remainder 


h2 
—f9(x-+ 0h). 


13.312. Applying Theorem 12.5 to the function T(x) and any 
function g(x) with derivative of constant sign we have 
T(X)—T(z) _ T'e) 
g(X)—g(x) (ec) ’ 
whence we obtain the remainder 
$(X)—s8(x) (X—c)? 
f)—T@) = 2 ee) 
which contains all the previous remainders as special cases. 
Replacing the Cauchy by the Lagrange remainder, 13.31 takes 
the simpler form 


13.32. f(x--h) = f(x)-+hf (x) +2 f(x) ++ 


a<c<X, 


ta aan 1(x)-+ 


+ Bi £(x-+-0h). 
For completeness we rewrite 13.31 also with the Schlémilch 
remainder, giving 
a ? it -i 
13.33. f(x--h) = f(x)+hf +e (x)+-.. aay =" (x)+- 


n(1—6)*- 
+P pai! 
The existence of a value of @ in [0, 1] satisfying 13.31 or 13.312 
or 13.32 or 13.33 is known as Taylor’s theorem; the actual value 
of 6 depends upon 2, h, and n (and, of course, upon the function 
f(x)), and in general is not the same in the three equations. 
The special case of Taylor’s theorem with x = 0 is known as 
Maclaurin’s theorem. Taking x = 0 in 13.32 we have 


13.331. fle) =(O)+AF OES Olt mt ea fe 40)+ 
+ © poten) 


” £9(x-+ 6h). 
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and from 13.33, 
. “a h? a hr-t 
13.332. f(x) = f(0)-+Af O+5f Ot aa + 
n(1—6)"? ry 
+h papi (Ax). 
Since f(x) is necessarily continuous, and |6h| < |h|, we can 
determine g, depending upon p, so that f"(x-+ 6h) = f"(x)-+0(p), 
provided h = 0(q). Hence, from 13.32, we find 


13.34 HER) =f) C)A EL Ott eget) + 


| +2 re) +0@)} 
for any h satisfying h = 0(q). 


13.341. Conversely, if f(x) is differentiable n times, and if for any 
h such that h = 0(q), we have 


13.342. f(e-+h) = Me(2)-+ ay ) +5, aa(e)+..p {a,(2)+-0(p)} 


then ao(x) = f(x) and for all r from 1 to n, a,(x) = fr(x). 
Proof. From 13.34 and 13.342 we have, for any A such that 
h= 0(9), 


(aol) Ma) + Wasa) —f +E fala) fp 
+ Flan(0)—fra)} = o(p—1. 


Take h = 0, then a,(x) = f(x). Suppose that a,(x) = fr(x) for 
r<k, then 


Depp Me) P(E) +t ay) pre} = Mocp—a) 


and therefore, provided h 4 0, we may divide by h*+1, giving, for 
h= 0(g), 


EL {Ax 41(@)—f*(x)} +p _— {a,,(z)—f"(2x)} 
= ve o(p— 1). 


Denote the left-hand side of this equation by ¢(h), so that 4(h) is 
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-k-1 

continuous in any interval and ¢(h) = a 0(p—1) provided 

h=0(q), #0. Hence ¢ cS ale at ae oe and so 
, m m n! : 


1 1 ‘ F 1 
(| < - provided k-+-1 <n, proving (7 +0; but as $(h) 
is continuous, (7 —> ¢(0), and therefore ¢(0) = 0, i.e. 


Ap sa(e) = f***(2x). 
Thus we have proved that a,(x) = f"(x) for all r less than n; but 
this implies that 
a,,(x)—fr(x) = 0(p—1) 


for any p, and therefore a,(x) = f(x), which completes the proof. 


13.343. Theorem 13.34 can be proved without an appeal to either 
Taylor’s theorem or the mean-value theorem; it is in fact an 
immediate consequence of the following important result: 


13.35. If (h) is differentiable times and if 
¢(0) = $'(0) = ... = ¢*-(0) = 0, and ¢$%(0) 40, 

then, for small values of |/|, $(h)/h" has the same sign as $"(0). 

Suppose that ¢*(0) = 2a > 0. Since 

$"-1(h)—g"-1(0) = Mgr(0)+-0(p)}, provided h = 0(q), 
if we choose p so that 10?a >1, we find that f"-l(h)/h > a. 
Hence if h > 0, $*-1(h) > ha and —¢"-(—h) > ha. Therefore 
2 


h 
J {$"-"(h)—ho} dh > 0, i.e. $"-*(h) ms a > 0; integrating a further 
‘ ! 
(n—2) times we arrive at the inequality g¢(h) > a a. Similarly, by 
integrating —¢"-1(—h)—ha repeatedly, we find 
7, he 
(—1)"4(—h) > 

which may be written as ¢(—h)/(—A)" > a/n!. Thus whether h 
be positive or negative, provided h = 0(q), $(2)/h" > a/n}. 

In the same way we can show that if $"(0) = —2p < 0, then 
d(h)/h™ < —B/n!, and 13.35 is proved. 
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13.351. Let A be any constant and let 
$08) =H) AMS (+ och PM) +E Eye) 4.0 —fleth). 


Then ¢7(0) = 0 for r <n, and $"(0) = A, and therefore, by 13.35, 
$(h)/h” has the same sign as A, for h = 0(q). 

Replacing A first by 1/10* and then by —1/10* we see that, 
whether h” be positive or negative, 


FONG) +E FC) A pra) —fle-+h) 


a hn 
lies between ae TT. and + Tor 


a j C4), h = 0(q), which proves 13.34. Obserye that the value of q 


and therefore is equal to 


oe which the result holds depends upon the value of A, and 
therefore upon k. 


13.36. If h, k have the same signs, and if f(x) is differentiable in 
an interval 7 which contains the points a, a+h, a+k then there 
is a point c in 7, such that 


f(a+h)—f(a+k) = (h—K)e'(a) + (he—K2) 2) 5 
++ (h3— xs) aie +(h?-2— — ke) =) “ae wn) PO), 
Proof. Write 


$ (0) = f(x)— (Fa) -+e—a)f(a)-+-e— al we. ear = at 


and Ha) = FON, 
then 
(2) = $'(a) = $"(a) =... = ¢"-(a)=0, — $%(x) = fr(x), 
and 
Wa) = f(a) = (a) =... = Ya) =0, r(x) = 1, 


whence, by Theorem 12.52, we can find a point c in ¢ such that 


dath)—dlatk) _ $%(c) 
(a-Fh)—f(a+k) ~ vc) 
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and so 


Ha+h)—flath) = (bb (a+ (VL) 4g 
n-1 n—. ai ) n n n( ) 
+ ir EAE 5 ary. 


13.4. The endless Taylor series 
In order that f(X) be equal to its Taylor series it is both neces- 
sary and sufficient that the difference between f(X) and 7,,(z), the 
sum to n terms of the series, be arbitrarily small for sufficiently 
great values of n. Expressing this difference by the Lagrange 
remainder, we require that there be a function MW, such that, for 
any p and n > N,, re 
| — {"(e-+9h) = Op); 


this condition, however, is of little practical value since 0 varies 
with » in a manner that is unknown to us. 

It is easy to deduce sufficient conditions which do not involve 
a knowledge of 6; for instance, if for any ¢ between 0 and 1 and 
n>, hn 
aid (arth) = O(p) 


(where N,, depends only upon p and not upon 2), then, necessarily, 
he 
— f"a-+0h) = 0p), 


whatever the value of 6. But the condition is stronger than is 
necessary. Pringsheim has shown, however, that if we take the 
Cauchy remainder, instead of the Lagrange, the analogous con- 
dition, viz. (1—t)- 

(n—1)! 
for any ¢ in [0, 1] and n > N,, where N, depends upon p but not 


upon t, is both necessary and sufficient for the equality of f(x--h) 
and the Taylor series 


‘ ‘ h? . hn 
PES) ATS) + ASS @)be 
Itis important to distinguish between the condition ‘¢,(t) = O(p), 


h"f"(a-+ th) = 0(p) 


+ A proof of this important result is given in The Theory of Functions of a 
Real Variable, E. T. Hobson, vol. ii, p. 208. 
The proof is simple and straightforward but rather too long to be given here. 
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for any ¢ in [0, 1] and n > N(p)’ and the seemingly similar con- 
dition ‘¢,,(t) = 0(p), for any ¢ in [0, 1] and n > N(g, t)’. 
For instance (1—t)" = 0(p) for any ¢ in [0, 1] and 
n > pflogyo{1/(1—t)}, . 
but we cannot choose a value of n, independent of ¢, which for any 


t in [0, 1], makes (l—t)” = 0(p), for (2 = ie 1/e, and so how- 


' , ever great n may be we can make (1—i)” near to 1/e by taking 


t= 1/n. 


13.41. The convergence of the Taylor series of a function f(X) 
does not ensure that the limit of the series is f(X), for if the 
remainder after n terms tends, not to zero, but to some function 
¢(X), then the Taylor series is convergent, but its limit is 


S(X)—9(X). 
13.42. Simplest amongst the sufficient conditions for the equality 
of f(z-+-h) and its Taylor series is the condition that for all n and 
all ¢ in the open interval [z, 2+h] 
f"@)| < HM, 
where I is a constant; for if this condition holds, then whatever 


value 6 a have, in [0, 1], the positive value of the Lagrange 


er q AP 


remainder ” — LM e+ 6h) i is less than M—- — 0 since the 


ae 


series 1+-[h|-+--—— pte . is convergent (with limit e!*!). 


13.43. Generalization of the l#mit concept 

If we can determine N,, depending only upon p, so that, for 
any x in (4, 0), f,(%)—f,(x) = 0(p) provided m, n > N,, then we 
say that the sequence f,,(x) is interval- (or uniformly) convergent 
in (a, 5). 


13.44. If we can determine f(x) and N, such that for any x in 
a, 6), and n > N,,, 
OG Shand 2 Nov § (a) = fla)-+0(p) 


then f(x) is said to be the interval-limit in (a, b) of the sequence 
f,(%) and we write f,,(x) > f(x) in (a, 6), or jan ai) = f(x) or, 


shortly, lim f,(x) = f(x). 
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13.45. If f,,(x) is interval-convergent in (a, b) then we can deter- 
mine a function f(x) such that f(x) is the interval-limit in (a, b) of 
the sequence f,(x). For to any fized x in (a, b) corresponds a 
definite convergent sequence f,,(x) with a unique limit 1; define f(z) 
by the condition f(x) = 1, so that for each x in (a, b), f(x) is deter- 
mined. It remains to show that f(x) is the interval-limit in (a, b) 
of f,,(2). 

For a chosen x, f,,(z) has the limit f(x), i.e. for a chosen x, 

Fra) =f(z)+0p) for n>M, 

where M depends not only upon p but also upon the chosen value 
of x, and so M may be written M(p, z). 

But for any x in (a, b), fin(#)—fn(2) = O(p), m, n > N,, and so, 
taking m > N, and n not less than WN, or M(p, x), we have 


Salt) = fn(2)+0(p) = f(x) +0(p)+0(p), 
i.e. Jnl) = f(z)+0(p—1), 


for any x in (a, b) and m > N,, N, depending only upon p, which 
proves that f(x) is the interval-limit in (a, 6) of f,,(x). 


13.46.* The proof of 13.45 brings to light an important distinc- 
' tion. Even if for any chosen x in (a, 6), f(x) is the limit of f,,(z),. 
it does not follow that f(x) is the interval-limit in (a, b) of f,(x). 
For the condition that, for a chosen 2, f,(z) > f(x), involves only 
that f,(z) = f(x)+0(p) for n > M, where M depends upon the 
chosen value of x, as well as upon p, whereas to prove lim Ful) = f(x) 


it is necessary that f,(2) = f(z) +0(p) for n > N, siete N depends 
on p alone and not upon 2. 

Thus, for instance, if f,,(x) is a convergent sequence for any fixed x 
in (a, b), the sequence f,,(x), for this value of x, has a limit which 
depends upon x and is therefore a function, f(x). But it is only for 
an assigned that f(x) is the limit of f,,(x) and f(x) is not necessarily 
the interval-limit in (a, b) of f,,(x). 

‘For example, if f,,(x) = 2n?e-"*, then f,(0) = 0 and so 


lim f,,(0) = 0, 
and if x has some fixed value c > 0, then 
Fn{c) == en?e-" < en?/(n3c3/3!) = 3!/c2n, 
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and so limf,,(c) = 0. But it is not true that limf,(x) = 0 for 
(0, &) 
1 — 1 22-1 — 
tal) er e1 = n/e, 


and so however great may be we-can make f,,(x) > 1 by choosing 

x = l1/n, and therefore zero cannot be the interval-limit in (0, k) 

of wn%e-”*, 

13.47, If for any n, f,,(x) is continuous in (a, b) and if lim f, (x) = f(x) 
(a,b) 

then f(x) is continuous in (a, b). 

For, given any p, we can determine n, so that f(x) = f,,(%)+0(p), 
for any x in (a, b), and so f(X)—f(e) = fy,(X)—fn,(#) + 0(p—1). 
But f,,,(x) is continuous, and so f, (X)—f,,,(%) = 0(p—1) provided 
X—zx = 0(q), whence f{(X)—f(x) = 0(p—2), for X—x = 0(q), 
proving that f(x) is continuous. 

13.471. In the nomenclature of 13.43, Theorem 1.92 may 
be expressed by saying that if a power series > a,x" is 
convergent at x = X, then > a,x" is interval-convergent in 
the interval (0, X). 
13.5. If for any p, and any xz, X in (a, b) such that X—z = 0(q), 
X + «x, where g depends only upon 7, 
13.501. S(X, e)— d(x) = 0(p), 
then we say that (x) is the interval-limit in (a, b) of f(X, x) as X 
tends to x, and write: 
S(X, x) >¢d(z) as X->wxin (a,b), or ne »f% x) = d(x), 
xX: 

or shortly lim f(X, x) = (2). 

Xx 


13.51. If f(X) does not depend upon x but only upon X and if, 
for any x, X in (a, b) such that X—x = 0(q), 
S(X)—$(%) = O(p) 

then f(x) and ¢4(x) are continuous and equal; for if X,, X, are any 
two points in (a, b) such that X,—X, = 0(g) and if @ is the 
mid-point of X,, X, then both X,—# = 0(q), X,—% = 0(q) and so 

S(X)—4(@) = Op), — f(X2)—4(#) = (Pp), 
whence f(X,)—f(X_) = 0(p—1), which proves that f(X) is con- 
tinuous. Take any x, X such that X—z = 0(q), then 


S(X)—f(z) = O(p—1) and f(X)—¢(x) = O(p) 
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so that, for any p, f(x)—4(x) = 0(p—1), which proves that 
$(&) = f(z). 
13.52. If for some definite number / (as opposed to all the points 
f terval 
of some interval) | f(X)—d() = 0(p) 


for any X ~ I such that X—I = 0(g), g depending on p alone, then 
¢()) is called the point-limtt of f(X) as X tends to l, and we write 


lim f(X) = $0); 
but it does not follow that f(/) = ¢(1), for the condition 
S(X)—4) = Op) 


imposes no restriction on the value of f(X) at the point X =1. 
It is important to observe in 13.5 that qg depends only upon p 
and not upon x and X. 


13.521. Theorem 13.34 may now be written in the form 
S(a+h) = f(a)+hf’ (x) 4% E fe)+. + © (fra)+an} 
‘ where lim a, = 0. 
h->0 
- For if 
on = [pen fee) +f ce)+...+ pra) [lam 
then, by 13.34, a, = 0(p) provided h = 0(g), and so lim a, = 0. 
0 


13.53. If for any p and any unequal 2, X,, X, in (a, 6) such that 
X\—x = 0(q), X,—% = 0(), 
where g depends only upon 2, 
S(X1, 2)—f(X2, x) = 0(p) 


_ then f(X, x) is said to be interval-convergent in (a, b). 


13.531. If f(X, x) is interval-convergent in (a, b) then there is a 
function ¢(2) such that Pes pf % x) = d(x). 


Proof. We have, for po °. "HX x)—f(X»g, x) = 0(p), provided 
X,—2z = 0(q), X,—x = 0(g), and so for any fixed x in (a, 5), 


Hes, 2\—s(e+, x) = O(p), provided n, m > 108, 
Q 
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which proves that the sequence f (+5 2) is convergent; let ¢(x) 


be the limit of the sequence, and therefore for n > N(p, x), 
J 
H{e+5, =} #2) = 00). 


Take an X such that X—z = 0(q) and an n greater than both 
102 and N(p, x), then 


ile+3. 2) s(x) = (P) 


and i(n+5,2)—F%, 2) = 01) 
whence 
f(X, 2)—¢(x) = O(p—1) for X—z = 0(q), 
q depending only upon », not on x, which proves 
lim x > = . 
lim, M& 2) = 2) 
13.54. If f(X) is interval-convergent in (a, 6) but does not contain ' 
x explicitly then ima f(X) =f(x) and f(x) is continuous. 
© X-»2x(a, b) 
For if X,;—x = 0(q), X,—x = 0(q) then f(X,)—f(X2) = Op), 
q depending only upon p, so that f(x) is continuous and since 
f(X)—f(x) = 0(p), provided only X—xz = 0(q), therefore 


lim f(X) = f(e). 
X-+x(a,b) 


13.55. If for some definite number | 
S(X1)—f(X2) = OP) 


for any. X,, X,~/1 such that X,—l = 0(q), X,—l = 0(q), ¢ 
depending only upon 7, f(x) is said to be point-convergent at 1. 


13.551. If f(x) is point-convergent at J, then there is a number L 
such that lim f(X) = L. 
Xl 


For f(/-+1/n)—f(I+ 1/m) = 0(p) provided n,m > 102, and so 
#(1+-1/n) is convergent; let L be its limit. Then 


i(t+5)-2 =0(p) for n> Np). 
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Hence for any X such that X—I = 0(q) and for an n greater than 
both 102 and N(p) we have 


slt+2\—sex) = 017) 


and therefore f(X)—L = 0(p) for any X such that X—I = 0(q), 
which proves limf(X) = L. 
xt 


EXAMPLEs: 
The condition that f(x) be continuous in (a, b) is 
(i) lim = f(X) = f(z), 


X-+2(a,b) 
and the relation between a differentiable function f(x) and its 
derivative f’(x) is 


X-ala,b) %X—2 
(iii) If lim P(X) = p(x) and lim Q(X) = (2) then 
X—~2(a, b) X—2(a, b) 


lim {P(X)+Q(X)} = p(z)+¢q(z), 
X->2(a, b) 


(iv) lim P(X)Q(X) = p(x)q(a), 
X->2(a, b) ; 


and if g(x) >A > 0 in (a, d), 


lim = P(X)/Q(X) = p(x)/q(a), ete. 
X—2(a, b) 


(the proofs are trivial and are left as an exercise to the reader). 
13.56. If, for X > 0, 
lim (5) = L, we write lim f(X) = L, 

and if lim q-3| =L, wowrite lim f(X) = L. 
The sign ‘lim f(X)’ is read as ‘the limit of f(X) as X tends to 
infinity’, Spd the sign * jim F(X )’ as ‘the limit of f(X) as X tends 
to minus infinity’. 
13.57. Extension of the interval concept 

If f(X)—f(x) = 0(p) provided X—2 = 0(g), where g depends 


only upon p, for any x, X such that x > a, X >a we say that 
_ f(x) is continuous in the interval (a, oo]. 
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If f(X)—f(x) = 0(p) provided X—ax = 0(q) for any x, X such 
that « < 6, X < b then f(z) is said to be continuous in the interval 
[—0o, 6), and if z, X may have any value whatsoever, provided 
only X—x = 0(g), then we say that f(x) is continuous in the 
interval [—oo, 00]. 

Similarly, if 
{f(X)—f(a)}/(X—z) = ¢(x)+0(p), provided X—a = 0(q), 
where q depends only upon p, for any x, X, such that x >a, 
X >a, then f(x) is said to be differentiable in (a, 00], with 
analogous formulations for differentiability in [—oo, 6) or in 

[—0o, oo]. 

If f y(z)—f,(2) = 0(p), N > n > ny, and any x >a, where n, 
depends only upon 7, then f,,(x) is said to be interval- convergent 
in (a, oo]. 

If the range of z is x < b then f,(x) is interval-convergent in 
[—oo, b), and if « is totally unrestricted then f,(x) is said to be 
interval-convergent in [—0o, 00]. 

Interval-convergence in (0, X) for any X is not equivalent to 
interval-convergence in (0, 00]; for instance, if f,(x) = x/(%-+n), 
N >nand X > 0, then in (0, X) 

0<f,(t)—f yl) = o(N—n)/(a+n)(a+N) 
<a2(N—n)/nN <a/n < X/n = O(p), 

provided n > 10?X, and so f,,(x) is interval-convergent in (0, X), 
for any X. But if x may have any positive value whatever, taking 
x=n,N = 38n,f,(x)—f y(z) = 2n?/8n? = }, however great n may 
be, and so f,,(x) is not interval-convergent in (0, oo]. 

13.6. L’Hospital’s theorems 

13.61. If f() = g(t) = 0 and for any r < n, f*(l) = g’(l) = 0 but 


g” 
ae himf(@) — £10) 
awg(t) (I) 
Write z—l = h; then by Taylor’s theorem we can determine 6, 
and 6, in [0, 1] such that 


f(«) =fU+h) = f ™(1+-6,h) 


and g(x) = g(l+h) = Mole, h). 
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Since a derivative is continuous 


lim f(J-++6,h) = fr(l) and limg*(J-+4,h) = g"(J), 
h->0 hoo 


229 


and hence since g"(l) 4 0, 


smd) — tin SC+A) — pin £2C+ OM) PD 

ri ge) rooglth) rog™(l+0,h) — gr(l) 
13.62. If f(l) = g(t) = 0 and g’(x) does not vanish in some interval 
containing the point J, except perhaps at J, and if f’(x)/g’(x) tends 
to a limit as 2 tends to /, then 


mm!) — jim fl @) 


al mt g(a) oon g(x) 


For by the Cauchy formula, 12.5, we can determine a point c 
between J and x such that 
f@)-fO _ fo 
g(@)—g)— g(e)’ 
and so, since f(l) = g(l) = 0, we have 


fle) _ fC), 
g(x) g(c)’ 
but c lies between x and / and so c > 1 as x > 1, which proves that 
limt® — mt © 


al te) ow Maer g’(c)" 


Theorem 13.62 is not just a special case of 13.61, as it may 
appear on the surface, for 13.62 may be deduced from 13.61 only 
if g’(l) 4 0, whereas the proof we have given holds even if g’(!) = 0, 
though it requires instead that g’(x) ~ 0 for all values of x near I. 
Another point of interest is that the use of the Cauchy formula is 
essential, a double application of the mean-value theorem being 
insufficient; for if c, and c, tend to / independently we cannot 
prove that f’(c,)/g’(c,) tends to a limit even if f’(c)/g’(c) tends to a 
limit when c tends tol. | 


13.63. If im/™) exists and lim lim f(e) = lim g(z) = 0, then 


a0 9’ (x) 
f(z) f'() 
tim g(z) ima)" 
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For lim (U2) = tim 2) =D 
20 g'(1/x) arog" (x) 
and so, by 12.51, for X << e¢<x< 2p, 
fQ/X)—fU/2) _ fle) 
=> = £+0 3 
g(1/X)—g(d/a) ~ g'(aje) — “FP? 
let X > 0, then 
fix) _ 5 ‘fj tO ant @ 
= £+0(p—1), Le. lim —— — lim 7 . 
g(tfz)— TOP 1 bee an (e) soe @) 
In order that the application of 12.51 may be valid, we require 
that g’(1/z) 4 0 when =z is near zero, i.e. that g’(x) 4 0 for all 
sufficiently great values of x. 


, Say, 


EXAMPLES, (i) Jim Oe 1, for 
m0 & 


ine = i Cone: i 
270 £ ao 1 
. . 1—cosx - cosx 1 
a a a a 
By repeated application of 13.63 we find 
n ! 
(iii) lim ~_ — lim—™_ — 0, 
wore" x rao MEN 


since e”* > nz, if x is positive. 
The conditions 13.61—3 for the existence of the limit of f(x)/9(x) 


; . sine : 
are sufficient, but are not necessary, e.g. lim —- = 0, since 
xo 


|sin «| < 1, but we cannot apply 13.63 since lim — does not exist, 
2-00 


cosx varying from —1 to 1 as x increases from (2n—1)m to 2nz. 


13.64. If f(x) and g(x) are positive and differentiable near a, and 
if, as a > a, f(x) > 00 (ie. 1/f(x) > 0), g(x) + 00, and f’(x)/g’(x) > 1, 
_— lim f(«)/9(«) = 1 


provided g’(x) does not vanish arbitrarily near to a. 
Proof. Let x lie between a and X, then by Cauchy’s formula 
fO-KX) _ sf 
g(x)—g(X) g'(E)’ 
fz) _ f'@) 9 X)/g(a)} 
ge) g'(E) LL —-F(ADF(@)} 


for a € between x, X, 


wherefore 
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Choose X so near a that 
I-1k <f'(®/9'() <l4+1/k, k>2 
and keeping X fixed take x so near a that 
F(X (el <1/ks — lg(X)/g(@)| < 1/k. 
k-1 _ 1—g(X)/g(@) — b+ 
k+1 ~ 1—f(X)/f(2) 
f (x) _ k+1, 
i < g(a) <( +e V’ 
Wk] and (1+ Abe k+l tend to 1, therefore 


kJ) k+1 
im fete 


Then 
and therefore 
(- 


since both (-Jea 


exists, and equals J. 
13.65. If f(z) and g(x) are differentiable for all sufficiently great 
values of x, and if, a8 2 00, 
fle) +00, glx)>o, and f'(z)/g'(a) +1, 
then lim f(x)/g(x) = 1 
a->00 
provided g'(x) does not vanish for arbitrarily great values of x. 
Proof. Let « > X, then by Cauchy’s formula 
f@X)_fO@ x 
<<a. 

g(z)—g(X) 9)’ 
Choose X so great that 1—1/k <f'(é)/9'(é) < 1+-1/k, and keeping 
X fixed choose x so an that |g(X)/g(x)| < 1/k, |f(X)/f(x)| < 1/k, 

ee Aa (aye ett 


whence 
CU ET < Fe 


and therefore lim lim f(x)/9(z) exists, and equals /. 


13.7. If inf t=) 0, then the functions f(X) and g(X) are 
Xz 


said to have contact of the n-th order at the point =. 
13.71. If f(X) and g(X) have contact of the nth order then they 
have contact of the rth order, for any 7 less than n. 


For 
mf —-HE) _ 5 ff X)—9X) 
Seay wees | =o. 


https://t.me/ pdf4exams 


232 Downloadedyeam- PASTOR SR ilsbuzz 


13.72. If f(X) and g(X) are differentiable n times, the necessary 

and sufficient condition for f(X) and g(X) to have contact of the 

nth order at the point x is that f(z) = g(a) and fr(a\ = gt(x),r <n. 
For if f7(x) = g’(x), we have by Taylor’s theorem _ 


eer ae — {f+ 0h) —9"(2-+6h)} Ps") 
ash>0 


and so writing X = x+h, we have lim (4)—9(X) = 0, which 


proves that the condition is sufficient. 


Conversely, if vere) > 0, it follows that to any p 
corresponds a q such that, for h = 0(q), 


(Fe) ge} MS (2) —9' CEL" @)—9" @)} 


+= (fat 6h) —9"(a-+-0h)} = hro(p) 
and so, since f"(x-+-6h)—g"(x-+-6h) = f™(x)—g"(x)+0(p), we have 


> AP (@)—9"(e)} = bro(p—1), 


r=0 

Exactly as in 13.341 we can now prove that the coefficient of 
each power of h on the left-hand side is zero, and so f*(a) = g'(x), 
for all r from 0 to m, which proves that the condition is necessary. 


13.73. The terminating Taylor series 


fle) +(X—a fe) + SSF pre) +... ¢ FM" pray 


is the only polynomial of the nth degree which has contact of the 
nth order with the differentiable function f(X) at the point x. 

For if $(X) = a,(z)+(X—a)a,(x)+...4(X —2)"a,(x) has con- 
tact of the nth order with f(X) at the point x, then 


¢'(a) = f(x) forall r<n; 
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but 


PE) afa)+ (F(X —2ieale) + 
+("f") (Xap) ++ (") (Xara, (2) 


| sad 80 rt) = a,(x), which proves that a,(x) = aF and so ¢(X) 


is the arate Taylor series associated with f(X). 


13.8. Maxima and minima 

By means of Theorem 13.35 we can give an alternative proof of 
the criteria for maximum and minimum values of a function 
which we gave in § 7.75. 

If f(a) = f’(a) =... = fr-(a) = 0 and f"(a) + 0, then if n is 
even, f(a) is a maximum or minimum value of f(x) according as 
f"(a) is negative or positive, and if n is odd f(a) is neither a maxi- 
mum nor minimum value of f(x); in other words f(a) is a maximum 
or minimum value of f(x) if and only if the first non-vanishing 
derivative f"(a) is of even order. 

Proof. Let ¢(h) = f(a+h)—f(a), then 


$(0) = $'(0) =... = $"-(0) = 0, but $0) = fr(a) #0. 


Hence by 13.35, for sufficiently small values of h, {f(a+h)—f(a)}/h™ 
has the same sign as f"(a); suppose that f(a) is positive. Then 
f(a+-h)—f(a) has the same sign as h”, and h” is positive for any h, 
if n is even, and changes sign with h if n is odd. Similarly, if f"(a) 
is negative, f(a-+-h)—/f(a) has the sign opposite to h” and is there- 
fore negative if n is even, and changes sign with h if 1 is odd. 
Thus if 7 is even, f(a+h) > f(a) for all sufficiently small values 
of |h|, when f(a) is positive, so that f(a) is a minimum value of 
f(z), and when f"(a) is negative, f(a+h) < f(a) and so f(a) is a 
maximum value. If n is odd f(a+h)—f(a) changes sign with h 
and so f(a) is neither a maximum nor a minimum value. 


EXAMPLE.. Examine the behaviour of the function 


(x —a)™(x—b)”, 
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at the points a, b, where a > 6. Denote («— ae oy by ¢(z). 
Then by Leibnitz’s theorem 


$?(x) = (2—aynDe(a—by + (2) Dla—aym. D?Na— By at 


+(?) D@—aym. Dea —b)" +. + (@—6)DH(a—ay™ 


Since D'(z—a)™ = m(m—1)...(m—r+1)(a—a)"”, it follows that 
if r < _m, D'(z—a)™ vanishes when xz = a, and similarly if s <n, 
D8(x—b)" vanishes when z = 6; thus if p < m we may write 
$?(x) = (x—b)"D?(x—a)™+(x—a)X(2), 
and ifp <n 
GP (a) = (w—a)"D?(x—b)"+ (w—b)u(a), 
where A(x) and p(x) are polynomials in x. 
In particular 
$%(b) = ni(b—a)™ and ¢9(b) = 0 if p<n, 
f(a) = m!(a—b)”" and g9(a) = 0 if p<m. 
Thus if m is odd the point a is a point of inflexion, and if n is odd 
the point 5 is a point of inflexion. If m is even then ¢(a) is a 
minimum value, and if » is even, since b—a is negative, 4(b) is 
a maximum if m is odd and a minimum if m is even. 


13.9. Approximation to the root of an equation. Newton’s 

method 

If a is a root of the equation f(x) = 0 and if a4, a, ag,... is & 
convergent sequence with limit a, then the decimals o,, ag, «,... 
are called successive approximations to the root a. If f(z) is a 
continuous function, and a, a», ag... are successive approxima- 
tions to a root @ of the equation f(x) = 0, then the sequence 
F (a1), f(a), f(ag),... is convergent and its limit is f(a) = 0; in other 
words, if a1, a», a,... are successive approximations to a root, 
F(a), f(a), f(ag),-.. tend to zero. 

Any term in a sequence of successive approximations is called 
an approximation. If « is an approximation to a root a of an 
equation f(z) = 0 and if «* is closer to a than «, i.e. if 


|a—a*| < |a—a|, 
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then «* is said to be a closer approximation to the root than a. 
The difference |a—«| is called the error in the approximation «. 
The object of the present section is the determination of a sequence 
of successive approximations to a root of an equation f(x) = 0, 
when f(x) is a differentiable function. 


13.91. If w is a root of an equation f(x) = 0, and X an approxi- 
mation to the root, then since LA) -L@) is nearly equal to f’(X) 


it follows that X—z is nearly equal to f(X)/f'(X), provided 
f'(X) # 0, and so x is nearly equal to X —f(X)/f’(X); this suggests 
' that X—/f(X)/f’(X) is a closer approximation to the root z than 
is X, but to show that this is actually the case we must be able 
to compare the errors in the two approximations, and this com- 
parison is effected by means of Taylor’s theorem. 

Changing the notation, let a be an approximation, and a--/ the 
actual root, of an equation f(x) = 0, so that [h| is the error in the 
approximation a. By Taylor’s theorem 


0 = flath) = fla) ths (a) +2 f"(a+ 6m) 


We suppose that f’(a) 4 0. Then the error in the approximation 
a—f(a)/f'(a), viz. the positive value of a+h—{a—f(a)/f'(a)}, is 


2 
equal to ia f'(at+6h)/f'(a)|. If f’(a+6h) = 0, the error is zero; 


if not it is less than |h| provided |h| < 2|f’(a)/f"(a+6h)|. Since 
f'(a) # 0, and f’(x) being continuous, is bounded, this condition 
is possible. Hence if a is a sufficiently close approximation to the 
root of an equation f(x) = 0, then a—f(a)/f’(a) is a closer approxi- 
mation. This theorem is due to Newton. 


13.92. It does not however follow, without further consideration, 
that, if a, = a—f(a)/f'(a) and, for any n, dns, = On—f(@q)/f (dn) 
the sequence @, a1, Ge, @3,... is a sequence of successive approxima- 
tions to the root a+. For though Newton’s theorem assures us 
that each a,,,, is a closer approximation to the root than is a,, 
provided that the error in a,, is less than 2] f’(a,)/f"(a,+6,h)|, we 
have (as yet) no means of telling in advance whether this condition 
is satisfied for all values of n or not. It is, however, true that with 
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a sufficiently close initial approximation, the repeated application 

of Newton’s process determines successive approximations to the 

root of an equation, but before we prove this we shall examine the 

general question of approximating to the root of an equation by 
_ & repetitive process. 


13.93. The sequence c, f(c), f(f(c)), F{f(F(©))},--. determines a root of 
the equation f(x) = x, provided the sequence converges. 
For if cy =c and c,,,—=/f(c,), for all n, so that c, = f(c), | 
Cc, = f(f(c)), and so on, and if ¢, converges to a limit o, then 
f(e) = lim f(c,,) >= lim ¢,, +1 Te v 
and o is a root of the equation f(x) = zx. 
We shall consider a variety of conditions upon the function f(x) 
which ensure the convergence of the sequence c,,. 
13.931. If there is an interval (a, 8), containing the point c, and 
such that f(x) lies in (a, 8) when x lies in (a, 8), and if 
If(@|<M<1 
at all points of (a, 8), then the sequence 


¢, fle), (fle), 


converges. 
For by the mean-value theorem 
ICn41—Cn | = If(Cn)—F(Cn—1)| = [Cn—Cr—all f’ (en) |, 
where c# lies in (c,, Cy-1), 
< M\c,—¢,-4|, | 
whence lCnti—Cn| < M™|c,—Cg]; | 


but > UM converses and so > (¢,41—¢,) is absolutely convergent, 


so that ¢y+ py (C,41—¢,) = ¢,, tends to a limit. 


13.932. Writing (x) = x—f(x), so that c,,, = f(c,) = ¢,—4(Cn), | 
then, if 4’(c) lies between 3 and § and if 
Ip"(x)| < 1/8] 4(c)| 
in the interval 7, with end-points c+2¢(c),f the sequence c,, con- 
verges to a root of the equation ¢(x) = 0. 
t+ More general conditions are: ¢’(c) lies between 1+, and 


[d*(x)| < (k—8)(1—&)/|4(c)|, 
for all x between c+ ¢(c)/(l—k), where 0< 8< kK <1. 
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Proof. We observe first that if x lies in 7,, then |1—¢'(x)| < 4, 
for ; 


1—$'(x) = 1—$'(c)+ | ¢"@) at 


andso —- | 1—4'(x) | < 44+ |"#—e|/8|$(0)| < 44+2 = 3- 
Next we prove that for all n, c, lies in 4, and |¢(c,)| < |4(c)| /2”. 
This is true for n = 0, and if it is true for = 0, 1, 2,..., p then 


< ¥ ibe) < $6) S12" < 219] 


so that c,,, lies in 7,, and, furthermore, 


ptt 
$(CpsI—b (Cp) = f oUt) dt 
Cp 


D 
lepes—l = | (Grane) 


so that 
_ Con 
$(pa) = f H'O—Yat, since $(cy) = eps 


and therefore 


1P(Cpas)| < Flepr—p!| = H1F(Cp)| < 1G (c)|/2?*4, by hypothesis, 
which proves our theorem for = p+1, and so, by induction, it 
is true for all n. It follows that 


N-=1 N-1 
< Ie) < 1s SU 
< |p(e)|/2", 


N-1 
Jew —enl = |S (Cras —Cr) 


and so the sequence c,, converges. 
If o is the limit of c,,, then 


|¢(o)| = lim |¢(c,)| < lim | 4(c)|/2" = 0, 


so that o is a root of the equation ¢(x) = 0. 
The error in the approximation c,, is 


lo—cq| = lim Joy—enl < 19()|/2"— 
We can readily obtain other bounds for the error. 
Since | 
Crs. — on = —$(Cp) = $(o)—$(Cp) = (o—Cy)¢' (En); 
é, lying between c,, and c, therefore 
|o—c,,| = lensi—Cnl /1P'(En)I < 2lCns1—Cnls 
showing that the error in c, is less than 2|¢,,,—¢,|. 


https:// t.me/ pdf4exams 


Downloaded from htts:/ / t.me/ civilsbuzz 
238 THE TAYLOR SERIES 
It follows that 
, lo—c,,| = |o—c,_,+6¢,_1—C,,| < 3] Cy—Cy-4| 
and so the error in ¢,, is less than 3|c,—c,_,|. 


13.933. In the foregoing theorem, if we take ¢(z) = Ag(x), where 
A is constant, we see that the sequence c,, given by 


C= ¢, Ou = C,—Ag(Cp), 
converges to a root of the equation g(x) = 0, provided that 
$< Ag'(c) <<} and |g’(x)| < 1/8A%|9(c)|, 
throughout the interval with end-points c+-2Ag(c). 
The arbitrary constant A enables us to satisfy the condition 
# < Ag’(c) <§ for any function g(x), so long as g’(c) 40. In 
particular we may take A = 1/9’(c). 
The successive approximation formula, 
O=¢, Ow = c,—Ag(c,), 
where A is near 1/g'(c), was first introduced by E. H. Neville, as 
a simplification of Newton’s formula. 


13.934, Taking (x) = f(x)/f’(x) we obtain Newton’s original suc- 
cessive approximation formula 

Co = ¢, Onn = Cp—J(Cn)/9'(Cn)- 
From 13.932 sufficient conditions for the convergence of c, are 


seen to be 
IFOF"e)| 1 ee ey lf'(c)| 
Fo} 4? dx? \ f(a) 8) f(c)| 
in the interval bounded by the points c+2f(c)/f’(c). 
These conditions are, however, unnecessarily complicated and 
a simpler convergenee condition is given in the following theorem. 


13.935. If co = ¢, Cn4, = C,—f(c,)/f'(c,) and if 
IF") <NFO)P/31F(0)| 
throughout the interval 7, bounded by the points c+-2f(c)/f’(c) then 


c, converges to a root of the equation f(x) = 0. 
We prove first that all c,, lie in 7, and that 


Hlen)| — 1 |2F(0) 
FC,)| < # |Fe) 


— 92" 
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‘For this is true when n = 0, and if it is true for n = 1, 2,..., p, 
then 


leonel =| Gna] < 5 fear" el 
fle) aj £0) 
<feltatatat-)< pe 


so that c,,, lies in %,. 
By pm theorem, 
(Cy+a)—Sle yp) — (Cpa — pF’ (Cp) = 2(Cp41— p) ft" (Cp) 


c*® 
ck between c, and ¢,,,, 


and so 
2 2 
Hlepen)l = He aI <5 +3 iat alte = 
= spa gif (i 


Furthermore, for any ¢ in 7,, 
t 
If Of) = fre) da} < |t—c].31f(O)P/FO! < 3F(O)| 


and so lfc) <f'® <a. (ii) 
Hence, by (i) and (ii), 


fepu)| <1 |p fe) 
f'(Cp41) we 2 ¥ (6) (c))’ 
which proves the theorem for n = p+1, and so, by induction, for 
all values of n. : 
It follows that 
N-1 N-1 
|¢v—e,,| = po (Cr41—Cr) < pa Fe) 
PPA) 4 | f(c) 
<2 f (c) tae oe gente |< 92" fc) ? 
showing that c,, is convergent. If o is the limit of c, then 
= lim 22) 
|f(o)| = lim | f(c,)| < lim IF) If'(en)| 
_ 1 [2f(e)| 8) 
< lim gal rag /F' Ol =o 


by (ii), so that o is a root of the equation f(x) = 0. 
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The error in the approximation c,, is 
i fo) fi, 1 1 |4f(c) 
|o—c,| = jim lew—en| <2 Fuo) (gat gent < om Fo} 


In terms of the difference of two successive approximations, a 

bound for the error in ¢,,,, is 
HM/If'(C)|HCns1—Cn)?, 
where MU is a bound of f’(x) in 7, (so that M < 4/f'(c)/f(e)}). 

For lf(Cn+1)| ae B(Chia— a) IF" (en) | < 3(Cr41—Cn)®>M 
and 
lflCn+a)| = flCn+1)-F()| = Cnr) f’ (Ena) S Fen llf'(c)| 
so that lCnsr—O] < F{ML/|f'(C)|}(Cn4a—en)?. 

Contrasting these expressions for the error in c,, with the corre- 
sponding expressions in § 13.932, it is evident that Newton’s 
sequence converges more rapidly to the root than, for instance, the 
sequence of § 13.933, but in practical computation this advantage 
is sometimes outweighed by the simplicity of 13.933, where a 
constant factor A takes the place of the changing denominator 
f'(c,) in Newton’s formula. 

Exampues. I. To approximate to the positive root of the 
equation z?—2 = 0 by Newton’s formula. 

We have f(x) = 2*—2, f’(x) = 2a, f’(z) = 2. 

Takec = 1}, thenf(c) = 1/4, f'(c) = 3, and so }{f"(c)}?/f(c) = 12, 
showing that the convergence condition |f"(x)| < {f’(c)}?/|f(c)| is 
amply satisfied. 

The successive approximations are given by 

C=C = 14, c = 14—{(14)?—32}/2.14 = 17/12 = 1-417..,, 
eg = 17/12—{(17/12)°—2}/2(17/12) = 577/408 = 1-414215..., ete. 
Since 3/f’(x)/f’(c)| = 1, and c,—c, = 1/408, therefore the error in 
the approximation c, is less than 1/(408)?, which is less than 10-5, 
so that V2 = 1-4142 to four places. 

II. To approximate to the root of the equation z—logz = 2 by 
Neville’s formula. 

Take c = 3, A = 3. Since f(x) = x—logx—2, therefore 

P(@)=1—1fe, f(a) = 1/2’, 
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and the interval i, is (2:7062..., 3-2958...), which is contained 
- between 2-7 and 3-3; furthermore Af’(c) = 1, 8A?|f(c)| = 2°3748 

and so, in i,, |f’(x)| < 1/(2:7)? < 1/8A?|f(c)|, and the convergence 

conditions are amply satisfied. 

The successive approximations are 
¢, = 3—3f(3)/2 = 31479... cq = 3°-1479—3f(c,)/2 = 3-1463..., 
. Cs = 3-1463—3f(cq)/2 = 3-1460.... 
The error, in the approximation c, is less than 3|c,—c,|, i.e. less 
than -0009. 


III. To approximate to the root of the equation cosx = a. 
In the interval (0, 1) cos itself lies in (0, 1), and 


Caer <sinl <1. 


dx 
Hence the conditions of 13.931 are satisfied and 
! C, C, == COSC, Cy = CO8C,, Cy = COBCs, 


are successive approximations to the root of the equation cosa = , 

for any c in (0, 1). Taking c = }7 = -7854..., we have in turn 

¢, = costa = -7071..., Cg = cos-7071 = 7608, cg = 7246, 
aay Cyq = °7393,, Cg = *7390. 
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XIV 
CONSTRUCTIVE DEFINITION OF THE INTEGRAL 


THE INTEGRAL AS LIMIT OF A CONVERGENT SEQUENCE. 
APPROXIMATION TO AN INTEGRAL. THE INTEGRAL AND 
DERIVATIVE OF A SEQUENCE OF FUNCTIONS 


14. 1fa= Ug, Uy, Ups) Upyy = b and A= 0%, VY, Ug)..., Ugay = 6 
are two chains of points from a to 6 such that 
\f(e)—f(X)| << MU 
for any two points x, X in the same sub-interval (u,, u,,,), and 
|f(x)—f(X)| << N 
for any two points x, X in the same sub-interval (v,, v,,,), and if 
OT = (tg) — Uo) +f (ty) (gt) He bf (pty gy — Up) Feb 
tf (Up) (Up 41—Up) 


and 
Ve = fe o)(%y—%) TF (M1) (02M) + FF (Me) (Op: —%q) Feet 

Hf (q) (41 — a) 

then |U—V| < (b—a)(M+N). 


Let a = wy, wy,.:., Wyis = 5 be the chain formed by all the 
points (u,) and (v,), and suppose that Wi) and w,,, are what the 
points u, and w,,, become in the new enumeration. Then, if 


Be 
W= p> F(W)(M41—-%), 
we have 


U—W = ¥ flu)tesr—u,)— ¥ flew) tow) 
= Sfeu)[ S, @oa—wa]— E (S7eeernu—) 
= ¥ (FH) — 5 (7S 00) —w9)), 


the outer sums extending over all the intervals 


(u,, Ups1) — (w;, w;), 


a 2 [ > {f(w,) —F(Ws)}(We41 —w,)| . 
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But w,, for i(r) < s < j(r), are all points of the interval (w,, u,,1), 
that 
a fle.) —fw,)| < M 


and therefore 


| U—W| < > (0S (es— .)} 


= £ Mea )} — M(b—a). 


Similarly, {| ¥—W| < N(b—a), and therefore 

|U—V| 

= |(0O—W)+(W—V)| < |U—W|+|V—W| < (6—a)(M+N). 

14.1. The function f(x) is continuous in (a, b). 

If a = ub, ut, Us, Upp = 6 
is a chain of points from a to 6 such that 

f(X)—flc) = 0(k) 

for a two x, X in the same sub-interval (u, uk,,), and if 


= f(ub) (ut — Ub) +S (uh) (us —uh) +. AF (Up) Ube — Mr) 
Seat the sequence 4S), S,, S3,... is convergent. 
For by Theorem 14, if m > n, 
8,,—S, = (6—a)[0(m)+0(n)] = (6—a)0(n—1), 
which proves that the sequence S,, 8,, S3,... is convergent. 


14.11. A chain of points a = do, 4, Q;..., Gp4, = 6, such that 
f(X)—f(x) = O(n) for any two x, X in the same sub-interval 
(@,, @43), is called an ‘n-chain’ of the function f(x). 
14.12. If both a = un, uP, uf,.... UB 4s, = 56 and a= vf, 2F,..., 
vn 4, = 6 are n-chains of the function f(x), and if 
S, = LfuPurr—ur), TT, = THOR (Fa —F), 

then the sequences Sj, 8,, S;,... and 7}, 7}, T3,... are both convergent 
and have the same limit. 

The convergence of the sequences is given by 14.1; let S and T 


be the limits of (S,) and (Z,). 
By Theorem 14, 


S,—T, = (b—a)[0(n)-+0(n)] = (b—a)0(n—1). 
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But, if m > n, 
S,—S, = (b—a)0(n—1) and 7,—T, = (6—a)0(n—1), 
and for a sufficiently great m, . 
S—S,, = (b—a)0(n—1) and T—T,, = (b—a)0(n—1), 
so that 
S—S, = (b—a)0(n—2),  T—T, = (b—a)0(n—2) 
and therefore ; 
S—T = (S—8,)—(T—T,)+8,—T, 
= (b—a){0(n—2)-+ 0(m—2)-+-0(n—1)} = (b—a)0(n—3), 
and this is true for any n, so that S = 7. 


14.2. If a = dp, ay, d,..., p41 = 6 is an n-chain of a continuous 
Dp 

function f(z) and S, = > f(a,)(a,4,—a,), and if S, > S, then 8 is 
r=0 


called the definite integral of f(x) from a to b, and —S the definite 
integral from 6 to a. ; 

By 14.1, the sequence (S,) is convergent, and so the limit S 
exists, and by 14.12, if the sum 7, is formed on any other n-chain, 
then 7, > S, and so the limit S is unique, and independent of the 
particular sequence of chains by which it is determined. . 

In the following sections we prove the equivalence of this 
definition of a definite integral with that given in Chapter IX. 
Anticipating the proof of this equivalence we denote the definite 


- 8 
integral, as defined in 14.2, by the sign J f(x) dx. 
14.21. If f(z) has the constant value é in (a, 6) then 

b 

J kde = k(b—a). \ 


For f(x) is continuous, and if a = Ay, Gy, Ag,..., By 
n-chain of f(x), then 
8, == f(@p)(@—4p) Hf (Q1)(@2—O,) +... +f (Ap) (Ap 41—Ap) 
= K{(a,—Gp)+ (@2—41) +... + (p44 —Gy) = k(b—a) 
and so S, > k(b—a), proving 14.21. 


+1, = 6 is an 
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14.22. If f(z) is continuous in (a, 6), @ = dp, 9,..-) Ino = bis an 
n-chain of f(x), and c, is any point in (4,, 4,41), and if 


= f(Cy)(a,—49) +f (cx)(@2—a) +f (¢2)(4a—42) + +S (Cp)(Ap+11—%p) 


245 


b 
then S* > J F(z) dx. 
a 


-For if 8, = f(@o)(G1—4) +--- + F(Ap) (Ap 41 — ‘p) 
then 
8, —S 7 = =s {f (a,) —fi (C,)}(Qra1—% 


— O(n) 2 (G41 —a,) = = 0(n)(b— —a), 


since both c, and a, lie in (a,, 4,41), and (a,) is an n- -chain. 


b 
But ff@) dz —S,, = 0(n—2)(b—a) 
b 
andso =f fw) dx — 8% = 0(n—3)(b—a), 


which proves that S% > { f(x) dx. 
a 
14.23. If f(x) is continuous in (a, 5) and if ¢ lies in (a, b); then 
[ae dx + {0 ae = ic dx. 
Let @ = do, G,.., Op4y = 6 ANd C = Ay 44, Apia,» Upiger = b be 


n-chains of f(x) so that @ = do, 4,..., igi = b is an n-chain, and 
let 


pt@ 
S, = 2s f (4,)(Gp1— r)s 


= > f (a, 1) (Gp4a— Or), Si - Sf (2,)(@p41— r)> 
so that 


b 7 ce b 
S,>[fle)dx, Sk>ffle)dx, and S,> | fe) de; 


but S,, = Si+.S2 and therefore (fle) dz = [fe dx +- (fe) dx. 
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14.24. If f(x) and g(x) are continuous in (a, 5) then 


b b b. 
J f@+a@)} dx = [f@) dz + f oe) dx. 


Since f(x) and g(x) are continuous, therefore F(x)9(a) is con- 
tinuous and so we can determine a chain a = My, By, Uos000) Apa, = 5 
which is an -chain for all four functions f(x), g(x), f(x)+9(x); for 
instance, by combining an (n+ 1)-chain of f(x) with an (n+ 1)-chain 
of 9(x) we obtain an n-chain of the four functions. 

Hence if 


k= FFONG—4), B= L9(aNds—a,) 


Dp 


and S, = 2 {f (2,)+9(a,)} (4,41—4,), 
then 


Si> [re) dx, Si i g(x) da, and S,> f {f(x)-:g(x)} da; 
but § = SL+S82, Siehes 14.24 follows. ; 
14.25. If f(x) is continuous in (a, b) and f(x) > 0, then 
[ S(x) dx > 0. 
For . 


8, = f(ao)(4—4p) +f (Q1)(2—44) +... +f (Ap)(Ap41—4p) =0 
and so limS, > 0. 


14.251. If f(x) is continuous, so that f(x) is bounded and lies 
between m and UV say, then 


b 
] 
m <5ay | fede <M. 
a 
For M—f(x) > 0, so that by 14.25 
b 
J {4—-f@)} de > 0, 
‘ a 
and hence, by 14.24, 


{10 dat < [ wax = M(b—a). 
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b 
- Similarly, f f(a) dx > m(b—a). 
: a 
14.252. If f(x) is continuous in (a, 6), a < 6, then 
b b 
f fe) da} < | \f@)| de. 


Since |f(2)—f(X)| > |If(e)|—[f(X)||, therefore |f(x)| is con- 
tinuous and therefore integrable. Moreover 


|S Ae Na11.—a)| < ¥ Fe) (drs—a, 


whence 


= lim| ¥ f(@,)(a,41—%) 


{te dx 


b 
< tim $1.) (Qys—a,) = f Lfle)| de 


14.3. If f(x) is continuous in (a, b), and if t lies in (a, b), then 
t 

J f(x) dx is a differentiable function of t, in (a, b), and its 
derivative is f(t). 


The value of the integral f f(x) dx is, by definition, dependent 
a 


‘on the value of #, and may therefore be denoted by F(t). Observe 
that for any t, T 


T t T 
F(T)—F(t) = { fle) de — f flw)dx = | fle) de. 
a @ t 


Since f(x) is continuous in (a, b) we can determine &, so that 
— f(T)-F) = O(n) 
for any t, 7’ in (a, 6) such that 7—t = O(k,); in particular if « lies 
between ¢ and T, f(x)—f(t) = O(n). 
Now f(z)—f(t) is a continuous function of x, and so if 


0 < T-t = 0(E,), 


[fxr ae| / (r—-1) < f \f(x)—fO| az\ / (T—#), 
by 14.252, 
= O(n), by 14.251, 
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and similarly, if 0 <<t—T = 0(k,), 
| i (1e)-f00} ae] [cr = | j (Fe) —F0} ae [| 


< [ \f@)—f| dx (t—7) 
T 
= O(n); 


T T ; 
but [ F@)—sO} de = f fle) de —(7—~pg(o, 
t t 


rT 
and therefore rH fr (x) dx — f(t) = O(n), 


i 
i.e, oO S(t) = O(n), provided T—t = 0(k,), 


which proves that f(t) is the derivative of F(t) in (a, 6). 
14.31. If G@(t) is any function whose derivative in (a, 6) is f(t) then 


j fla) dx = G(t)—G{a). 


Let j f(x) dx = F(t), so that, by 14.3, F(t) and G(t) have the 
same denivaiive, and therefore G(t) = F(t)+0, i.e. 


t 
ay)—0 = J f(a) dz. 


Since |f(x)| is coitus in (a, 6) it is bounded, by Mf say, and 
oe 


| F(x) dx 


Furthermore, G(t) is differentiable and therefore continuous, and 
. 80 we can determine p,, so that 

G)—G@(a) = 0(n+1) provided |é—a] < 1/p,. 
Hence if A, is the greater of Hy, and M.10"+1 and |t—a| < 1/r, 
then 
|G(a)—C| 


< |t—a|M = O(m+1) if [tal <1/M.10"41, 


= |4@)—C+ G(a)—|@(| 
< |G(t)— 0] +| G(@)— G(d)| = O(n+1)+0(n-+1) = O(n). 
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Since this is true for any n, G(a)—C = 0 and so 


t 
J f@) dz = @@)—Ga), 


: t 
Le. J G' (x) dx = G(t)—G(a). 


This completes the proof of the equivalence of the definite 
integral as limit of a sum and the definite integral as the 
operation inverse to differentiation. 

The difference between the two definitions is, however, 
as important as the equivalence theorem we have just estab- 
lished. For the integral which is but the inverse of a deriva- 
tive is known to exist only after we have found it—and this 
requires a previous knowledge of the integral function— 
whereas the integral which is a limit of a sum is con- 
structible, and therein lies the novelty and importance of the 
definition of this chapter. Previously we could only say that 
a derivative is integrable, in the sense that if one function is 
known to be the derivative of another then the latter is the 
integral of the first, whereas, by 14.2, we can now say that 
any continuous function is integrable, and we can con- | 
struct its integral. 


_ 14.4. The origin of the definitions of area and length which we 
gave in §§ 10.34 and 10.41 is to be aes in the constructive 
definition of an integral. 

If f(z) is continuous in (a, 6) and if a = do, ay, dg,..., Ay, = 6 is 
an n-chain of f(x), we define a function ¢,(x) by the condition: 
for each r from 0 to p, ¢,(x) = f(a,) for any x such that 

| | G, VT < Aya. 


Thus since any 2 in (a, 6) must lie in one of the sub-intervals 
(4,, 4,41), the function ¢,,(x) is defined for any z in (a, b). ¢,(z) is 
called a step-function. 

Since ¢,(x) is constant in each of the intervals (a,, a,,,], the 
broken line y = 4,2), the x-axis, and the ordinates at each of the 
points x = a, determine a set of rectangles; the rectangle bounded 
by y = ¢,(2), the x-axis, and the ordinates of a, and a,,, is of height 
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f(a,) and breadth a,,,—a@,, and so the area bounded by y = ¢,/(2), 
the x-axis, and the ordinates at a and b is 


S,, = f(do)(41—40) + F(01)(4g—4) +. +f Ap) (Ap 11—4%p) 
and S, > f f(a) dx. 
But fla)~b,(2) = O(n), for each x in (a, 6) lies in some sub- 
interval (a,, @,41) and 80 f(x)—$,(«) = f(e)—f(d,)s & <2 < Opa 


Hence ¢,,(x) >f(x). It is therefore natural to define the area 
bounded by the curve y = f(z) to be the limit of the area bounded 


b 
by y = ¢,(z), i.e. J f(x) dz, which gives 10.34. 
a 
In a similar way we can establish the formula 10.41 for the 


length of an arc. Let f(x) be a differentiable function and 
@ = Ap, y,..., Upy, = 6 an n-chain of the continuous function 


VII+Ef'@)} I 

The distance between the points (a,, f(a,)), (Grr, S(@+41)) is 
{(d,11—4,)*+(f(a-1)—f(4,))*}4, and so the length of the open 
polygon from (a, f(a)) to (b, f(6)) with vertices at the points 
(a,, f(a,)), 7 = 1, 2, 3,..., p, is 

‘ PD 
L,, = 2 iG —aP + (F (Gp41)—f (a,))*}*. 

By the mean-value theorem, we can determine ¢, in (a,, a,,,) such 
that ' 

. f(@,43)—F(G,) = (p41) f (Cr) 
and so if ¢(x) = /{1+(f'(x))*}, the length of the polygon takes the 


form p 
L, = Zoe) (A, 44 —4,) 


, b b 
and L,> | $e) de = [ JL+{f’@}*] de. 
The equation of the line joining the points (a,, f(@,)), (4,41 [(@+1)) 
5 Y—fla)$@—4,) = {F GS) Gras) = F'(6,), 


ie. y = f(a,)+(x—a,)f'(c,), and so at any point between a, and 
a,,, the difference between the value of y on this line and on the 


curve y = f(x) is f(a,)—f(x)+(e—a,)f'(c,). Let If be a bound of 
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the continuous function |f’(x)| and let the subdivision (a,) be 
chosen so that (a,,,—a@,) << 1/10"M. Then 


S(a,)—f() + (e@—4,)f'(c,) = O(n) +-0(n), 
since \f'(c,)| <M and 2x—a, <a,,,—4,, 


which proves that the polygon approaches the curve y = f(z) as 
closely as we please. Accordingly we take the length of the arc of 
y = f(x) to be the limit of the length of the polygon, which is 


f NIL+{S’(x)}*] dx, as in 10.41. 


14.5. Approximations to the value of a definite integral 


We have seen that if a = ao, a,..., @)4, = 6 is an n-chain of the 
function f(x) then f(a9)(@,—@9) +f (a)(@g—4) +... Hf (4p)(4p41—4p) 


b 
differs from f f(x) dx by (b—a)0(n—2), and so: 


14.51. If we divide the interval (a, b) into sufficiently small 
sub-intervals by the points a), a), a..., ap,,, the sum 


Sfa.)(@r1—a1) 
is an approximation to the value of i f(x) dx. 
14.52. If f(x) and 4(x) are continuous in (a, 6) and 
f(x)—¢(x) = O(n) 

then f (7) dzris an approximation to fe) de, with error (6—a)0(n). 
For | ° 

b b b 

J f@) de — J $(2) dx = J {F()—4(a)} dx = (b—a)0(n). 
14.53. If f(x) is differentiable four times then 

if (—h) +4 (0) +F(h)} 

is an approximation to the integral f f(a) de with error h*f*"(a)/90, 


for a certain « in (—A, h). 
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We observe first that if ¢(z) is a polynomial of the third degree 
then h 


| d(x) de = g{g(—h) +49 (0)+4(h)} exactly. 
-h 


For if d(x) = a-ba-+cx?+-das 
then  ¢(—h)-+4¢4(0)+¢(h) = 4a+2(a+ch*) = 6a-+2ch? . 


and so 
h 
J $e) de = 2ah-+ goh* = Jh(6a-+2ch*) = $h{(G(—h)-+49(0) +-$(h)}- 
-h 
Let R(h) denote the difference between 


h 
[fede and yf f(—h)+4fO)+ FM}; 
then ™ 
Ri(h) = FQ) +F(— FH) AS(—h) +-4f (0)}—HF Bf’ (—A)} 
= f(b) +f(—h)—2f (0)}- HF (2) f(A}, 
and R'(h) = Xf) —f' (AEP +h" (—A)}, 
and Rh) = —H{f"(h)—f'"(—h)} = —BR*F(B,), 
where —h <, <h, by the mean-value theorem, and f, is a 
function of h. Thus R(0) = R’(0) = R’(0) = R”(0) = 0, and so, 
by 12.52, there is a point c in [0, 4] such that : 
Rh) RC) 


Re ~ 5.4.38 = gf" Po) 


‘Thus Rh) = — sph f"(a), 


where « = f,, a point in (—c, c), and therefore in (—h, h), which 
‘ eompletes the proof. 


14.54. Writing y = not? and b= &— P=" co that y =, an 


and a when x = h, 0, and —A respectively, we have 


fA “Hh ; 


(P=2\ +-4p00)-+4( "|| = 6a) 7™(a), 
“SCS 90+) a0 
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and therefore if ¢(z) = ie) so that f(x) = $2 +I, 
IPF) = 90.500 = 9(2F), 155") = 40, ana 
F(a) = g(a F") — gmp), 


say, where p = ap ott so that p lies between a and b, then 
b 
#(2) do = "(4a +49 (“F") +60] se O—a)80). 
Th “5 et? 
us —— ayaa }+-40)} is an approximation to the 
° 


integral i ¢(x) dx with error —s599 0-080). 


ia 

This approximation is known as Simpson’s rule. 

Since the error in the approximation given by Simpson’s rule 
has a bound which is proportional to (b—a)5 (for ¢'¥(x) is bounded) 
the error of the approximation may be reduced to any assigned 
amount by subdividing the range of integration and applying 
Simpson’s rule to the integral over each subdivision. 


Se eye ] i io 
if x lies in (0, 4) then ——_. : < a and therefore, by 


ee ji72 1422-210 910? 
14.62, 


: 
U = tan-! 
J crepe = | pe 3 de = tan", 
0 


1 
with an error less than pi 


(ii) By Taylor’s theorem, with the Cauchy remainder, there is 
a 8 in [0, 1] such that (1—a)-+ = 14+404327(1—6)/(1—6z)}. 


21 — 1—@ 1 \g sta 
Now Fr = elma) and so, if0 <z<A< 1, we 
1— 


8 § 1 \j 
10x < land (75. “E} <(4) and so 


(1—z)-* = 1+4a with error less than A?/(1—A)?. 


have 
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Hence 


in : 
i} sais? = J (1-++-095 sin’#) d@ = 1-0475.40 
; ° = 1-6454..., 


agi = 3m Ss <— 5 < -08 in defect, 
so that the value of the integral lies between 1- on and 1-726. 
(iii) To approximate to log 2. 
By Simpson’s rule 


with an error less than dr 


1 
1 —_ 
| eae al} +3 sti 3 mii 
0 


with an error, by excess, of amount 


1 {df 1 1 1 1 
sasaaaliza)}... 120 (1-+a)® < 730 om 
since o nee in [0, 1]. , 


But fq rae dx = [log(1-+a) |} = log 2, and so log 2 lies between 


686 and -694, so that log 2 = -69 correct to two decimal places. 
Dividing the range (0, 1) into two equal parts, we have 


1 3 1 
1 1 1 
fre@-|re@+)rEe 

0 0 + 


11/1 I 4 11/1 1 4 
“Hitt tartare 


1747 

— = 8... 

~ 2520 mn 
with an error, by excess, less than 


1 si 1 1 1 1 1 1 
fe ee = Jt} < —.~ = -00082.. 
120 get 120: 25 (1+4)5 mts} < 120 24 
and so log 2 lies between -69276 and -69328, giving log2 = -693 
correct to three places. 

(iv) Divide the interval (0, 1) into n equal parts by the points 
r/n,r = 1, 2,..., n—1; if n is great enough, these points constitute 
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an m-chain of the continuous function z?, p > 0, and therefore, 
by 14.2, if 


ee ee 


then 8,> fede, 


But 8, = {17+ 2?-+ 3P-+...+(m—1)?}/n+1, and so for large values 
1 
of n, 17424... 4+ (n— 1)? is nearly equal to a - Notice, however, 


that we are here using the expression ‘nearly equal’ in a different 
sense from before. In the former sense “a, is nearly equal to b,,” 
means @,,—b, -> 0, but in the present instance ‘a, is nearly equal 
to 6,,’ means a,/b,, > 1. In this latter case it is customary to say 
that a, and 6,, are asymptotically equal. Of course a,,/b,, > 1 does 
not entail a,—6, 0. In fact it may happen that a,,/b,, > 1 and 
yet a, —6,, increases with n. For instance, log n is arbitrarily great, 
for great enough n, since logn > N if n > e%, and (log n)/n + 0, 
because (logn)/n = M /e™ < 2/M, where n = eM, and therefore 
(n—log n)/n -> 1 but n—(n—logn) = logn. 


14.6. If, for any n, J,(z) is continuous in {a, b) and if 
o(x) = lim f,,(z), 
(a,b) 
b b 
then lim i Sle) dx = J d(x) dae. 
For, by 13.47, ¢(x) is continuous in (a, 6) and so, for any n, 
f,,(2)—4(z) is continuous in (a, 6) and equals 0(p) if n exceeds fo 
b 
Hence J {fn(x)—¢(x)} da = (6—a).0(p) if n > N,, which proves 
14.6. ° 


14.61. If, for each n, f,(z) is differentiable and f(x) tends to a 
limit f(x) in (a, 5), and if Sr(x) is interval-convergent in (a, b), then 
J (x) is differentiable and Fr{) > f' (2). 
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Let ¢(x) be the limit in (a, b) of the convergent sequence Frl&); 
then, by 14.6, P : 
J Sula) doe > i p(x) de. 


But j finla) da = f,(t)—Frl@), and f, (%) > f(x), and therefore 


f)—fla) = | H(a) de, 


which proves that f(t) is differentiable and f’(t) = ¢(¢). 
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XV 
PARTIAL DIFFERENTIATION 


FUNCTIONS OF SEVERAL VARIABLES. DOUBLE AND RE. 

PEATED LIMITS. CONTINUITY AND DERIVABILITY. THE 

TAYLOR SERIES. EULER’S THEOREM. INVERSION OF A 

FUNCTIONAL RELATION. PARTIAL DERIVATIVE OF AN 
INTEGRAL 


15. In considering the properties of functions of two variables we 
shall have frequent occasion to specify the range in which the 
variables lie; instead of saying of a pair of variables x, y that x lies 
in a certain interval (a, 6) and y lies in (c, d) we shall say, briefly, 
that the point (x, y) lies in the rectangle (a, bXc, d), or when it is 
unnecessary to be more explicit, just that (7, y) lies in a rectangle R. 
The points (a, c), (a, d), (6, c), (b, d) are called the vertices of the 
rectangle (a, bXc, d) and (>. ore its centre. Observe, however, | 
that nothing more is implied by the terminology than we have 
stated; to say that the point (z, y) lies in the rectangle (a, bXc, d) 
means only that a <%< b,c <y<d, and we shall also extend 
the use of the term interval to cover the notion of a pair of numbers 
lying in a certain pair of intervals. We have introduced the new 
term ‘rectangle’ here, however, to accentuate certain important 
differences between the theory of functions of one variable and 
functions of two variables. 


15.1. Tf f(X, y)—$9(z, y) = Op) for any points (x, y), (X, y) ina 
rectangle R, such that X—a2 = 0(q), where g depends only upon p 
(and not upon z, X, or y), and X ~ 2, then we say that ¢(z, y) is 
the interval-limit of f(X, y) as X tends to x, and we write 


—>2(R) 


15.11. Similarly, if f(z, Y)—v(x, y) = 0(p) for any points (x, y¥), 
(x, Y) in a rectangle R, such that Y—y = 0(q), g depending on p 
alone, and Y + y, then we say that (2, y) is the interval-limit of 
f(z, Y) as Y tends to y, and we write 

¥~y(R) . 


5039 s 
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15.12. If f(X, Y)—6(«, y) = 0(p) for any (2, y), (X, Y) in R such 
that X—az and Y—y are 0(g) (not both zero), g depending only 
on p, then 6(z, y) is called the (interval) double limit of f(X, Y) as 
X tends to x and Y tends to y, and we write 


lim i, Y) = O(a, y). 
X, Ya, y(RB 


15.13. If Peco eas Y) = d(x, Y), in R, and if 
lim (x, Y) = A(z,y), 


Y+y(R) 
in R, then A(z, y) is called the (interval) repeated limit of f(X, Y), 
as X tends to x and Y tends to y, and we write 


lim ae JX, Y) = X(a, y). 


Yoy Xa 


If ooo Fe, Y)= aa. aii and if 


Po YX, y) = wz, y), 


in R, then p(x, y) is called the (interval) repeated limit of f(X, Y), 
as Y tends to y and X tends to x, and we write 


lim lim f(X, Y) = ula, y). 


Xa Y-y(R) 


15.14, ‘The interval double limit, and the two interval 
repeated limits of f(X, Y), all exist and are equal provided 
only the two single interval-limits 8 2 £(X, y) and dim foe) 


exist. 
Proof. Let ¢(x,y), ¢(x,y) be the values of the limits 
lim f(X,y), lim f(z, Y) in a rectangle R, so that 
X~a(R) ¥-(R) 
S(X, y)—$(a, y) = O(p), f(z, Y)—(z, y) = O(p) 


for any (x, y), (X, y), and (x, Y), in R, such that X—z, Y—y = 0(q). 
Hence 


F(X, Y)—W(X, y) = Op), — f(X, Y)—d(w, Y) = 0(p) 
and so W(X, y)—d(x, Y) = 0(p—1), 
whence $(X, y)—Y(X*, y) = 0(p—2) 
for any X, X* such that 
X—2z, X*¥—zx = 0(q). 
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Hence if x, is a sequence which converges to 2, then for given 
(x,) and y, the sequence #(zx,, y) is convergent, for 

P(Xms Y)—(x,, y) = 0(p—2) provided U—Ly, L—-Ly, = 0(), 
i.e. provided m and n are greater than some N, which depends upon 
p, y and the sequence (z,). Let A be the limit of ¢(z,, y), and let 
X,, be another sequence which converges to x; then for n greater 
than or equal to a certain K, 

A—4(@p, y) = O(p) and $(x,, y)—W(X,,, y) = O(p), 

and therefore A—(X,,, Y) = 0(p—]), 
which proves that A is the limit of the sequence ¥(X,, y). Thus A 
do¢s not depend upon the particular sequence (x,,) but only upon 
x and y, and so A = A(z, y), a function of x and y alone. 

-Since for each value of x and y, A(x, y) is the limit of 4(X,,, y) 
as X,, tends to x, it follows that 

W(X,» y)—Ae, y) = O(p) provided n > K(p, x, y). 
Choose an n so great that x—X,, = 0(q) and n > K(p, a, y), then 
for any X, such that X—z = 0(q), we have. 
= 0(p—2)+0(p) = 0(p—3), 


lim ¥(X, y) = A(z, y), 
‘ X-2(R) 
i.e. a yon I, Y) = A(z, y). 


which proves that 


In a similar way we can econ that Po P@, Y) exists and has 


the value p(x, y) say; but ~(X, y)— dic, Y) svi = 0(p—1) and therefore 
A(x, y)— (a, y) = 0(p—4), for any p, which proves that 
Az, y) = w(x, y) in R. 
Moreover, if X—z, Y—y = 0(q), 
S(X, Y)—¢(w, Y) = O(p), $x, ¥Y)—p (x, y) = 0(p—3) 
and therefore F(X, Y)—pla, y) = 0(p—4), 


which proves that 


yl gg f& Y) = mle, 9). 


Thus the two interval repeated limits and the interval double 
limit all exist and are equal. 
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15.2. The function f(z, y) is said to be uniformly (or interval) 
x-continuous in Rif lim f(X, y) = f(z, y) in R. 
X2(R) 


f(x, y) is uniformly (or interval) y-continuous in R if 
lim f(x, Y)= f(w,y) in R. 
Y-(R) 


If f(z, y) is both uniformly z-continuous and y-continuous in R 
then f(z, y) is said to be uniformly continuous in R. 
For brevity we shall contract the expression ‘uniformly con- 
tinuous in R’ to ‘continuous in FR’. 
A necessary and sufficient condition for continuity is 
sae al Y) = f(z, y), 


X,¥o2 
for if Bs F(X, Y)= ne Y) and a J Y) = f(z, y) then 
lim lim F(X, Y) = f(a, y), and so, be TB. 14, 


Yoy X-«(R) 
lim wl Y) = fe); 
X,Y—2z,y(. 
conversely, if jim a a Y) = f(x, y) then, taking Y = y, we 


x; Y—z,y( 


have lim f(X, y) = Ft, y), and taking X = 2, 
X—a(R) : 
lim f(x, Y) = f(x, y), 
¥>y(R) 


so that f(x, y) is continuous. 


(15.201. If x, = a+r(b—a)/n, y, = c+s(d—c)/m, then the set of 
intervals (rectangles) 

r= 0, 1, 2,...,n—1, 

s = 0, 1, 2,..., m—], 

is called a subdivision of the interval (a, b\(c, d) into mn equal 
sub-intervals. 


(x,, XpitXYss Ys+1)s 


15.202. If f(x, y) is continuous in the interval (a, 6\c, d) then we 
can divide (a, bXc, d) into a finite number of sub-intervals such 


= fe, y)-f(X, Y) = 0p) 
for any two points (x, y), (X, Y) in the same sub-interval. 

For f(z, y)—f(X, Y) = 0(p) if X—z, Y—y = 0(q). Choose n so 
that. (6—a)/n, (d—c)/n = 0(q) and divide (a, bXc, d) into n? equal 
sub-intervals. If (x,, %,41:XY—. Ys41) 18 any one of the sub-intervals, 
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then 2,.;—2,, Ysi1—Ye = 0(g), and so if (x, y), (X, Y) are any two 
points in (%,, %41XY—: Ys41) then X—2z, Y—y = 0(qg) and therefore 
f(z, y)—f(X, Y) = 0(p). 


15.21. If f(x, y) is continuous in R then it is bounded in R. 

Divide R into n? equal intervals such that f(x, y)—f(X, Y) = 0(1) 
for any two points (x, y), (X, Y) of the same sub-interval. 

Let (x, y) be any point of R; then (2, y) falls into one of the 
sub-intervals (2,, %+1XYes Year), Say ((x, y) may in fact be a vertex 
of four of the sub-intervals, in which case we may choose any one 
of the four as the sub-interval in which (x, y) lies). Then 


f(@,y) = {f(a, y)—f(2,, Ye) +{f (2,5 Ys)—f(%p-1, Ys)} tet 
Hf (a1, Ys)—f (Xo; Ys) +E (Xo; Ys)—f(®o; Ys-1)}+ 
H{f (Xo: Ys-1) F(a, Yo-a)$ +++ +{F (%o> Ys —F(Xo» Yo)S +F(%o» Yo) 


and so 
[f(%, y)—f(%o, Yo) | = (r+84+1)0(1) < (2n-+1)/10, 
which proves that f(z, y) is bounded in R. 


15.22. If f(z, y) is continuous, and ¢(é), y(t) are continuous, then 
Sf (P(t), ¥(t)) is continuous. 

For $(7)—4(t) = 0(p), (2) —(t) = O(p) when T—t = 0(q) and 
S(X, Y)—f(a, y) = 0(r) when X—2z, Y—y = 0(p), so that 


SPT), HT))—F(OO, O) = Or), 
which proves that f(4(£), %(£)) is continuous. 


15.23. If f(z, y) is continuous then f(z, y) takes any value between 
any two of its values. 

Let V, and ¥, be the values of f(z, y) at the points (2,, y,) and 
(%q, Y2), and let d(t), %(é) be two linear functions which take the 
values 21, y, and #, y, for ¢ = t, and ¢ = f, respectively. Then 
f($(t), ¥(¢)) is a continuous function which takes the values V,, V 
at the points ¢,, 4, and so takes any value between V, and J, at 
some point (é), %(t) for a ¢ between ¢, and f,. 


15.24. If f(z, y) is continuous in R and |f(x, y)| 2a > 0in R, 
then f(z, y) is of constant sign in R. 

For if (x1, ¥1), (%2, Y2) are any two points in R, then f(z, y) takes 
any value between f(x,, y,) and f(2, y,). But since | f(x, y)| > «, 
zero is not a value of f(x, y) and so zero does not lie between 
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F (1, yy) and f(x, yg), which proves that f(x,, y,) and f(a, y,) are 
of the same sign. 


15.25. The functions f(z, y), g(x, y) are continuous in # and at 
each point of R at least one of the numbers | f(x, y)|, |g(z, y)| 
exceeds 5. Then we can divide R into a finite number of sub- 
intervals such that in each sub-interval, p, either | f(x, y)| > 46 at 
all points of p, or |g(x, y)| > 46 at all points of p. 

Proof. By 15.202, we can divide R into a finite number of 
sub-intervals such that in each sub-interval p, 


f(z, YW—F(X; Y)| << 48, [g(x y)—g(X, Y)| < 48, 
for any (x, y), (X, Y) in p. Let X, Y be the centre of p. Hither 
|f(X, Y)| or |g(X, Y)| exceeds 8; suppose the former, then 


F(a, y)| = {fF (e, y)—f(X, YY}AS(K, Y)| > 5-48 = 48, 
for all points (x, y) in p. Similarly, if |g(X, Y)| > 6, then 
lg(x, y)| > 48 
at all points of p. 
15.3. A function f(x, y) is said to be uniformly x-differentiable in R 


if f(x, y) is z-continuous in R and if we can determine a function’ 
d(x, y) and a function g(p) such that (for different x, X) 
{f(X, y) f(a, y)}(X—x) = g(a, y)+0(p) 

for any (x, y), (X, y) satisfying X—zx = 0(q), g depending only 
upon p. The function ¢(z, y) is called the uniform x-derivative of 
f(x, y). f(x, y) is said to be uniformly y-differentiable in R if f(x, y) is 
y-continuous in R, and if we can determine a function (x, y) and. 
a function 9(p) such that {f(x, Y)—f(x, y)}/(Y—y) = (x, y)+0(p) 
for any different (x, y), (x, Y) in R satisfying Y—y = 0(q). (2, y) 
is called the uniform y-derivative of f(x, y). 

Observe that for any constant value of y, the x-derivative of 
f(x, y) is just the derivative of f(x, y) as a function of the single 
variable x, and for a constant value of x, the y-derivative is just 
the derivative of f(z, y) as a function in the single variable y. 
Thus in forming the z- or y-derivative of a function f(z, y) we 
may employ the technique already established for differentiating 
T(x, y), treating x as a mere constant or y as a mere constant as 
the case may be. 

We shall generally denote the x- and y- derivatives of f(z, y) 
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by f,(z, y) and f,(x, y) respectively; another common notation is 
x f(x, y) and > f(x, y). As we have already observed, the a- and 


y-derivatives are ordinary derivatives formed by regarding y as 
a constant and 2 as a constant respectively, and could therefore 


be denoted by a f(z, y) and a I(x, y); it is customary, however, 


to reserve the notation . f(x, y) for the derivative of f(z, y) when 
y is regarded, not as a constant, but as a function of x, and the 
notation ‘ f(z, y) for the derivative of f(x, y) when x is regarded 


as a function of y. It is for this reason that the curly ‘@’ is used, 
instead of the straight ‘d’ to denote the z- and y-derivatives of a 
function of two independent variables, and not because there is 
something new in the kind of differentiation introduced in this 
section. 


15.301. It is useful to maintain a distinction between the signs 


af 


ss and f, and between the signs by and f, in the case when the 


argument places of fare filled by functions. Thus x Fi{g(x, y), h(x, y)} 


is the x-derivative of (x, y), where 4(zx, y) = f{g(x, y), h(x, y)}, but 
f.{g(a, y), h(x, y)} is the result of substituting g(x, y) for « and 
h(x, y) for y in the function f,(z, y). Thus for instance 


felys ®) = au z) 


for f,,(y, x) is the result of differentiating f(x, y) with respect to x 
and then interchanging x and y, which amounts to differentiating 
Sly, £) with respect to y. 


In forming = fig(x, y), h(x, y)} the variables x and y in f(x, y) 


are replaced by g(x, y) and h(x, y) before differentiation, and after 
differentiation in forming f,{9(x, y), h(x, y)}. 
af 


The difference between a and f, is analogous to that between 


A and f’(x) for functions of a single variable. 


https://t.me/ pdf4exams 


Downloaded om htts:// t.me/ civilsbuzz 
264 TAL DIFFERENTIATION 


15.302. If f(x, y) is both uniformly z-differentiable and uniformly 
y-differentiable in R, then f(x, y) is said to be uniformly differen- 
tiable in R. 

For brevity we shall generally write ‘differentiable in R’ for 
‘uniformly differentiable in R’. 


15.31. If f(z, y) is uniformly differentiable in R then both the 
x-derivative and the y-derivative are continuous in R. 

Proof. Since f(z, y) is both xz- and y-differentiable, therefore 
f(x, y) is both x- and y-continuous, i.e. f(a, y) is continuous. 


S(X, y)—ST (a, y) 


Now ae = f,(x, y)+0(p) 
for any (x, y), (X, y) in R such that X—z = 0(q); interchanging 
x, X we find 
S(w, y)—F(X, y) _ 
———_ FAX, y)+0(p) 
and so f2(X, y)—f,(x, y) = O(p—1), 


which proves that f,(z, y) is z-continuous in R. 

Let X—x = 1/102+); since f(x, y) is continuous, in R, we can 
choose r so that f(x, Y)—f(x, y) = 0(p+q-+1), for any (x, y), 
(x, Y) such that Y—y = O(r). Hence 


f,(", Y) —frlt, y) 


= AE DIE NN VIS Db + orp) —o¢p), 


= 10¢+0(p+¢+1)—0(p-+-¢+1)}+0(p)-+0(p) 
= 0(p)+0(p)+0(p)+0(p) = 0(p—1), 


provided only Y—y = 0(r), r depending on p alone, which proves 
that f,(x, y) is y-continuous in R. Thus f,(2, y) is continuous in R, 
Similarly, f,(z, y) is continuous in R. 


15.32. If f(z, y) is differentiable in R then 
£(X, Y)—f(x, y) -— (X—x)f,(x, y)+(¥—y)f,(x, y)+ 


+(X—x)0(p)+(Y—y)0(p) 
for any (a, y), (X, Y) such that X—2, Y—y = 0(g). 


https://t.me/ pdf4exams 


Downloaded from htts:/ / t. ne © eee 
PARTIAL DIFFERENTIATIO 265 


For 
F(X, Y)—f(e, y)—(X—2)f,(e, y)—(¥Y—y) f,(@ 9) 
= f(X, Y)—fle, Y)+ 
+f(e, Y)—f(a, y)—(X—2) f(x, y)—(Y—y)f(™, 9) 
= (X—2){f,(w, Y)—fx(x, y)+0(p)}+ 
+(¥—y{F,(x, 9) —F(@, 9) +0(p)} 
= (X—2){0(p)+0(p)}}+ (¥—y)0(p), 
since f,(x, y) is y-continuous, 
= (X—2x)0(p—1)+(¥ —y)0(p—1). 
15.33. If f(x, y) is continuous in F and if 
A(X, Y) flew, y) 
= (X—x) g(x, y)+(¥ —y)p(a, y)+ (X—z)0(p)+ (Y —y)0(p) 
for any (x, y), (X, Y) such that X—xz, Y—y = 0(q), then f(z, y) is 
differentiable in R and ¢(z, y), %(z, y) are the x- and y-derivatives 


of f(x, y). 
For taking Y = y we have 


ee = $(z, y)+0(p) 
and taking X = 2, 
fe Tete = (x, y)+0(p), 


proving that f(z, y) is both x- and y-derivable with derivatives 
p(x, y) and ¥(z, y). 


15.4. Observe that, unlike the case for a single variable, a differen- 
tiable function f(x, y) is continuous by definition; in the case of a 
function of a single variable the continuity of a differentiable 
function is a consequence of the provable continuity of the 
uniform derivative. 

The two-variable function can be put on the same level as the 
one-variable function, if we formulate the definition of differen- 
tiability in the following way: 

f(z, y) is uniformly 2-differentiable in R if (for different x, X) 


ie = $(x, y)+0(p) 
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for any (x, Y), (X, Y) in R such that X—2z, Y—y = 0(q), where 
q depends on p alone. 


f(z, y) is uniformly y-differentiable in R if (for different y, Y) 
: FE LEY = He, +012) 
for any (X, y), (X, Y) in R such that X—z, Y—y = 0(q), ¢ 
depending on p alone. 
Denoting the derivatives by f,(x, y), f,(#, y) as a it follows 
that 
F(X, Y)—fle, y)—(X—2) f,{x, y)—(Y—y) fh, (ey) 
= f(X, Y)—fle, Y)+ 
+f(z, ¥ a y)—(X—2)f,(a, y)—(Y —y)fyle, y) 
“4@ —y){ fy, y)—Fy(@, y)+-O(p)} 
= (X—zx)0(p)+(Y—y)0(p). 
15.401. Note that, in § 15.3, the condition which defines the 
x-derivative contains three variables, x, y, and Y, whereas the 
condition in § 15.4 contains four variables x, y, X, and Y. Thus 
the second condition on f(x, y) is far more stringent than the first, 
and it is to be expected that we can learn more from it about the 
behaviour of f(z, y). 


15.41, The derivatives f,(x, y) and f,(zx, y), as defined in 16.4, are 
continuous functions. 
_ The proof that f,(z, y) is x-continuous proceeds exactly as in 

15.31. Taking y = Y in the defining equation 15.4 and subtracting 
from the resulting equation, 15.4 itself, we have 

; f(x, Y)—f,(%, y) = O(p—1), 

since the left-hand side of 15.4 is unchanged by replacing y by Y, 
and so f,(z, y) is y-continuous. Thus f,(z, y) is continuous, and 
similarly f(x, y) is continuous. . 
15.42. If f(x, y) is differentiable in R, then f(z, y) is continuous 
in R. 

Replace Y by y in 15.4 and we have 

S(X, yf (a, y= (X—x) f(x, y)+(X—2x)0(p) 
= 0(r) 
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if X—z is small enough, since F(x, y) is continuous and therefore 
bounded. 

Thus f(z, y) is x-continuous. 

Similarly, since f(x, ¥)—f(x, y) = (Y—y)f,(z, y)+(¥—y) (p) 
and Syl, y) is bounded, therefore f(x, y) is y- -continuous. Hence 
F(z, y) is continuous. 

15.43. The definitions 15.3 and 15.4 are equivalent 

15.4 implies 15.3 because 15.4 implies f(x, y) is continuous (by 
15.42) and we may take Y = y in 15.4. Furthermore 15.3 implies 
15.4; for if f(«, y) is continuous and 


= = f,(a, y)+0(p) 
then by 15.31 f. a2, y) is continuous, and therefore 
HX, Y)~F@Y) _ fe, ¥)4-0(p) 


X—2 
= fx(v, y)+0(p)+0(p) 
=f,(0,y)+0p—l) 
provided only Y—y = 0(r) for an r depending on 7 alone. 
Similarly, SEALE) _ se, y) 40-1), 
which proves that 15.4 follows from 15.3. 
_ 15.44. Repeated differentiation 
If the a- and y-derivatives of f(x, y) are themselves differentiable 
functions, f(z, y) is said to be differentiable twice. The x-deriva- 
tives of f,(x, y) and f,(z, y) are denoted by f,,.(z, y) and f,,(x, y) 
respectively, and the y-derivatives by f,,,(x, y) and f,,(x, y) respec- 


tively. In the ‘d’ notation the x-derivatives of i and. Zz are 


OD eg Od 


written oui and aaoy respectively, and the y-derivatives are written 
2 a 
igh oe and ih respectively. 


If all the second derivatives are differentiable we obtain the 
third derivatives 
gming gminf 
samays 9 Byrom’ 


and from these the fourth derivatives are formed, and so on. 


mtn=3, m>0, nZO0, 
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The fundamental theorem of this section is that the order of 
7 oming ominf 


differentiation is immaterial, i.e. 


dx™oy” — dy"a™ a ee wan 


and this is an immediate consequence of 
15.45. If f,(x, y) and f,(x, y) are differentiable, then L. = f,,. 
Let ¢(x) denote f(x, y+h)—f(x, y) and %(y) denote 
Sah, y)—f@, y)- 
Then since f(z, y) is x-differentiable twice, ¢’(~) and ¢”(x) exist and 
since f(z, y) is y-differentiable twice, %’(y) and %”(y) exist. Hence 
if h = 0(q) 


Heh) P(x) = ho'@) 45 $"(w)+0(p)} 


and Hy +h) Hy) = hy) +") + O10). 


But $'(x) = f(z, yth)—f,(v, y) = Kfey(e, y)+0(p)}, since f, is 
y-differentiable, and ¢’(x) = f,,.(t, yt+h)—fr_(%, y) = 0(p), since 
Jee is continuous, provided |h] is small enough. 


Thus $(u+h)—¢$(x) = h{f,,+0(p—1)}. 
Similarly By+h)—py) = W{fj,+0(p—1)}. 
But 


$(z-+h)—$(z) 
= oy th)—4y), 
and therefore f,,, = f,,+0(p—2); since this is true for any p it 
follows that f,, = fye- 
The equality of f,, and f,, may also be established by the 
mean-value theorem. 


Denoting f(x, y-+k)—f(w, y) by 4(z) and f(e-+h, y)—f(w, y) by 
(y) we have 
d(a-+h)—¢(z) 
= h¢'(x+6h) 
= A{f,(a+6h, y+k)—f,(x+h, y)} 
= hk{f,,,(c+6h, y)+0(p)}, since f,, is y-differentiable, 
= Ak{f,,(z, y)+0(p)}, since f,,, is continuous. 
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Similarly Py +k)—oy) = hk{ fx, y)+0(p)}; 
but 
$(a-+h)—G(x) = flath, yk)—f(a+h, y)—fle, yt k) +f, 9) 
= o(y+k)—ply) 
and therefore f,,(z, y) = fya(%, y)- 


15.46. The definitions and theorems in §§ 15-15.45 readily extend 
to functions of three or more variables. For instance a function 
f(x, y, 2) is x-continuous in an interval J if 
F(X, Yy 2)—f(a, y 2) = 0(p) 

for any (x, y, z) and (X, y, z) in I such that X—zx = 0(q), and 
f(x, y, 2) is x-differentiable in J if it is x-continuous in J and if 
there is a function ¢(z, y, z) such that (for different X, x) 

‘ f(x, y; z)—f(x, y, 2) a 

OH EE 2) _ $0, ys 2) = OP) 

for any (x, y, 2), (X, y, z) in I such that X—xz = 0(g). Of course 
f(z, y, z) has three derivatives f,, f,, f, and exactly as in 15.45 we 
can show that f,, = fy, and frz = fez, ete. 


15.5. If f(z, y) is differentiable and if x(t) and y(t) are differentiable 
functions of ¢ then 


df(x,y) Of dx df dy 


dt dx dt ‘ dy dt’ 
‘ . af of 
where the variables in - and by are supposed replaced by the 


functions x(t) and y(t) after differentiation, and in df(x, y)/dt before 
differentiation. 

Proof. Denote x(t), y(t) by x, y and x(T), y(T) by X, Y respec- 
tively. Then 
F(u(T), W(T))—Fe(t), yO) = F(X, Y)—F(@, y) 

= (X—2){f,(x, y)+0(p)}+ (Y—yfy(@, y)+O(p)}, by 15.32, 

provided X—2z, Y—y = 0(q). 

But a(t) and y(t) are differentiable and so 


X—x 2x(T)—2(t)_ dex 
Tt T-t — qt OP) 
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Y—y_ y(T)—y(t) ty 
and Tt => a a 5 + OP) 


provided 7’ —é = O(r). Since da/dé and ae are continuous, they 
are bounded, and so we may choose r so that when 7'—t = O(r), 
then X—x, Y—y = 0(¢g). Hence when 7'—# = 0(r), we have 


LT), W~T))—F(z), yO) 
T—t —(Fh +H ) 


= stl me 
= (fet F+ Pow + 02-1), 
But Hy f,, dx/dt, dy/dt being continuous, are bounded, and so 


£ Hatt), y(t) = lim He, wt 0,40) _ dt Gilet le 


which proves 15.5. 
15.51. By means of 15.5 we can readily form the second, third, and 


so on, derivatives of f(x, y) with respect to t, provided that f(z, y), 
x(t), and y(t) are differentiable sufficiently often. For instance 


af d (8) ue dx , of eH) 


dt? ~ dt\dt} dt \a dt * dy dt 
_ of Px , of dy de d (af) , dy d/af 
~~ @x dt? * dy dt? * dé dt\ax) ' dt di\ay)" 


Since formula 15.5 is true for any differentiable function f(z, y) 
we may take for f(x, y) the differentiable function 0f/é2, whence 
dfof\ fda msl of dy 
dt\ax) ~ dx dt ' aay dt’ 


cee af\ Pf da , Hf dy 
and similarly ai ale 4). Snoy di * yh de” 
Thus 


d% _ 0% (dx\* » 04 dx dy , O*/dy\* , of dx , af aty 
dt? @x?\dt Oxdy dt dt ' dy?\dt/ ' Ox dt? " dy dt?" 
dxa ,dya 


This formula may be abbreviated by writing Ge -74 i J for 


‘da\? of ode dy af dy pe 
the set of terms G ) oat 2 i di Sady * \dt Bye? so that in 
dx @ , dy @ 


expanding the binomial (= rs Tae z) we treat the operators 
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0/dx, 8/éy like variables. The formula becomes 
af (dx a ay a\? z\s of dx , af dy 
dt \dt a be dit di? ' dy di?" 
Differentiating again we find 


afd (d2 dx 2, dy a\(dx 2, dy 2 
aaa aaa) = Gi a+2 NG at dt jit 


Pafde 0 dy 0\of , Py(de ody o\af 

di? \dt dx ' dt dyjaa ' dé®\dt du ' dt dyjoy 
43 Pe of d®y 
da d® ' dy di’ 


whence 
at dx @ ody 2 a \3 eet dxdx , OF Of /d®x dy , d’y dx dx 
dt®— \dt dx * dt dy Ox? dt? dt ' dxdy\dt? dt " dt? dt 
of d’y dy Of d*x df d*y 
+ aya dt? dt + ax dt * dy dt’ 
and so on. 


15.52. The formulae of 15.51 readily extend to functions of three 
or more variables. For instance 


of dx , of dy , afdz 


d 
15.521. GIO) = 50 et by dt tae 


and 
af [dx od dy @ , dz a\? 
ec = oat at oy ta x f+ 
af de , af dy | af a 
dx dt? ' dy d® dz di 
If x, y, z are functions, not of a single variable ¢ but of, say, two 
variables wu, v, then instead of 15.521 we have the pair of equations 


of _ of ox , of oy id 


du 8x Ou" Oy Ou | Oz Ou’ 
of af ou _, of ty ae = 


dv Ga du | dy a 
15.53. In particular, if u = x, v = y, then 


at) _ of af az (at) _ at, af az 
Ox}, Ox ' dz 0x’ dy/x Oy | azdy’ 
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where we have written (0f/0x), to denote the x-derivative of 
f(x, y, Z) when y is constant but z varies with x, and 0f/0x 
denotes as usual the x-derivative of f(x, y, z) when both y 
and z are constant, etc. The distinction is made in this way 
because if we sought to make it by writing df/dx for (af/éx), we 
should be liable to confuse the x-derivative of f(x, y, z), when y 
is constant and z varies with x, with the 2-derivative of f(z, y, 2), 
when both y and z vary with x. To make quite clear which of the 
variables are constant under differentiation it is sometimes neces- 
sary to place all such variables explicitly beside the sign of 
differentiation, e.g. we may denote the x-derivative of f(x, y,z, u,v), 
when y, z are constant but wu, » vary with x, by (@f/éx),,. There 
are also other contexts in which it is desirable to make explicit 
what variables are constant during a differentiation. Consider, 
for instance, the relation between cartesian and polar coordinates 


x = rcos6, y= rsiné. 
If we regard x as a function of r and @ then a = —rsin 6, but if 


we regard x as a function of y and 0, ie. x = ycoté, then 


oar A ae 
36 =~ ¥ cones 6 = —r/sin 6. 
These derivatives are adequately distinguished by writing (01/06), 


for the 6-derivative of x formed by keeping r constant, and (@x/00), 


for the 0-derivative of z keeping y constant; thus (3) = —rsin 6, 
r 
i) == —r/sin@. Of course the subscript notation is unnecessary 
y 


if all the variables of the function differentiated are made apparent. 
The distinction we made between (@f/2x), and @f/éx could be made 


by writing = f{x, y, 2(x, y)} for the former and a f(x, y, 2) for the 


latter, and similarly the distinction between F) and 3) is 
r y 


equally well made by writing 5x0, r) and £8, y) for the @-deri- 


vatives formed by keeping r constant and y constant respectively. 
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15.54. If u and » are differentiable functions of x and y, then 
fu Oe | duty — Bvde | away 
ox du" dyau ? a bu you 
Gv de, buoy _ ude duty 
dx dv " dy dv , dx dv ' dy av 


Let u = f(z, y), v = g(x, y), and consider these equations as 
expressing x and y as functions of u and v; then differentiating 
with respect to u we have 


and differentiating with respect to v, 
oF RAY ong 1 OR, Oy dy. 


aa dv ' Oy dv aa dv" Oy du’ 


writing w for f(x, y) and v for g(x, y) we obtain the formulae stated. 
Of course éx/2u, ax/av here stand for the u- and v-derivatives of z 
regarded as a function of ~ and v whereas 0u/dx, dv/dx stand for 
the z-derivatives of u and v regarded as functions of x and y. 

The technique by which these Jormulae were obtained is even more 
important than the formulae themselves. 


15.55. When x and y are linear functions of t the formulae of 
§ 15.51 take on aspecially simpleform. Forifz = a+-ht,y = b-+kt 


then des = h, dy = k and all higher derivatives of x and y are zero, 


so that 
d _ 2,9 df 
geet, b+ht) = Pag ay? 


and so on, where, on the right-hand side of each equation, z and 
y are replaced by a+-At and b-+-kt respectively, after differentiation. 


rs] n 
z| fle, y) we 


replace x and y by a-+-ht and b+ kt after differentiation and then 
5039 . 


Observe that if in such an expression as (ee +k 
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take ¢ = 0, the result is just that of replacing x and y by a and b 
respectively after differentiation; but if for some r and s 
ort 'f(a, y) 
Garage OY) 
artsf(a, 6) _ 
—aarape — #(0 9), 


and so the result of replacing x and y in (2 atk) F(z, y) by a 


then 


and b after differentiation is just (ee —-+k 5) f(a, 6). Hence 


15.56. [F fla+ht, bk] a (Z+e5) f(a, b), 


where [d"f/dé"],_. denotes the vali of d"f/dt” when t is replaced 
by zero after differentiation. 

Formula 15.56 is in fact a particular case of the more general 
result, that if x = a+ht, y = 6+4t then 


15.57. oF _ (\% Ey a 5) flatht, b-+Kt). 
For 
a _ 9b oe ap Oy _ ad de, by 
m= —e tan eo a 
af dx , ap Oy oe 
and Sole, y) = re abt dy a oe 


and therefore 
(ee +k a) f(a-+ht, b--kt) = (2 
and if for some p, 


a, ,a\P _f,a 
(ee +h5) flatht, b+-kt) = (oZ+k 


é 7) 
ba + be |g, y); 


5) fe y); 


then 
(es a) fla-+tht, b+kt) 
bs) (hae yd a) flatht, o-+Ke)| 


sd | 
= (baat [(bae Hag) 1 
| 


ne +h) [egteglren|=(igreg) few 
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and so 
a o\" 
(is thg) Moti b+) = (62 422)" se, y 
for any n, which proves 15.57. 


15.6. Taylor’s theorem 
If f(x, y) is differentiable n times in the rectangle 
| (a, a+hXb, b-Lk) 
then there is a @ in [0, 1] such that 


fla-th, b+) = f(a, o+(1o+ks\sa, b)-+ 
ee (se age =) 1 O) bob ea way atkg) f@.8)+ 


1 a\n 
Aud f(a+0h, 646k). 


Let $(t) = f(a+ht, b+-kt), then 4(t) is differentiable n times and 
so by Maclaurin’s theorem there is a 6 in [0, 1] such that 


#2) = $O)+9') 4 59 O) bot oO) + 40), 


whence by 15.56 and 15.57 (taking ¢ = 6) the result follows. 
Exactly the same proof applies to a function of any number of 
variables. 


15.7. A function of any number of variables 1S Y, 2...) is said to 
be homogeneous of order m if for any %, ¥, Z,..., and any f, 


S (xt, yt, 2t,...) = Uf (a, y, z oo 


15.71. Euler’s theorem 
If f(z, y, z,...) is a homogeneous differentiable function of order 
m, then 


(eZtugtegt w) He Y; % ++.) 


= m(m—1)(m—2)...(m—n+1)f (2, y, z,...). 
Let u = xt, v = yt, w = 2t,.:. so that u, v, w,... are linear func- 
dv dw 


' tions of t with Ft = 2, @ — y, Ha... 
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Since f(x, y, 2,...) is homogeneous, 


S(u, », W,...) = Ef (&, Y, 25); 
and so differentiating n times with respect to t, 


(«3 Ztye tent. "F(t, 8 2.0) 


= m(m—1)...(m—n+1)t"-"f (a, Y, Z,..+)- 
This is true for any ¢; taking ¢ = 1 it follows from 15.55 (since 
U, Vv, w,... take the values 2, y, Z,... when ¢ = 1) that 


(«2 2 ty 4e7 St on) Fes Ys Boo) 


oy « 
= m(m—1)...(m—n+1)f (a, y; Z,..+). 


In particular, taking n = 1, 
2) 
ot pyFy.. <7 mf, 
and, if m is a positive integer, taking n = m-+-1, 
F,) F,) m+. 
(egtug+--] F(X, Y, 2.) = 0. 


15.8. If u(x, y) and v(x, y) are differentiable functions then the 
determinant 


ou ou 
ox «Oy 
ao av 
Ox Oy 
is called the Jacobian of the functions u, v. We denote the Jacobian 
of u, v by Ae 3 or O(u, v)/A(x, y). 


The definition readily extends to any number of functions, e.g. 
the Jacobian of u(x, y, 2), v(x, y, 2), w(x, y, 2) is 


ou Ou ou 
a(u, v, w)/o(x, y; 2) = ax by a2 
ov av ov 
ox Oy & 
ow dw ow 
ex Oy oz 


As our notation has anticipated the Jacobian plays a role for sets 
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of functions very similar to that played by the derivative for a 
single function. The following theorems show how close this 
analogy is. 


15.81. If f,(x, y), fa(x, y), u(z, y), and v(x, y) are differentiable 


functions then 
af PD) = (fis fa) o(u, v) 
a(x, y) (u,v) “ (a, y) 


For 

Afr Ja), Au, 0) _ | A, || du ou 

Au, v) “* a(x, y) eu dv ox ay 
Of, af, | | av a 
du av ax ay 


of, Ou, af, dv of, Ou , af, av 
Ou dx Ov dx bu dy ' dv ay 
fy 2u 5 Ay 0 Ay Du , fy du 
Ou dx ' Ov dx au dy © dv oy 
| A Fi: | _ fifa) 

ax ay | a(x, y) 

Fa Ae 


ox oy 
since 


Ff, of, Ou, of, af, af, du af, av 

ee Gu ax ' Gv dx’ dy du By" dv dy’ 

The same argument establishes the analogous formula for any 
number of functions. 


r= 1,2. 


15.82. Inversion of a functional relation — 
If y= f(x, u, v) and i 2a«> 0 for all (x, u, v) in some 


interval I = (2p, 1,)(uo, U,XVp, V;) then we can determine a function 
z= gy, u, v) such that f{d(y, u, v), u, v} = y for all u, », y. 

By 15.24, f(x, u, v) is of constant sign in J. Suppose that Ls >0 
in I; then f(z, u, v) is steadily increasing with x and so ifz, <a < La, 
f(x, u, v) lies between f(x, u, v) and f(a, u, v). But f(x, u, v) is 
continuous and therefore f(z, u, v) takes each value between 
S(%o, u, v) and f(x,, u, v) once and once only; thus to any given 
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ut, v in (ug, U,V, ¥,) and y between f(x, u, v) and f(x,, u, v) there 
corresponds a unique 2, which we denote by ¢(y, u, v). By 
definition d(y, w, v) sutisfies fid(y, u, v), u, v} = y for all u, v, and y. 
Furthermore, if f(x, u, v) is differentiable then (y, u, v) is differen- 
tiable. 
For if y = f(z, u, v) and f(z+h, utp, v+q) = y+kh, then by 
_Taylor’s theorem, 


ts) r] oe 
ex (1 Z+peta5\set0n, ut Op, v-+64). 


Denoting f,,(7-+ 9h, u+6p, v-+6q) for brevity by f,,(6), and similarly 
for the u- and v-derivatives, we have 


Since f,, f,, f, are bounded this shows that h is small when 9, q, 
and & are small, and so x is a continuous function of y, wu, v. 

Taking p = gq = 0 in (i) we have h/k = 1/f,,(0) > 1/f,,(a, wu, v) as 
k — 0, since when k > 0, h-> 0 and so 2-+6h—> x. (Observe that 
the condition |f,| >a > 0 is required to justify this step; see 
13.551, example iv). Similarly, taking k = p = 0, 


; h/g — —F(9)/F.(8) > —Folfins 
and taking k = q = 0, 


h[p = —fulMlF(9) — —Sulfor 


so that x is a differentiable function of y, u, v with y-, u-, and 
v-derivatives 1/f,, —f,/f,, and —f,/f,, respectively. 

Observe that once we know that x is a differentiable function 
of y, u, v then the values of the derivatives can be obtained from 
the formulae 15.53. 

For f(x, u, v)—y is constantly zero for all u, v, y and x = $(u, v, y) 
and so 


Af te, u, v)—y} = (fe, U, v)—y} = site, U, v)—y} = 0, 


giving 
of ax | of of ox. of af om 
_ = =0, _——_ — =U, —_- —— | = 
aa du bu ae av ov " ou oy Pe 
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whence 


au dul ax’ 
as above. 


ou sf ‘far oe of /E, = a4 /z 
ox 


15.83. Ifx = f(u, v, t) and y = g(u, »v, t) are differentiable functions 
in some interval R# and if 


ew | s 
a(u, v)| ~ 


then we can determine differentiable functions u = F(x, y, t), 
v = G(x, y, t) such that 


S{F (a, y, t), Aa, y, t), }=2« and gf F(x, y, t), Q(z, y,t)h=y 
for all x, y, t, such that (u, v, t) lies in : : 


Sa>d mR, 


Suppose that, at a given point u, v, 
¢(u, v, t) is the greatest of the four numbers [2 
and let « = 867, B > 0, then 


of ag af og 
2> 2 
od ee 20 dv dul > SP 
and so ¢ > 28. Thus at each point of R one at least of the functions 
|af/u|, |Af/av|, |ag/@u|, |@g/av| exceeds 28, and therefore by 15.25 
we can divide # into a finite number of sub-intervals in each of 
which one of the functions (at least) exceeds 8 throughout the 
sub-interval. Let p be one of the sub-intervals and suppose that 
|af/eu| is the function which exceeds B throughout p. Then by 
15.82 we can determine, in p, a differentiable function u = ¢(2, x, t) 
such that x = f{¢(v, x, t), v, t} for all v, t, x. We prove next that 
the equation y = g{d(v, 2, t), v, t} can be solved for v, determining 
v as a function of x, y, ¢, and hence from u = ¢(v, 2, t), u is deter- 
mined as a function of z, y, t. Let g{d(v, x, t), v, } = d(v, x, t), 
th 

“ ap _ a9 a a0, (i) 

dv (Ou av 
but f(u, v, t)—z is constantly zero for all v, t, and u = ¢(v, z, t), 
and so, differentiating with respect to v, 
_ 7%, af i 
= bu av t a0" @) 
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Multiplying (i) by 2f/0u and (ii) by @g/du, and subtracting, we have 
af ab _ af. 9) af| ab] 
du dv A(u, v) end se dul |v] ~ ~ 
But af/éu is continuous, and so |@f/éu| is bounded, by UV say, and 
therefore |0;/av| > a/M, whence, by 15.82, v is determined as a 
function of 2g, y, t. 

Since wu and v are functions of x, y, ¢ in each sub-interval p, 
therefore wu and v are functions of x, y, ¢ throughout R. Denote 
these functions by u = F(z, y, t), v = G(z, y, t); F and G satisfy 

H{F (a, y, t), G(x, y, t), } = a, 
KF (2, Y; t), G(a, Y; t), i} =y 
for all x, y, t, by definition. 

It remains to show that u = F(z, y, t) and v = Q(z, y, #) are 
differentiable. 

Since f(u, v, ¢) and g(u, v, ¢) are differentiable, if 

ath =flutp,v+g,t+r) and y+k=g(utp, +g, t+r), 
then by Taylor’s theorem 


h= (pe+agtr 5) fut ep, v+6,q, t+6,7) 


a 
“= ae taet 10) (say) 
' and 
k= = (ps, Zt+aptes A)au OP, v+629, t+0, 7) 


=(ra tate alols) (cay). 


Multiplying the first equation by Os) and the second by A 
and subtracting, it follows that 
7.29(9a) _ F(A) _ (2 (91) 2g(42)__ (81) 29(8s) + 
ov ov ou = av ov Ou 
(Ax) 29 (8e) AF (As) 29(P2)\_ ss 
+125 av (OD s. ae 


Since 


2f(0;) 9(6,) _ Af(8;) 29(8,) _ Af ag af ag 
“eu 80 a Ou duav vou * 2 %7>0 
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and since He > a, therefore when p, g, 7 are sufficiently small, 
af(@s) 29(8s) _ 261) 29(8s)| 4, 

du a au |” 


furthermore af/@u, af/év, ag/du, ag/év being continuous, are 
bounded, and so equation (iii) shows that when h, k, r-> 0 then 
necessarily p+ 0, which proves that wu is a continuous function 
of x, y, t. Similarly v is a continuous function of 2, y, t. 

Taking in turn k = 7 = 0,h = 7 = 0, and h = k = 0 in equa- 
tion (iii) we have 
pie = 29192) ae 2g(82)__ f(s) “te _, 29 [fF 9) 

du av dv ou Bv/ O(u, v) 

(since h > Oentails p > Oandg > Osothatu+-6,p > u,v+0,9 > v, 
etc.), and 


pik = _ F(&) ee 29(92) f(A) “an _, —&f /AF,9) 


as h->O 


ov ou =v ov (Ou dv] A(u, v) 
as k->0, 
and 
pit = —( ag (82) _ F(G) re 29(42) _ F(41) al 
ot ov ov at ou =v ov Ou 


_ Af, 9) (AF,9) 
O(t, v)/ A(u, v) 
which proves that w is a differentiable function of a, y, t. 
Similarly v is a differentiable function of a, y, ¢. 
Once we have established that « and v are differentiable func- 
tions the derivatives are given by 15.53. 
For instance, since f(u, v, t)—x and g(u, v, )—y are constantly 
zero for all 2, i and u = F(z, y, t), v = G(z, y, t), therefore 
af ou , of av _ ag du , ag av 


as +=] el 
bu oa | Ov Ox , + 


au _ 29 [Alf 9) 
ax = Ou] Au, v) 


as +t->0, 


whence 

as above, and so on. 
15.84. If x = f(u, v, w, t), y = g(u, v, w, t), z = h(u, v, w, t) are 
differentiable functions in some interval R, and if 


HG sos. tec 
a(u, v, w)} ~ , 
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then we can determine differentiable functions u = F(x, y, t), 
v= Ga, y, t), w= H(z, y, t) satisfying x =f(F, G, H, 2), 
y= 9(F, G, H, t), z= h(F, G, H, t) for all values of z, y, t such 
that (wu, v, w, t) lies in R. 

Let J,,, J,, Jj, be the co-factors of =. of AD a in the determinant 
af, 9, b) = J, so that 


(wu, v, w) 
_ Ff of as, 
J= Bu has a ts | 
Let M be a bound of all the derivatives a, z,, a then since 


|J| >a > 0, at each point of R one of the numbers |J,,|, |J,|, || 
exceeds a/M, and so by 15.25 we can divide R into a finite number 
of sub-intervals in each of which at least one of |J,|, |J,|, |Jp| 
exceeds a/2M throughout the sub-interval. Let p be one of the 
sub-intervals, and suppose that |J,,| > a/2M in p. Then by 15.83 
we can determine v and w as functions 4(u, y, £), (uw, z, t); inserting 
these values of v and w in x = f(u, v, w, t) we obtain an equation 
of the form « = X(u, y, z, t). We show next that this equation 
can be solved for u, whence u, v, w are determined as functions 


of 2, y, z, t. 
We have af Ea of ob of ay 
a du | dv du! Bw du’ 
ag 06 , Og of 
~ Z dv du | dw du’ 
0 Gh, hap , dh a 
du ' dv du | dwadu’ 
whence OF,9,h) OX a(g,h) ax 


au, v,w) du av,w)  ou™ 

But o/2M < |J,| < 2M? and so |0X/du| > a/2M?, from which it 
follows that the equation x = X(u, y, z, t) can be solved for wu, and 
therefore u, v, w are determined as functions of z, y, z, t; the proof 
that these functions are differentiable proceeds exactly as in 15.83. 
Furthermore, Theorem 15.84 can be extended step by step to any 
number of functions, the proof in each case following that of 15.84 _ 
exactly. 
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15.85. The solution of an equation in the neighbourhood a 

a given point 

If f(z, u, v) is a differentiable function in R, f(a, 1, m) = 0, 
where the point (a, 1, m) lies in R and |f,(a, J, m)| > 0, then we 
can determine a differentiable function x = ¢(u, v) satisfying 
Sid(u, v), u, v} = 0 at all points (u, v) near (1, m) and such that 
b(t, m) = a. 

Let f,,(a, 1, m) = 28, and suppose that 5 > 0. Since f,(z, u, vi is 
continuous we can determine an interval p such that at all points 
of p, |f,(z, u, v)—f,(a, 1, m)| <8, and therefore f,(x, u, v) > 8. 
Accordingly f(z, u, v) is increasing in 2 and so, ifaw <a < X, then 

f(z, 1, m) < f(a, l,m) <f(X, 1, m); 
but f(a, 7, m) = 0 and so 
f(z, l,m) <0 <f(X, 1, m). 

Since f(x, wu, v) is continuous and f(x, 1, m) < 0, f(X, 1, m) > 0, 
then, for any wu, v sufficiently close to (1, m), f(z, u, v) <0 and 
S(X, u, v) > 0, Let o be an interval in which these inequalities 
hold. Then for each given pair (uw, v) in o, the continuous steadily’ 
increasing function f(x, wu, v) vanishes for one and only one value 
of x; denote this value of x by ¢(u, v). Then f{d(u, v), wu, v} = 0 
for any u, v in o, and, moreover, since there is only one value of x 
for which f(x, 1, m) = 0, and f(a, l, m) = 0, therefore ¢(/, m) = a. 

Since f(z, uw, v) is differentiable, if f(a+-h, l+-p, m+-q) = 0 then 
by Taylor’s theorem 


0 = f(a+h, lp, m+q)—f(a, l, m) 
= (2 +PZ+95\fa+9h, L+-Op, m-+-09) 


= (hz = +P ata5 F\O) say, 
i.e, hf,(8)+pf.(8)+4¢fo(9) = 0, 


whence the fact that x is a differentiable function follows as in 
15,82. 


15.86. If any number of functions 


FG, Ys Syevey Uy Vy Wyeee)s Gl, Y, Zyr00y Uy Vy Wye), 
A(X, Y, Zy.00y Uy Vy Wye); 
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are all differentiable in R, and if at the point (a, b,c,...,l,m, N,...) 
in R 
f(a, 6,¢,...,1,m,n,...) = 9(a, b,¢,..., 1, m, n,...) 
= h(a,b,¢,...,l,m,n) =... = 0 


Of, 9, fh...) 
and a(2, Y,2,...) x 0, 


then we can determine differentiable functions 

z= Flu,v,w,...), y= G(u,v,w,...), 2= H(u,v,w,...), 
such that 

a= Fi(l,m,n,...), 6 = Gil,m,n,...), c= H(l,m, n,...), 
and 

S(F, G,H,..., u, 0, w,...) = oF, G, H,..., u,v, w,...) 
= A(F,G,d.,..., u,v, w,...) = .. = 0 

at all points u,v, w,... near l,m,n,.... 

The theorem is proved if we can show that its truth for n+1 
functions follows from that for n functions. For simplicity in 


notation we shall illustrate this step by proving the extension 
from two to three functions. 
of of of. : 
Let J,, J,, J, be the co-factors of +, -, in the determinant 
Ox" Oy Oz 
ees = J. Then J = f,J,+f,J,-+f,J,3 sine J is non-zero at 
(a, b, c, l, m, n), it follows that at this point at least one of the co- 


factors is non-zero. Suppose that this cofactor is J,. Then Aes 40 
and so (assuming the truth of 15.86 for the case of two functions) 
we can determine functions y = 4(z, u, v, w), 2 = (x, u, v, w) which 
take the values 6 and c at the point (a, 1, m, n) and which satisfy 
9(%,¢,,U,v,w) = h(x, d,%,u,v,w) = Oatall points near (a, 1, m,n). 
It remains to determine z as a function of u, v, w which will satisfy 


f(a, ¢, 4, u, v,w) = 0 at all points u, v, w near (I, m, n). 


Write F(x, $, b, u, v, w) = x (z, w, v, w). 

Then X(a, 1, m, n) = f(a, 6, c, 1, m,n) = 0 
OX _ af af a | af ay. 

and ox = bn by ax ' dz ax’ 
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but 0 = 29 5 29 Ob | 2g OH 
ou (Oy oa * dz Gx 
saad 9 — oh og ah ays 


ax! ay dx dz G2’ 
aX a(g,h) _ Af, 9, A) 


h 
areca ax ay, z) a(x, y, (a, y, Z) 


Since neither ag, h) nor af, gh) h) vanishes at (a, 6, c, 1, m, 2), there- 
ay,2) (a, y, 2) 

fore @X/éx is non-zero at this point, and so by 15.85 we can deter- 

mine a function z = F(u, v, w) which takes the value a at the 

point (J, m, n) and which satisfies 


X(F, u,v, w) = 0 at all points (u, v, w) near (1, m, 7). 

Thus we have determined x, y, z as functions of u, v, w in the 
neighbourhood of (1, m, n) and if we denote these functions by 
F, G, H respectively, then by definition 
S(F; G, H,u, v, w) = 9(F, G, H, u,v, w) =F, G, H, u,v, w) = 
for all u, v, w near 1, m, n and F, G, H take the values a, b, ¢ at 
the point (J, m, 7). . 

The proof that F', G, and H are differentiable proceeds exactly — 
as in Theorem 15.83. 


15.87. Ifu = u(a, y, 2), v = (2, y, 2); w = w(x, y, z) are differen- 
tiable functions in an interval FR and if 
O(u, v, w) 
a(x, Y, 2) 
for all points of R, then there is a functional relation between w, 
v, and w which does not contain 2, y, or z. 
(This theorem is true for any number of functions.) 
Proof. The following possibilities must be distinguished: 
a(v, w) Au, w) Au, v) 
aly, 2)? a(x, z)’ a(x, y) 


= 0 


(x) all the Jacobians vanish at all 


points of &; 
(8) at least one of these Jacobians is non-zero somewhere in R. 
(x) may be further — into two cases: 
au OU ov ow 
seey sogeeey h throughout R; 
Bn” by"? Ge"? De vanis oughow 
(ag) at least one of these derivatives is non-zero somewhere in R. 


(a) allthe derivatives 
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15.88. Singular points 
By Taylor’s theorem a repeatedly differentiable function f(z, y) 
may be expanded in the form 


AX, ¥) = fle, y+ (X—a)f,+ (Pf + 
i aiinioe near pocieiniilg 


where 
R, = 2{x-2) 240-0) sbiesiin y(1—8)+¥6}. 


If f(z, y) = 0 then the curve f(X, Y) = 0 passes through the point 
(x, y), and (X—x)f,+(Y¥—y)f, = 0 is the equation of the tangent 
at (x, y), provided f,, f, are not both zero, since on the curve 


S(X, = 0 we have fx+/. ee 0, so that at the point (x, y) we 
Fax ; 


have # oe = —Selfy when f, % 0, and 2 = —f,/f, when f, + 0. 

If 7 Y), Fes fy are all zero, then (x, y) is said to be a singular 
point on the curve, the type of singularity depending upon the 
terms of second degree in X—z, Y—y. 

If L,(X, Y) has a pair of factors (X—zx)p,-+(Y—y)q,, 7 = 1, 2, 
the curve is said to have two branches at the singular point (x, y) 
and both the lines (X—z)p,+(Y—y)q,=0 are tangents to 
f(X, Y) = 0 at the point (x, y). For differentiating with respect 
to X the identity fx+/y(dY/dX) = 0 we have 
faxt fer Ty +See(Fe) +fhr ——_ 0, 


and taking X = 2, Y = y this gives the equation 
ay dY\? 
feat ay Teen) = 0, 
which by hypothesis has the solutions 


dY 
Prt Ue oe = 0, r= 1,2, 


showing that both the lines 
(X—2)p,+ (Y—y)q, =0, r=1,2, 
are tangents at (x, ¥). 
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‘If L, = 0 has no linear factors then no point near (2, y), save 
(&, y) itself, lies on the curve. For writing X—xz =h, Y-y =k 
we have 
S(X, Y) = f(at+h, y+h) 

1 

=a [hgtka) fe vd+a(be ree) seta, +0) 
At points near (x, y), but different from (2x, y), one of h, k at least 
is not zero; suppose k ~ 0, and write r, « for the polar coordinates 
of the point (, 4). Then 


f(X, ¥) . 
= wil cosa +-sin « z). f+s 5208 2+sin az) fe+Oh, y+0k)} 
and so ae) a a zt 
= r 


and since ZL, has no factors, (cosaZ on + sin az) f is not zero for 


any value of «, and therefore f(X, Y) is not zero for all sufficiently 
small values of r. Accordingly (x, y) is an isolated point on the 
curve. 

If L, is a perfect square then the curve may have two branches 
at (#, y), with coincident tangents, or (7, y) may be an isolated 
point on the curve. A point where two tangents coincide is called 
acusp. The two cases are illustrated in Examples (i) and (iv) below. 

If all the second derivatives f,.., f,,, and f,, are also zero the type 
of singularity is determined by the terms of the third degree. In 
this case we may have one or three tangents (of which two or more 
may coincide) but (x, y) cannot now be an isolated point, unless 
all the third degree terms are absent, since a cubic polynomial 
has necessarily one linear factor. 


Examp.es. (i) The semi-cubical parabola y?—2z? = 0 has a 
singular point at the origin; the singularity is a cusp, the y-axis 
touching the curve at the origin. 

(ii) The folium of Descartes, 2+-y—3zy = 0, has a singular 
point at the origin, the curve having two branches at the origin, 
the axes of coordinates both being tangents. 

(iii) The curve 23-+ 43+ 27-+-y? = 0 has an isolated singularity at 
the origin. 

moet U 
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(iv) The curve y?-+-24—2%y? = 0 has an isolated singularity at 
the origin; for writing y = tx* we have x*(#+ 1—i*x) = 0, and so, 
either x = 0, or x = 1+-1/#2 > 1, which shows that a can take no 
value < 1, except 0. Moreover, if y = 0 then x = 0, and therefore 
the origin is an isolated point. 


15.9. If f(z, y) is x-continuous in (a, 6), then for any given value 
of y, f(z, y) is a continuous function of a single variable x and 
therefore integrable in (a, b); the value of the integral, of course, 
depends upon y. 

15.91. If f(x, y) is differentiable in (a, bc, d) then the func- 
tion 


F(x, y) = { f(t, y) dt 
is differentiable in (a, bc, d) and 
F(x, y)= f(x, y), F(x, y)= f felt, y) dt. 
a 


Since f(z, y) is differentiable it is x-continuous and so F(z, y) is 
determined for any (x, y) in (a, bXc, a). 
Let M be a bound of f(x, y) in (a, bXc, d); then 


x a 
F(X, Y)—F(x,y) = | fl, Y) dt — f ft,y) dt 


z x 
= [FE Y)-fe wy} de + [ fe, ¥) dt. 


Since f(x, y) is continuous f(é, Y)—f(t, y) = 0(p) for any (t, y), (é, Y) 
in (a, bXc, d) such that Y—y = 0(g); hence if X—x = O(p), 
Y—y = 0(q) then 


F(X, Y)—F (2, y) = (e—a)0(p)+M 0(p) = {(b—a)+4}0(p) 


so that F(z, y) is continuous. 
Furthermore 


x 
F(X, y)—F(z,y)_ 1 
fa =x tena 


= fc, y) 


by the mean-value theorem for integrals, where c lies between x and 


https://t.me/ pdf4exams 


Downloaded from htts:/ / t.me/ civilsbuzz 

PARTIAL DIFFERENTIATION 291 
X (and here depends also upon y). Since f(x, y) is continuous, 
f(c, y)—f(&, y) = 0(p) for any (x, y), (X, y) in (a, bXc, d) such that 
X—z = 0(q), and therefore 


F(X, te Y) _ tH, y) = 0p), 


which proves that F(z, y) is x-differentiable with 2x-derivative 


F(x, y). 
Finally, 


F(x, ¥)—F(«, y) = [ fi, ¥) dt — [ fit, y) at 


= [6 Y)—F( yh at 


Y—y 
But f(z, y) is differentiable, and so 


3 Y — > 
fe Sey = f,(t, y)+0(p) 


for all (¢, y), (t, Y) in (a, bXe, d) such that Y—y = 0(q). 
Hence, if Y—y = 0(q), 


and so F(x, Y)\—F(@, y) _ fu yay y) dic 


= (6—a)0(p) 


x 
and so F(x, y) is also y-differentiable with derivative J Slt, y) at. 


b 
In particular if Fly) = J S(t, y) at 


b 
then F’(y) = [Ae y) dt. 


15.92. If f(x, y) is differentiable in (a, bXc, d), y;, y2 are differen- 
tiable functions of y whose values lie in (a, b) when y lies in (c, d), : 


and if ws 
$y) = | fit, y) dt, 
wn 
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-f f,(t, y) dt +2 f(y2, y) — Ft» y)- 


Let F(z, y) = f fit, y) dt, then gly) = Fy, y)—Flyy y). But 
F(x, y) =f(«, y), F,(x, y) = J Sy tt, y) dt, and therefore 
¢'(y) = EY ¥) ar, (Ye Y—F.(ys; hx, (yyy) 


= fon 0 fon 0+ | j ft, y) dt — j fylts y) de 


= fy» yy i Ue yi et f fylts y) dt. 
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XVI 


MAXIMA AND MINIMA 


FREE AND RESTRICTED MAXIMUM AND MINIMUM VALUES 
OF FUNCTIONS OF SEVERAL VARIABLES. MAXIMIN AND 
MINIMAX VALUES. ENVELOPES OF FAMILIES OF PLANE 
CURVES 
16. The definition of a maximum or minimum value of a function 
of several variables is the same as that for a function ofa single 
variable. The function f(z, y, z,...) is said to have a maximum at 
the point (a, 5, c,...), or f(a, 5, c,...) is said to be a maximum value 
of f(z, y, 2,...), if , 
S(®s Ys 2...) <f(a, 0, ©,...) 
for all points (x, y, z,...) sufficiently near to (a, b, ¢,...). 
Similarly, f(z, y, z,...) has a minimum value at (a, 6, ¢,...) if 


S(x,y, %,...) > f(a, b, ¢,...) 
for all points (a, y, z,...) sufficiently near to (a, 8, ¢,...). 
Since the analysis is the same whatever the number of variables, 
we shall confine our attention to functions of not more than three 
variables. 


16.1. If f(x, y, z) has a maximum at (a, b, c) and if 2(£), y(t), z(t) 
is any continuous curve passing through (a, 6, c), so that x(t) = a, 
y(t) = 6, and z(t) = c when t¢ = fp, then the function 
P(t) = f{x(t), y(t), 2(t)} 

has a maximum at the point t). Conversely, if 4(t) has a maximum 
at ty for every continuous curve x(t), y(t), 2(¢) which passes through 
(a, b, c) then f(z, y, z) has a maximum at (a, 8, c). 

For if ¢ is near to t) then x(t), y(t), z(t) are near to x(ty), y(to), 2(ty) 
respectively and therefore 


$(t) = S{x(d), y(t), 2(t)} < f{x(to), Y(to), 2(to)} 7 P(t). 


16.11. Throughout 16.1 we may replace ‘maximum’ by ‘mini- 
mum’, making the appropriate change in the inequality. 


16.2. The function f(z, y, z) has a maximum at (a, b, c) if 


Sa(4, b, c) = fi(, b, c) = f(a, b,c) =0- 
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and (Ge +k Stl; x) fe b,c) <0 


for any h, &, | (not all simultaneously zero). 

Let x(é), y(t), 2(f) be any curve passing through (a, b, c), the 
functions x(é), y(é), 2(¢) taking the values a, 6, c at the point ¢ . 
We suppose that f(z, y, z) and x(t), y(t), z(t) are differentiable twice. 
Write f{x(t), y(t), 2(t)} = d(¢), then ¢(¢) has a maximum at f, if, at 
this point, df/dt = 0 and d?f/di? < 0; but 


Wf pHs 


and 


af (dx a dy @ dea d*y 
ad =(3 dat dt ata) te e degath aa tlegp 


and when ¢ = fp, 2, y, and z take the values a, b,c. Therefore the 
condition df/di = 0 at t, is equivalent to 


dx dy , ,dz 
laGth GtLG = 
This equation must be true for any curve x(t), y(t), 2(¢) passing 
through a, 6, c, and so for any values of dx/dt, dy/dt, dz/dt (for if 
dx/dt, dy/dt, dz/dt have the values h, k, 1 at t) then we may take 
x(t) = a+h(t—ty), y(t) = 6+k(t—ty), and z(t) = c+1(t—t,)); taking 
first dx/dt = 1, dy/dt = 0, dz/dt = 0 we find f, = 0, and aunilerly. 
fo =f, = 0. Hence at the point ty 


af (daa dy @ Pi a 
a =(3 aa di ab di 5) 1, 5, ¢), 


and since d?f/dt? <0 for all curves through (a, b, c) we have, 
writing h, k, l for dx/dt, dy/dt, dz/dt, 


(ee ie f4ts a) fc, b,c) <0 
for any h, k, I (not all simultaneously zero). 


16.21. In the same way we can show that f(z, y, z) is a minimum 


cere fe=fb=f=0 
2] 7] a\? 
and (WZ+e5 +t) se b,c) >0 


for all h, k, J (not all simultaneously zero). 
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Exameue. To find the maximum and minimum values of the 


function d(x, y) = aa?+ Qhay+-by?+ 29x-+2fy+e. 
We have b, = 2(ax+hy+g) = 0, 
$y = Aha-+by+f) = 0 
ey _ i i 
so that if—bg = gh—af ab—h® (i) 


Furthermore, ¢,, = 2a, ¢,, = 2h, $y, = 2b, and so, writing 2’ for 
dx/dt, etc., dp 
ae 2(aar’2+- Qha’y’+-by’?), 

If a = 6b = 0, then there is neither a maximum nor minimum 
value since z’y’ is positive when 2’, y’ have the same sign, and 
negative otherwise. 

If a ~ 0, then 

2, 
TE 2 (ax! + hy’) + (ab— Wy’. 

If ab—h? < 0 then d*¢/dt? has opposite signs when y’ = 0 and 
when az'+hy’ = 0; if ab—h? = 0 then d*¢/dé? vanishes when 
ax'+hy’ = 0. Hence ¢ has neither a maximum nor minimum 
value when ab—h? < 0. 

If ab—h? > 0 then d*¢/di? has the same sign as a, vanishing 
only when 2’, y’ vanish together, and so, when a > 0, ¢(z, y) has 
a minimum value, and when a < 0, 4(7, y) has a maximum value, 
at the point (x, y) given by equations (i). 

Observe that when ab—h? > 0 then a and b have the same sign 
(and neither is zero). 


16.3. The maximum and minimum values of a function when some 
of the variables are subject to certain restrictions. 
It will suffice to consider a function f(x, y, u, v), where wu and v © 
are given in terms of x, y by the functional relations 
F(z, Y; U, v) = 0, F(x, ¥; U, v) = 0. : 
If the equations F, = 0, F, = 0 were solved for u and v in terms 
of x and y we could replace u and v by their values in terms of x 


and y in the function f(z, y, u, v), and if ¢(x, y) is the function so 
determined then the problem of determining the maximum and 
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minimum values of f(z, y, u, v) is reduced to that, considered in 
16.2, of determining the maximum and minimum values of ¢(z, y) 
where z and y are independent. It may however be impossible or 
highly impracticable to solve the equations F, = 0, F, = 0, in 
which case the maximum and minimum values of f(x, y, u, v) are 
determined as follows. 


16.31. The function f(x, y, u, v) has a maximum at x = a, y = b 
if for any curve 2(é), y(t) passing through (a, 6) 


a =0 and ns <0. 


df ofdu  ady , du, adv 


Pens di du dit dy det ou dé t Ov de’ 


where dix/dt, dy/dt are arbitrary, but du/dt, du/dt satisfy 
OF, dx | OF, dy , 0F, du , aF, dv 


_ aR, Ryde du aR, dv ; 
OG Ga dit oy ae! ou det Oo (a) 
wd on Sh ede, Ody, Ody avy 


di da dt © dy dt ° du dt ° av dt 


The elimination of du/dt, dv/dt from equations (ii), (iii) and 
df/dt = 0 is most simply effected by introducing two new variables 
A,, A, and adding the equation df/dt = 0 to the sum of A, times 
equation (ii) and A, times equation (iii), giving 


dz 0 dy@ dud da . 
Gr ae a ay! di Bu di ayitth F,+A,F,)=0; (iv) 
Let the variables ),, A, satisfy the two linear conditions 
5 yO 9, _ 
ae 1By — = 0, . (y) 
ci 
FES 4 1g — 0, (3) 
From (iv) and (y), (8) it follows that 
dx 0 4 C7) 
Gat £4 alte F+4,F) = 0. (v) 
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Since dz/dt, dy/dt may take any values we please, let ae == I, 


dy da dy. find 
a = 0 an nd = = 0, 7 = 1 in turn and we 
of Fy 
9, SB = 0, (x) 
af. , aF, 
A, 1,25 9%. ( 
ay tt yt 2 By B) 


The four equations (a), (8), (y), (5) express the condition 7 = 0. 
Observe that if D(x, y, u,v) = f+A,F,+A_F, then the same equations 


(a), (B), (y), (8) express the condition @ = 0 when x, y, u, and v are 


all independent variables. 
Consider next the second dirivative of f(x, y, u, v). We have 


af (dx dé  dy@ dua ,dva 
aan (aos di ay tat out +5 a) ft 
of dx , of dy , of du , af dv 
oe di ay di? * du d® ' av di® 
and, for r = 1, 2, 


OH, __ [dx @ dy @ dud .dva 
°= ae Gate ete mtaa) et 


dt aa 
oF, dx oF, dy , oF, du , oF, dv 
+o dt + Gy de dt? * du di® ' dv dt?’ 
whence adding the first equation to A, times the second and A, — 
times the third equation, and utilizing equations («), (8), (y), 
and (8), 


af dx 0  dy@ dud da 
de G det dt dy * di ut dt 5) (FA Fits Ff). 


Thus if ® denotes the function f+-A, F,+A, F, then the condi- 
tions that f(x, y, u, v) has a maximum at (a, b), subject to 
the restrictions F,(x, y, u, v) = F,(x, y, u, v) = 0, are just 
that the function (x, y, u, v) has a maximum at x = a, 
y = b, without restriction on the variables. 

The values of A, and A, in the function ® are determined by the 
equations («) and (8). To determine whether or not d*@/d?? is of 
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constant sign it is generally necessary to eliminate du/dt and dv/dt 
by means of equations (ii) and (iii) above. 


Examprzs. 1. To determine the maximum and minimum values 
of z?-+y? subject to the condition 


Az?+2Bey+Cy?—H =0, AH>0. 
Write (2, y) = 2?+y?+X(Az?+ 2Bay+ Cy*—H) 


and f(@,y) = P+y?. 
Then ig = ve 0 if 
Ox oy 
2-+dAx-+ By) = 0, (i) 
y+A( Bat Cy) = 0. (ii) 
Multiplying the first equation by z, the second by y, and adding, 
find as 
ue fle, y)+AH = 0. (iii) 


‘ Since H #0, x and y cannot be zero simultaneously, and so 
A #0, and equating the value of z/y from (i) and (ii) we have 


B*r? = (14-AA)(1+AC). (iv) 
Furthermore, along the curve x(t), y(t), 
PO dx dy 
= 2{a+aay(F sy: +arBe Y +404 zy 
= dx, AB dy sys 
= a(l+a4) TT au" using (iv). 


But z(t), y(t) satisfy Az?+2B2y+Cy? = H, and so, denoting 
dx/dt, dy/dt by x’, y’ respectively we have 
a'(Ax+ By)+y'(Bu+ Cy) = 0, 
whence from (i), (ii) xa’ -+-yy’ = 0. 
Hence by (i) again, (1+AA)y’ = ABz' 
(since x, y are not both zero) and so 
a kai = x’{14-A?.B?/(1+AA)?}. 
Fon! 
dt? = AAD 


Hence d’@/dé? is of constant sign, the sign depending upon that of 
1+A4. 


Therefore (1--AA)?--A2B?}2x’2, 
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Write 1+-AA = pu then A = (u—1)/A and so by (iv) p satisfies 
BYy—1)? = Ap{A+O(u—))}, 

i.e. Q(u) = (AC—B?)p?24+ p(A2—AC+2B?)— B* = 0. 

The discriminant of the quadratic equation is 

(42—AC+2B?)?+ 4B(AC— B?) = A?(A—C)?+4 4A? B? 

and so the roots are real. The product of the roots is B?/(B?—AC) 
(provided B? 4 AC), and so if B? < AC the roots are of opposite 
sign, and less than unity since Q(0) < 0, Q(1) > 0, and if B? > AC 
both the roots are positive but only one makes AA < 0, and so 
AH < 0. If B? = AC then the equation for p is linear and p has 
the positive value B?/(A?+ B?). 

Thus if B? < AC (so that Az?-++-2Bry+Cy?—H = 0 is the 
equation of an ellipse) then x?+-y? has one maximum and one 
minimum value; if B? > AC (so that the equation represents a 
hyperbola) then z?+-y? has one minimum value; and if B? = AC 
(when the equation represents a pair of lines) then «?-+-y? has one 
minimum value. These values of f(x, y) = x?+-y? are given by 

Bef? = (H—Af)(H—Cf), 
obtained by eliminating A between (iii) and (iv). 

2. To find the maximum and minimum values of 22+ y?+2? 
subject to the conditions x+-y+z = 1, zyz+1 = 0. 

Write P(x, y, z) = Py? +2+A,(e+y+2—1)+Ag(xyz+ 1). 

aD am @® 


phen ay > = Oif 
2a+A,+A,yz = 0, (i) 
2y-+Ay+Azze = 0, (i) 
22+A, +A, xy = 0. (iii) 


Hence 2(z2—y)—A,2z(z—y) = 0 and so, either x = y or dAgz = 2. 
IfA, = 2/2 then A, = —2(x-+-y) and so, from the third equation, 
Qz—2(a+-y)+ 2ay/z = 0. 
But a+y = 1—z and zy = —1/z, and therefore 2z—1—1/z* = 0, 
whence 2z8—z?—1 = 0, ie. z2(2—1)+25—1 = 0, and so 
(z—1){2z8+2+1} = 0. 
Since Qz24+2+1 = 4(22+4)?+ 3 > 0, 
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therefore z = 1, from which it follows that x+y = Oandzy = ~—1, 
whence « = +1, y = ¥1, and A, = 0, A, = 2. 

On the other hand, if. = y, then z = 1—2z, and z = —1/z%, 
which gives 22'—2x?—1 = Oandsox = 1;hencey = landz = —1 
and therefore from (i) and (iii), 2-A,—A, = Oand —2-++A,-+A, = 0, 
whence A, = 0, A, = 2. Thus the only solutions are 

A, = 0, A, = 2; a=1, y=1, z= +1; 


z=1, y=-1, z=1; z=-I], y=1, z=1. 
’ Now 
Chat dy dz 
de alt i) +2(@ i) +°(z) + Pea at 
dz dx 0% dy 
Tay a ae tae dt dt’ 
Hence when « = 1,y=1,z2= —1 
BD i {fdx\® _ (dy\? , [dz\? | ,dydz  ,dzdx dx dy): 
a —2{(3) +(Z) +(3) +e at aa a | 
da\* . 
for we have 
dx dy , dz dz dy dz 


da, dy _ de 
dt ‘dt dt’ 
dz dy dz 
whence at 0, and a 
Similarly, when z = 1, y = —1, z=lande=-—-l,y=1,z=1, 
aD 
ae 


Thus z?+-y?+-2? has three minimum values, all equal. 


16.4. The conditions for a maximum or minimum value of a 
function f(z, y) at the point (a, 6) are that f,(a, b) = f,(a, b) = 0 


es Jaa ¥?+ 2f he + fy bt 
be of constant sign for all values of h, k (not both zero). 
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Since 
faa h® + fay hk fon? = {(faal+far ')?+ (Loa Soo—San eh [faa 

this expression is of constant sign only if fua fr,—f2, > 0; for if 
Sa Foo—f2y <9 then the values corresponding to k= 0 and 
Sna®t+fon& = 0 are of opposite sign, and if f,, f,,—f2, = 0 then 
Saat®+2f,5hk-+-fy, k? is zero for all values of 4 and & satisfying 
faah+far = 0. 

Thus the conditions for a maximum or minimum value of f(z, ¥) 
at the point (a, 6) may be expressed in the form 

fa = fy = 9, faa Sos—far > 0; 

when these conditions are satisfied then f(x, y) has a minimum at 
(a, b) if f,, is positive, and a maximum if f,, is negative. (Note 
that f,, and f,,, necessarily have the same sign when f,, f,, > [%,-) 

If f, =f, = 0 and faa foo—fn < 0, then f(x, y) is said to have 
- a maximin value at (a, b) if either f,, > 0 or f,, > 0 and a minimax 
value at (a, b) if either f,, <0 or fy <0. Since f,, and f,, may 
have opposite signs it may happen that f(a, y) is both maximin 
and minimax at the one point (a, 0). 


16.41. A maximin value of a function is a maximum of restricted 
minimum values of the function, and a minimax is a minimum of 
restricted maximum values. , 

Let f(a, b) be a maximin value of f(z, y); then either f,, or fy, 
‘exceeds zero, and we shall suppose it is the former. 

Since f,(z, y) = 0 when x = a, y = b and f,,(z, y) > 0 at this 
point then, in the neighbourhood of (a, 6) there is a differentiable 
function ¢(y) such that 4(b) = a and f,{¢(y), y} = 0 for all y near b. 

Since f,,,{¢(6), 6} > 0 it follows that the function f(x, y), regarded 
as a function of a, has a minimum value for x = ¢(y), for all values 
of y, sufficiently near 6. We show next that these minimum values 
S{dy), y} have a maximum value at y = b. 

Since f(a, 6) is a maximin value of f(x, y) therefore 

f(t, y) =f,(x,y) = 90, when t=a,y=b. 
Hence D,f{¢(y), ¥} =f2¢' +f, = 9 when y= 6, and since 
F.{¢ly), y} = 0 for all y near b, therefore f,. 6’ +f, = 0, and so 
D3 fb(y)s Ys = Sey fay P’ thea bP +he P" 
= te ee < 0, when Y= b, 
which proves that f{d(y), y} is maximum when y = 6. 
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Similarly, if f(a, 6) is a minimax value of f(x, y), with f., <0, 
then we can find a function ¥(y) so that f(x, y), regarded as a 
function of x, is maximum for x = ¢(y), for all values of y near b, 
and f{}(y), y} is minimum when y = 6. 


Exampxe. The function x?+ 42y—y? has both a maximin and 
a minimax value at the origin; for if f(x, y) = 2+ 4ay—y? then 
fo = 2x+4y, f, = 4x—2y, both of which vanish at the origin, and 
See = 2; foy=4, fy = —2, 80 that fre fyy—f2, <0. Thus 
2+ 4ry—y? is both maximin and minimax at the origin. 

Observe that, as a function of 2, 2?+-4ry—y?, is minimum for 
x = —2y, for all values of y and (—2y)?+4y(—2y)—y? is maxi- 
mum at the origin. Similarly, as a function of y, 7?+-42y—y? is 
maximum for y = 2x and x?+ 42(2~)—(2a)? is minimum at the 
origin. 


16.5. Envelopes 

For each value of a the equation f(x, y, a) = 0 determines a plane 
curve C,; accordingly f(x, y, a) = 0 is called the equation of a 
family of curves, or, specifically, a one-parameter family of curves. 


If for each value of a there is a point x(a), y(a) on the curve C, such 
that the curve T' whose parametric equations are x = x(a), y = y(a) 
touches C, at the point x(a), y(a), then the family of curves f(x,y, a) = 0 
is said to admit an envelope, and the curve T' is called an envelope 
of the family. 


16.51. To find whether a family of curves f(z, y, a) = 0 admits 
an envelope, and to determine the envelope when it exists. 

Keeping @ constant, the slope of the tangent at a point (2, y) 
on the curve of parameter a is dy/dz, given by 


of SF dy _o. 
ant By de ~ °? « 


let (a), %(a) be the point of the curve where it is touched by the 
envelope, then as a varies the equation of the envelope is z = ¢(a), 
y = (a) and the tangent to the envelope at the point a is of slope 


Be WY AE Wrayig'(a) Gi) 
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But for each value of a the point (a), %(a) lies on the curve 
f(x, y, @) = 0 and therefore f{¢(a), (a), a} = 0, whence 


ya + Lya@+z a (ii) 


Since the curve and the envelope have the same tangent at their 
point of contact, we have from (i) and (ii) 


OF sien gO pole: 
a? O+5,¥(@) = 0 


and therefore from (iii) a = 0. 


Thus any point (x, y) on the envelope satisfies the pair of 
equations 


f(x,y,a)=0, 2 f(x,y,a) = 05 
if these equations can be solved for x and y, determining x and y 
as functions of a, ¢*(a) and 4*(a), say, then the curve x = ¢*(a), 
y = s*(a) may be the envelope. The point x = ¢*(a), y = p*(a) 
is called a characteristic point of the curve f(z, y, a) = 0. There 
may also be other curves whose points lie on f(x, y, a) = 0, 


z f(x, y, 4) = 0; for if, corresponding ‘to any a, there is a point 
2 = A(a), y = p(a) on f(a, y, @) = 0 such that 


< fle y.a) = 5 fle ya) =0 


’ then at such. a point (by (iii)) af/2a = 0, whatever values A’(a), 

p'(a) may have. A point of f(x, y, 2) = 0 where af/ax = af/éy = 0 

is called a singular point of the curve; thus we have shown that 
not only points of the envelope, but also singular points of curves of 
the family, satisfy the equations 


fle, ya)=0, 2 flw,y,a) =0. 


At a singular point the tangent is not determinate. For if 
Ff _ af 
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then the equation for dy/dx, viz. 

of, f dy _ 

aa dy de ° 


is satisfied by any value of dy/dz. 


16.52. A point of intersection, (2’, y’), if any, of the curves 
f(z, y, a) = 0 and f(x, y, a’) = 0 is given by the pair of equations 
f(x’, y’, a) = 0, f(x’, y’, a’) = 0. But, for a certain c between a and 


a’, f(x’, y',a’) = f(z’, y’, a)-+(a’—a)2 f(x’, y’,c), and so 2’, y’ satisfy 
fe’, y', a) = 0, 2 fie’, y’, c)= 0. Hence as a’->a, x’ and y’ 
tend to x and y, satisfying 
7] 
f(x, y, a) = 0, agi ¥%) = 0 


(for ¢->a@ when a’->a), ie. as a’'->a a point of intersection of 
f(x, y, a) = 0 and f(x, y, a') = 0, when these curves meet, tends to 
that point on f(x, y, a) = 0 where it has contact with the envelope. 
The intersection of f(x, y, a’) = 0 with f(x, y, a) = 0 as a’ tends 
to a, cannot be used to define the characteristic points since the 
curves may not meet however small |a’—a| may be. 


ExampLes. 1. The envelope of the family of lines 
a*x—aytc=0, aX~0 
(where c is constant), is given by the equations 
a*x—ay+e = 0, 2ax—y = 0; 

eliminating a between these equations, we have y? = 4cx, which 
is a true envelope, for its slope at the point c/a®, 2c/a is 

fe a 

dz 4cja 
which is also the slope of a2x—ay+c = 0. The condition for a 
singular point is a? = a = 0 and so the family has no singular 
point. . 

Regarding a®x—ay-++c = 0 as a quadratic in a, we see that in 
general two lines (or none) pass through any given point (z, y), 
but if x and y satisfy y? = 4czx, the two lines coincide, and there- 
fore just off the envelope y = 4cz, the two lines are close together. 


a, 
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The point of intersection of two lines of the family a2z—ay-+c = 0, 
b?2z—by-+-c = 0 is x’ = c/ab, y’ = (a-+b)c/ab, and as 6 >a then 
x’ > c/a?, y’ + 2c/a, a point on the envelope. 

2. The family (y—a)? = z° has no envelope. For if there were 
an envelope it would satisfy 

(y—a)? = «8, = 2A{y—a) = 0; 

but these equations are satisfied only by points on the line x = 0. 
The derivatives of (y—a)*—2® with respect to x and y are —3z 
and 2(y—a), and these are zero for x = 0, y =a. Thus the point 
x= 0,y = aon (y—a)? = 23 is a singular point and the line zx = 0 
contains only singular points and is not an envelope. 

3. The envelope of the family of parabolas y = a(x—a)? is given 
by y = a(x—a)?, (x—a)?— 2a(a—a) = 0, 
ie. by x = a, y = 0 or & = 3a, y = 403. None of the curves has 
a singular point since the derivative with respect to y has the 
constant value unity. Thus both y = 0 and x = 3a, y = 4a8, ie. 
y = 3x, are envelopes, so the envelope is made up of the cubic 
y = #0 and the line y = 0 which also belongs to the family itself. 
The enveloping cubic touches y = a(x—a)? at the point x = 3a, 
y = 408 and meets it again at the point zx = ja, y = 7;a°, showing 
that an envelope may intersect the members of a family not only 
at the points of contact but at further points as well. 

Through a general point (x, y) pass three parabolas (or one) of 
the oie their ari given by the cubic 

—2a*x+az*—y = 0, 

but through points on the envelope y = $2? two of the parabolas 
coincide, showing that near the envelope two of the parabolas are 
close together; for when y = $2° the cubic for the parameters 
becomes a°— 2a*x-+ aa?— 23 = 0 which has the solutions a = ix 
twice, and a = §r, so that through a point (2’, y’) near the envelope 
pass two parabolas both with parameters near 42’, if |y'| < 4|2’/8. 

The parabolas y = a(z—a)?, y = b(z—b)?, when a and b have 
the same sign, meet at the points 

xz =a+b-+~ab, y’ = ab(a+b-+2vab) 

and a” = a+b—vab, y” = ab(a-++-b—2~vab), 


and when b->a, x’ > 3a, y'-> 4a and 2” >a, y” > 0 (or vice 
5039 * 
x 
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versa according as a is positive or negative) and both of these 
points lie on the envelope. If we impose the restriction a 0 then 
the origin is no longer part of the envelope since this point on the 
line y = 0 is not then a point of contact with the family. 

4, Show that the envelope of the line xsint—y cosi+-/f"(t) = 0 
is the evolute of the envelope of the line x cost+-ysini—f(t) = 0, 
and that the arc length of the latter envelope is [f’(¢) + J f@® dtl, 
provided f(é)+f"() is of constant sign. 

Proof. The envelope of the line 

L(t) = xcost+ysint—f(t) = 0 
is the locus of points which lie both on L(t) = 0 and on 
L'(t) = —xsint+ycost—f'(t) = 0. 

The lines L(t) = 0, L(t) = 0 are perpendicular, and so, since the 
envelope of L(t) = 0 is tangential to L(t) = 0, therefore L’(t) = 0 
is normal to the envelope of Z(t) = 0, and so the envelope of 
L'(t) = 0 is the locus of the centres of curvature of the envelope 
of L(t) = 0 (see § 10.96). 

Hence, since the envelope of L’(t) = 0 is the locus of the point 
of intersection of the lines L'(t) = 0, L’(¢) = 0, it follows that the 
radius of curvature of the envelope of L(é) = 0 is the distance 
between the point of intersection of L(t) = 0, L'(t) = 0 and the 
point of intersection of L’(t) = 0, L(t) = 0. Denoting these points 
by (1,41), (#2, Y2) we have 

(2,—22)cos t+ (y;—ya)sint = f(t)+f"(t) 
and (x1 —2%,)sin t— (y,;—y,)cost = 0, 
whence, adding the squares of the two equations, the radius of 
curvature p is given by 


p? = {fO)+F' OP. 
Since L(t) = 0 is a tangent to its envelope, it follows that if is 


the inclination of the tangent, then tans = —cott = tan(¢é—4n), 
and therefore % differs from t by (n-++-4)m for some n, whence, on 


the envelope, _ds_ds 
e ay dt’ 
and therefore . = (f@+/'(|.- 
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If f(t)+-f"(t) is non-negative, then 
s= [SOP O} 4 =f + [fo a, 
and if f(¢)+-f’(t) is negative then 
s=— | fO+fO}a = ff fo a, 
so that, provided f(t)+-/"(t) is of constant sign, s =|f’(é)+ f F(t) dtl, 
since s is necessarily positive. 

5. Ifa = a(t), b = b(t), and R= R(t), and if s is the length 
of the are of the curve x = a(t), y = d(t), show that the family 
of circles (z—a)?-+-(y—b)? = Re? 
admits an envelope if and only if (dR/ds)* < 1. 

The envelope, if any, satisfies the equations 

C(t) = (w—a)?+(y—b)?— R? = 0, 
$C" (t) = (x—a)a’+-(y—b)b’— RR’ = 0. 
The distance of the line C’(t) = 0 from the centre of the circle 


C(t) = 0 is 
RR |_|,dR| al joy aty 
Wa®+6%) = Re) since s = Gave +6’2), 


Thus O’(¢) = 0 intersects C(t) = 0 if and only if |dR/ds| < 1. 

If |dR/ds| < 1, the line C’(t) = 0 meets the circle C(t) = 0 at 
two distinct points, and so the envelope of the family of circles 
touches each circle at two distinct points. 

If |dR/ds| = 1, the line O’(t) = 0 touches the circle C(t) = 0, 
and therefore also touches the envelope; the tangent to the locus 
of the centre of C(t) = 0 is parallel to x/a’ = y/6’ and therefore . 
perpendicular to C’(t) = 0, so that the tangent to the locus of the 
centre of the circle C(#) = 0 is normal to the envelope of the circle. 
Accordingly the locus of the centre of C(t) = 0 is the evolute of 
the envelope of C(t) = 0, and therefore O(t) = 0 is the circle of 
curvature of the envelope of the family of circles. 

6. Show that the family of circles (e—cos t)?++ (y—sint)? = # 
admits an envelope which is not a locus of the limit of points of 
intersection of two circles of the family. 

The locus of the centres of the circles of the family is z = cost, 
y = sint so that the arc length of this locus, measured from t = 0, 
is ¢. The radius of the circle C(t) = (~—cos t)?+ (y—sin t)?@—# — 0 
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is R= t, so that dR/ds = dt/dt = 1. Hence, by the previous 
example, the family of circles admits an envelope, which has 
contact of the second order with each circle. The distance between 
the centres of the circles C(t) = 0 and C(T) = 0, T >t > 0, is 
T—t_ 
2 


{(cos T’—cos t)?-+ (sin 7'—sin t)?}# = 2sin < T-t, 


the difference between the radii, and so the circle C(é) = 0 is com- 
pletely contained inside the circle C(7’) = 0. 
This example illustrates a particular case of Theorem 16.61. 


16.6. In the neighbourhood of a non-singular point on a family 
of curves f(z, y, @) = 0 at least one of the derivatives f/ax, af/ay 
is different from zero. Suppose the latter, then by Theorem 15.85, 
in this neighbourhood, the equation f(x, y, a) = 0 has a differen- 
tiable solution y = ¢(z, a). We shall show that, in this neighbour- 
hood, the necessary and sufficient condition for the envelope of the 
family f(x, y, 2) = 0 to have contact of the nth order exactly with 
each curve of the family is that 
a a an a 
ao an == om an #0 

For if these conditions are satisfied in some neighbourhood then 
from 8"¢/éa” = 0 and @"+1¢/2a"+1 4 0 it follows from Theorem 
15.85 that we can determine a as a unique function of 2, say 
a = a(x), satisfying 8"¢/da” = 0, and since this solution is unique, 
and since é’¢/da" = 0, r = 1, 2,..., m, simultaneously, therefore 
a = a(x) satisfies all the equations 0¢/da"= 0; in particular 
a = a(x) satisfies af/2a = 0 and so the family y = ¢(z, a) admits 
an envelope given by the equation y = ¢{z, a(x)}. Provided this 
envelope does not coincide with a curve of the family, a(x) is not 
constant in the neighbourhood under consideration, and hence 
there is a region in which a’(x) #0. But, differentiating the 


ne . 
equation Soe, a(x)} = 0 with respect to x, we find 


antig anid 
Garda © dart 


and since 8"+14¢/@a"+1 and a’(x) are both different from zero, there- 


a'(x) = 0, 
a fand\ . ‘ 
fore —(—£] is not zero, and so, again by Theorem 15.85, the 


0a \ da” 
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equation 2"¢/da” = 0 is solvable for x in terms of a, giving x = x(a). 
Accordingly the equation of the envelopeisy = ¢{x(a),a},x = x(a). 
Transforming the independent variable x to the new variable a, 
by the transformation z = x(a), the equations of the envelope, and 
the curve of the family which has the parameter a, take the forms 


Y= G{x(a), a} and Y= p{z(a), Go}. 
These curves meet at the point a = ay, y = ${x(ao), ao} and have 
contact of the nth order exactly in virtue of the conditions 
ap/ea’ = 0, r= 1, 2,..., m, and a+14/2ar+1 + 0, at the point 
@ = dp, since by Taylor’s theorem we can find « in (a, a), such 
that 
P{x(2), Ag}—S{x(a), a} 
sa p{x(a), a+ (a)—a)}—9{x(a), a} 


(G—a)? & 


= (ay—a) < $2, Sia aa Fa PX), a 


Pe ts bfe(a), a} +eeare en Hela), a} 
—gq)rt+1l pn | 
iene lim P2(@), 4o}—${e(a), a} __ 


a-rae (%—a)” 

Conversely, if the family y = ¢(«, a) admits an envelope, then 
the equations y = (zx, a), @¢/2a = 0 have a solution x = x(a), 
y = ¢{x(a), a}. Transforming the variables from z, y to a, y the 
equation of the envelope becomes y = ¢{zx(a), a}, and the curve 
with parameter a, y = f(x, a), becomes y = ¢{x(a), a}. Since 
the envelope has contact of the nth order exactly, with each 
member of the family, therefore 


lim 120), #212) a0} 9) <p cnr, (i) 
ade (a—a,)" 


_ for all a, in the region under consideration, 
But ¢{x(a), a}—¢d{a(a), ay} = (a—a,) = ${x(a), a}, for a certain « 


in (a, a), whence, taking r = 1, we find that Z P{x(a), a} > 0 as 
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a> dq, ie. 2 d{x(ao), %} = 0, since a-> 0 as a> ay. Since this 


holds for all a, in some region we may write F $(xla), a} = 0. 
Furthermore, if we have proved, step by step, that 
Z [ete(a), a]=0, for 0<r<k<n, 
then 
${x(a2), a9}—P{x(a), a} = P{x(a), a+ (Ao—2)}—F{2(@), a} 
= (ag—a)**1 ok+1 
~  (k+1)! @ak+ 
whence, taking r = k+1 in (i), it follows that 


gk+1 
dqkt1 


¢{x(a), a} for some a in (dp, a), 


— P{x(a), a} >0 as A>, 


+ 
i.e. oe Ea PLU(%0); a = 0. Since this holds at all points a, in our 


region, we have ~ ** d{x(a), a} = 0, and therefore 


ca k+1 
< dela), a=0, O<rcn. 


16.61. If the curve C, with equations x = x(a), y = y(a) is the 
envelope of the family of curves y = ¢(z, a), and if C has contact 
of the nth order exactly with each curve of the family, then for 
all a, the point + = x(a»), y = y(4), where C' touches the curve 
of parameter ap, is the limit of the point of intersection of the 
curves of parameters do, @, a8 @, —> do, if and only if n is an ‘odd 
number. 
Proof. Since 
< Hela), aJ=0, lar<cn, 
therefore we can find @ in [0, a such that 


ci Od 
Hela), a+t} = g{x(a), a} +128 ir as 


= ${a(a), a} + a ae Hela), a+ 6t} 


+5 os 


pr+l 
= ait ea btela), a+ 64}, 
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whence 
P{x(2), a,}—P{x(a), ao} 
= ${2(a), a+ (a,—4)}—9{2(a), a+ (4—a)} 
noi Ont ny Ot 
(aay ZZ $e(@), }—(ay—ayr = g¢e(a), B], 
where « lies in (a, a,) and f in “a, ay). 
Suppose first that n is odd. Then ¢{x(a), a,}3—¢{x(a), ao} takes 


= aan 


+ 
the value — ns Orr 4 


agri d{x(ao), xo} when a@ = dg, and the value 


—(a,—a@,)"*1 ** pix(a), B,} when a = a,, where ay is the value of 


ea”"t1 
a ata = a, and f, is the value of 8 at a = a,. Since ant d{x(a), a} 


is of constant sign in a neighbourhood of a = a, it follows that 
d{x(a), a,3—d{x(a), a)} changes sign as a varies from a, to a,, and 
therefore this difference vanishes at a point a = a, between dy 
and a,. Thus the two curves y = ¢{x(a), do}, y = P{x(a), a,} inter- 
sect at the point x = x(a,), and since ay lies between a, and a,, 
therefore 2(ao) > 2(a)) when a, > dp. 

The proof that the curves do not intersect when n is even is 
rather more difficult. 

We consider first values of a between a, and ay. 

For such values of a, (a,—a)"+! and (a)—a)"*+! have opposite 
signs and therefore 


ontt ontt 
darth p{x(a), ox} and —(a@y—a)"*? Agari PX), B} 
have the same sign and do not vanish, so that 
P{x(a), 24} —P{x(2), Ao} 
is of constant sign for an a between a, and @, and does not vanish. 
When a lies outside the interval (a, a,), we use Theorem 12.52. 
Let P(t) = {x(a), a+, Q(t) = +1, and u = a,—a, v = ay—a. 
Since a lies outside (a9, a,) therefore u and v have the same sign, 
and it is readily verified that the remaining conditions of 12.52 are 
satisfied. Hence 
p{x(a), a,}—g{x(a), ao} = P(u)—P(v) 
_ (a, —a)"+1—(a,—a)"tt gti 


- (n+1)! ognti = d{u(a), a+, 43}- 


a,—a)rrt 
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The differences a,—a, @)—a have the same sign; since 


(a,—a)"+1— (ay—a)"+1 = (a,—a) > (a,—2)"(ag—a)", 


and > (a,—a)"(ag—a)"* = (ay—a)” > (a= > 0, 


Ay—a 


therefore (a,—a)"*+1—(a,—a)"*! cannot vanish for an a outside 
(4; 43). 

Accordingly ¢{a(a), a,}—¢{x(a), ao} does not vanish for any 
value of a, and so, when 7 is even, the curves y = ¢{x(a), a,}, 
y = ${x(a), ao} do not intersect. 
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XVII 
DOUBLE INTEGRALS 


REDUCTION OF DOUBLE INTEGRALS TO REPEATED INTE- 
GRALS. GREEN’S THEOREM. TRANSFORMATION OF DOUBLE 
INTEGRALS 


17. A function f(x, y) is continuous in a (two-dimensional) interval 
4 

(a, AXb, B). Since f(x, y) is x-continuous in (a, A) then J F(a, y) dx 
a 

exists, and since f(x, y) is continuous, the integral is y-continuous, 


BoA A,B 
and 60 | f S(@,y) dex} dy exists. Similarly / J ST(@,y) dy\ dx exists. 
17.1. We prove that 
B,A A,B 
f(x, = »y)d . 
I! (x, y) dx] dy J {face y) dy} dx 


Corresponding to any k we can divide (a, AXb, B) into sub- 
intervals (a,, a,.1)(b,, 6,41), 7 = 9, 1, 2,...,m, 8 = 0, 1, 2,...,m, where 
m and n depend upon k, and dy) = @, a@,,,, = A, by = 6, b, 4, = B, 


ene flee, y)—f(X, Y) = 0b) 

for any two points (x, y), (X, Y) in the same sub-interval. Then 
A ™ 
Jf, 9) de = Xap Yass —4,) + (4 —)0(K) 


and. so 
B,A 
J f fle, 9) ae] dy 
b ‘a 


= $ [@u—an{ S Gsiu—bdfla,, 6,)+(B—B)0(k)}] + 
0 [i 


. +(B—b)(A—a)0(k) 
= 2 Pred (Gr, b,)+2p. 0(k), 


where p,,, denotes the area of the interval (a,, a,.;)(b,, 6,41), p the 
area of (a, AXb, B) and the summation is taken over all pairs r, s, 
with r = 0, l1,..., m and s = 0, 1, 2,..., . 
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Similarly 
4/B 
J {fee ae de = ¥ pra flr bs)+2p.0(b), 
a ‘db . 
and therefore 

B,/A 4,B 

{1 ax} ay — {fren dy} de = 4p .0(2), 

6 ‘a a *b 


and since this is true for any &, 


alr 4B 
[ {se y) ac} dy = f {se y) ay} dz. 
db 'a i 
The integrals 
r(¢ 4,B 
b ‘a 2 \g 


are called repeated integrals. We have seen that the order of 
repeated integration of a continuous function is immaterial, so 
that the integral depends only upon the interval (a, A\b, B). If 
this interval is called R, it is customary to denote the common 
value of the repeated integrals by 


: T(x, y) dR. 
R 


The repeated integrals themselves are abbreviated to 
BA AB 
I J S(%, y) dady and f i f(x, y) dydx respectively. 
ba ab 


17.11. Given any p, we can divide the interval R into sub-intervals 


t, Such that, if (a,, B,) is any point in i,,, and p,, is the area of Tags 


then 
[ f@, WAR => prof Ba) +p). 
For, by 17.1, . 
[ f@, 9) AR = ¥ ya flap b,)-+2p.0(b), 
R r,3 
and f(«,, 8,)—f(a,, 6,) = 0(k), so that 


[ fe, 9) AR —  praflays Bs) = p-0(k)+2p.0(k) 
2 


= 3p.0(k) = O(p) 
by a suitable choice of k. 
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17.2. Integrals along an elementary closed curve 
Given the numbers a, f, y, 8, 04, %; Bi, Be Yi» Ye, 5, and §,, 
satisfying 
a < 8B, y <4, ¥ Say KS ay SS, y<Bi <P <8, 
ely Srv<B «<8, <& <B, 
we define an elementary (or simple) closed curve as follows: 

C consists of the line segment + = « from y = a, to y = a; an 
arc of a curve whose equation is y = Xz) (or x = A-X{y)) from 
x =a to x = 6,, where A(x) is a continuous steadily increasing 
function; the segment y= 5, 8, <2 <5,; the arc y = p/(2), 
5, < 2 < B, where p(x) is continuous and steadily decreasing; the 
segment x = B, 8, < y < By; the arc y = v(x), yg < X < B, where 
v(z) is continuous and steadily increasing; the segment y = y, 
yr <2 <y2; thearcy = p(x),a <x < yy, where p(x) is continuous 
and steadily decreasing. (Note that A(«) = ag, A(S,) = 5 = (8), etc.) 

It is readily verified that a circle, an ellipse, a rectangle, or a 
triangle is an elementary closed curve according to this definition. 

The rectangle (a, 8Xy, 5) is called the bounding rectangle of the 
curve C. 

If we define the functions x,(x), x,(x) by the conditions 


%(z) = p(t), aKecy w,(z)= A(x), agrgd, 
= 1 S274. = 5, 8, <2 <8, 
=u), ye<2<B; = pz), & <2#<, 


then 2,(x), z,(z) are continuous functions and any line x = 2*, 
a <2* < B, meets C in exactly two points y = 2z,(z*), y = 2,(x*), 
where «,(7*) < 2,(x*). 


Similarly if we define 

ny) =py, vyoycuy yty)=viy), yv<y<B 
=a, eLYR% = B, B.<yY She 
=A“), wy <5; =p y), Bay <8, 


then y,(y), y.(y) are continuous and any line y = y*, y < y* <4, 
meets C in exactly two points y,(y*), y.(y*), where y,(y*) < y2(y*). 
Ifa <a <Pand (x) <y <a,(z) or y<y <8 and 
wy) < 2% < ye{y) 
then the point (x, y) is said to lie inside the curve C. If (z, y) is 
not inside or on C, then it is said to lie outside C. 


https://t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 
316 DOUBLE INTEGRALS 

It follows that if we remove from the bounding rectangle 
(a; BXy, 5) the four rectangles («, 31 X ae, 8), (82, BYB2; 8), (ves BXy, B,), 
and (a, 7X, a) there remain only points which are inside or on 
the curve C. 

Furthermore, each of the rectangles (a, 5,)a,, 5), etc., is divided 
into two parts by an arc of the curve C. For the equation of the 
are in (a, 5,Xa, 6) is y = x(x) and all points (a, y) such that 
a < ¥ < &,(2) are inside the curve, and all points (x, y) such that 
Xo(z) << y <8 are outside the curve. 

If P(x, y) is continuous on C, we define the anti-clockwise integrals 
along C, 


B 
f P(x, y) du = J {P(a, 21)—P(x, x_)} dx 
Cc a 


5 
and [ Pea) dy = [ (PY W—Puy y} dy, 
eC Y 
and the clockwise integrals 


* B : 
J P(x, y) dx = J {P(x, %,)—P(x, x,)} de, 
Cc a 


* 8 
J P(e, y) dy = [ (Py, yx) —PYy, y2)} dy. 
; | 


17.21, Ifa bounded function f(x, y) is continuous inside and on a 
closed curve C which is bounded by the rectangle («, B)(y, 8), and is 
continuous inside the rectangle and outside C, then 


B 
| fe y) dex 


exists and is y-continuous in (y, 8). 

Observe first that f(x, y) is not necessarily continuous throughout 
the rectangle («, 8)y, 5) since, for instance, a function which takes 
the value unity inside and on C, but is zero outside C, is continuous 
inside and on C, and continuous outside C, but is not continuous 
throughout the rectangle. 

Let {x*, x,(x*)}, {x*, x,(x*)} be the points where x = a*, 
a < a* < B, meets the curve, and {y,(y*), y*}, {yo(y*), y*} be the 
points where y = y*, y < y* < 8, meets the curve. 
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Since y,(y) and y,(y) are continuous we can choose 7, so that 
y(Y)—yiy) = O(k), yo(¥)—ye(ss) = O(k), provided Y—y = 0(n,) 
and both y and Y lie between y and 8. 

Furthermore, since f(x, y) is continuous inside C, and continuous 
outside C, we may suppose ”, chosen so that | f(z, Y)—f(z, y)| < 1/k, 
provided Y—y = 0(n,) and (2, y), (x, Y) both lie inside C, or both 
lie outside. Now f(z, y) is z-continuous in each of the intervals 
(x, ¥:], (Y1» Ye), and [y, 8), for these intervals lie wholly inside 
or wholly outside C, y < y < 4, and f(z, y) is bounded in (a, B), 


mw Ya 
and therefore each of the integrals J ST (x, y) dz, ; F(z, y) dx, and 
a wv 


B 
J I(x, y) dx exists. 


- Hence if we define 
B a Ys B 
| fe, y) de = | fle, y)dx+ | fey) dat f fly) da, 
a a nN U2 


B 
then J f(x, y) dx exists. 
a 


Consider 


B B B 
| fle.y) dx — | fw, ¥)dx = | {f(w, y)—fle, ¥)} de 


wk B wk ytilk  yatilk 
=f+f+f+f4+ f veu-teryjae. 


a Yat Vk wti/k yw—-1Wk ys—1/k 
If Y—y = 0(n,), both y,(y) and y,(Y) lie between 
wly)—l/k and y,(y)+1/k, 


for [y,(Y)—y,(y)| < 1/10* < 1/k, and similarly for y,(y) and y,(Y), 
and therefore when x lies in («, y,—1/k) both (2, y) and (2, Y) are 
outside C so that | f(x, y)—f(x, Y)| < 1/k. The same reasoning 
shows that the inequality | f(x, y)—f(x, Y)| < 1/k holds also when 
x lies in either of the intervals (y,+1/k, 8), (yi +1/k, ye—I1/k). 
Tk, wt Yk) and (ye—Vk, Yat 1h), 
fw, y)—fle, Y)| < 2M, 
where M is a bound of f(x, y) in (a, BXy, 8). 
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Hence 


i [fe.y)de— j HY) de] <{ty,—a)+(B— + 02—w)}/-+8M 
= {8M+f—a}/k, 


B 
which proves that i F(x, y) dx is y-continuous in (y, 8). 


17.22. If f(x, y) is continuous inside and on a closed curve C which 
is bounded by the rectangle (a, 8)y, 5) and is continuous outside C, 
then 


8 
J fe. y) dy 
Y 
exists and is continuous for x in (a, B). 
_ Proof the same as in 17.21. 


17.23. It follows from 17.21 and 17.22 that both the repeated 
integrals 


38 B8 
J [fey dady, — | f fe,y) dyde 
ya ay 


exist. We prove next that these repeated integrals are equal. 
We observe first that if we divide a rectangle («, By, 8) into four 
rectangles by the lines « = ) and y = p» then a repeated integral 
over («, By, 8) is the sum of the repeated integrals over the 
rectangles (q, Mey, ), (a, A(z, 8), (A, BYy, w), and (A, BXu, 8), for 


B A 8B 
ffdae=[+ fae 
a a A 


5 B ) 
and feay—=[+fod 
Y Y Bh 
and so 


Hee [Palas = 


Consequently, if a rectangle R is awe ee any ae of 
rectangles F,, R,,..., R, then a repeated integral over R is the 
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sum of the repeated integrals over each of the rectangles R,, Rp,..., 
R,. We have seen in 17.2 that if we remove from the bounding 
rectangle (a, BX, 5) the four rectangles (a, 8,2, 5), (82, BXBs, 8); 
(Ye, BXy, Bi), and (x, y,Xy, «), the remainder of the bounding 
rectangle is entirely inside or on C; this remainder may be divided 
into rectangles (in several ways, in fact) in each of which f(x, y) 
is continuous, so that the repeated integrals over these rectangles 
are equal (by 17.1). It remains to show that the repeated integrals 
over such a rectangle as (a, 5,)(a,, 5) are also equal. 

The arc of C contained in (a, 8,Xa, 5) is y = 2_(x), where x,(x) 
is a steadily increasing continuous function. 

Divide (a, 5,) into n equal parts by the points 


© = Poy Pry Pars Pn = Oy; 

so that p,,,;—p, = (8,—a)/n and let x,(p,) = q,fork = 0,1, 2,...,. 

The lines = p,, y = q,, 7, 8 = 0, 1, 2,..., n, divide the rectangle 
(a, 8, Xa, 5) into n? rectangles; of these the n rectangles (pp, P1)({p. 91)> 
(21, PaX91> Y2)> (Par PaXYa> Ia)s-+> (Pn—1> PnXIn—a» Yn) contain all the 
points of the are (for if p, < x < p,,, then g, < 2,(x) < q,41, since 
2%_(x) is steadily increasing), and so each of the remaining rectangles 
is either completely inside C, or completely outside C. Thus the 
repeated integrals over the rectangle (p,, P,+1XQs, Yei1) are equal 
provided r and s are unequal, and there remains to consider only 
the sum of the integrals over the rectangles (p,, ,41XQp> Ya1)> 
r= 0, 1, 2,..., 2. 

Since f(x, y) is bounded by 


Arty Det 


ff fey) dady 
and a 

n—1 Us Prt 
= [ [ fey) dady 


Qr Pr 


Urt1 
< | MPa —P,) dy = U(P,11—P, rr) 
ar 


n-1 
<M x (Ppt —Pr)(Qr41—W) 


n—-1 
= M{(3,—a)/n} x (Q-41—r) 
= M(8,—«)(6—a,)/n = MA/n, 
where A is the area of (x, 5,)(a,, 5), and similarly 


n—1 Prt. Arti 


Xf f fey) dyde 


P, 4, 


< MA/n. 
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Hence 
& 3 8, 5 
J [fe y) dady — ff fe, y) dyde 
= > ia Tye. y) dudy - ‘a fee y) dyda 
Qr De Dr 


< 2MA/n. 
But we may choose 7 as great as we please, and therefore 


§ 8 & 8 
[ [faedy = J | fayde, 


ae w a Xe 


which completes the proof. 


17.231. By means of Theorem 17.23 we can give a simpler proof 
of Theorem 15.91, and establish the result of that theorem under 
rather less stringent conditions. 

Let f(x, y) be continuous and y-differentiable in (a, bc, d), and 
write 


b b 
dy) = | fl@,y)dz, oy) = [ f(x,y) de. 


Then, for a ¢ in (c, d), 


[vo dy = f (ftv y) as) dy =f (fit y) ay) da 


b 
= | (f(, t)—f(a, 0)} de = $()—4(0), 


whence, differentiating with respect to t, 
2(t) = ¢'(t), for any ¢ in (c, d), 


b b 
i.e. | F(z, y) dx = 4 | S(x,y) dx. 


17.3. The integral of a continuous function f(z, y) over the 
interior of a closed curve C 
Let (a, 8)y,8) be the rectangle bounding C, and let f,(x, y) = f(x, y) 
at any point (x, y) inside or on C, and f,(z, y) = 0 outside C; then 
J,(%, y) is continuous inside C and continuous outside C. Hence 
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both the integrals j j Si(z, y) dydx and { j fi(x, y) dady exist and 


are equal. To any z between « and B comnsenanil points of C, 
{z, x,(x)}, {x, 2,(a)}, and to y between y and 8 correspond points of 


C. {ni Y), 9}, Yoly), y}- Since f,(x, y) = f(w, y) for yx(y) < @ < p(y) 
and f,(z, y) = 0 for x < y,(y) or x > y,(y), therefore 


Bg Ye 
| fe, y) dx = | fw, y) de, 
a Wn 


and since f,(x, y) = f(x, y) for x,(z) < y< x,(x) and f,(x, y) = 0 
for y < x,(x) or y > x,(x), therefore 


8 Ha 
J fle, 9) dy = | flew, y) dy. 


Y 
Hence both the integrals 


3 vs Bw 
J [fe y)dady, — | [ fey) dyde 


yn a Xr 
exist and are equal; their common value is denoted by 
| fe, y) dedy, 
6 


which is called the integral of f(x, y) over the interior of C. 
17.31. We define the area bounded by a closed curve C to be 
| I dxdy. 


Since J 1 dady = i f dydx = j (X,—2x,) dx 

this definition leads to the formula for the area bounded by two 
arcs y = %,(%), y = z,(z) and the lines = a, x = B which we used 
in Chapter X. 


17.4. Green’s theorem 


If P(x, y) and Q(z, y) are differentiable inside and on a simple 
closed curve C, then 


Je-3) eee: eae 


5039 XY 
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For 

- o@ dxdy = ie aQ dady = {tou y)— Uy y)} dy = J Q dy 
Cc y VU Y 


aP = de we if ie ne ee | {P(2, #,)—P(w, 2,)} de = — i Pde, 
J ar CQ 
both integrals along C being taken anti-clockwise. 


Taking Q = x, P = —y we prove another formula for the area 
A bounded by a closed curve, viz. 


J @ ay -vde) = 2 | dedy = 2A. 


If C is given by the parametric equations x = x(t), y = y(t), 
to <t < k, where z(t), y(t) are differentiable, then 


ty 
A=4] (wdy —y dx) = 4 { (xj—ay) dt, 
Cc to 
which is the formula introduced in § 10.3. 


17.401. J {f (x, y)-+9(e, y)} dedy 


“= J fle, y) dedy + J g(r, y) dexdy. 
For 


Ya é Ya Ya 
[ +0) dudy = f { | (f++0) de} ay = fay { frae+ fg ax} 
Cc yon Y n wu 


ei , f dudy + J g dady. 


17.41. Ifm < f(x, y) < M inside and on a simple closed contour 
C, containing an area A, then 


mA < f f(x, y) dudy < MA. 
Cc 


For, by the integral mean-value theorem, 


Us Ye Ys 
Jmdz< [f@yde< f M de 
L Ww "wn 
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and so i i m dady < j fi S(%, y) dady < | ie dxdy, 
yn YU 
that is, mA < aie y) dudy < MA. 
é 


17.42. If the interior of a simple closed curve C is divided into two 
parts contained in simple closed curves C, and CO, then 


[ fle, y) dedy = f fc, y) dedy + [ fle, y) dady. 
(1 C1 Cz 


Let f,(z, y) = f(x, y) inside and on C, and f,(x, y) = 0 outside C,, 
and let f,(z, y) = f(x, y) inside and on C, and f,(z, y) = 0 outside 
C,, then f,(x, y)+f2(z, y) = f(x, y) throughout C and therefore 


[ fle, y) dady = [ fw, y) dedy + [ fxle, y) dady 
Cc Cc Cc 
= | fw, y)dady + { fz, y) dedy, by 17.3. 
Cy Ce 


17.5. Transformation of a double integral 

The transformation x = X(u, v), y = Y(u, v) carries a simple 
closed curve C into a simple closed curve I, and any point inside 
C into a point inside I. The positive value of the Jacobian 


= a 3 and of at least one of the derivatives aX /Ou, aX /dv, 
aY /du, OY /év exceeds some positive « for all u, vin I’. Then 


{ f(x, y) dady = J F(X, Y)| J| dudv. 
Cc T 


Suppose that @Y/dv is the derivative which exceeds «, throughout 
I’; then we can solve the equation y = Y(u, v) for v, giving, say, 
v = A(u, y), and therefore x = X{u, A(u, y)}. Since |J| > a > 0, 
the equations = X(u, v), y = Y(u, v) can be solved for wu, giving 
u = U(x, y). We shall show first that the transformation, which 
leaves y unchanged and which takes x into u by = X{u, A(u, y)}, 
carries C into a simple closed curve C’; this is established by show- 
ing that to y correspond two values of u and to u correspond two 
values of y. Now to y correspond two values of 2, y,, y,, deter- 
mined by C, and to y, y, corresponds u1 = U(y,, y), and to y, y2 
corresponds wu? = U(y,, y); thus to y correspond wu}, u?. To a given 
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u correspond two values of v, u,, uv, by T, and so to wu correspond 
yt = X(u, uy), y? = X (u, ta) which completes this part of the proof. 


Let ! F(x, y) dady = ' J F(x, y) dady, and consider f F(a, y) da. 


vy 
Reapiie y constant, transform from x to u by means ‘of 


x = X{u, Au, y)}; 
the integral becomes 
u 


J HX, NZ Xu, d du 
and so 


J fla, y) dady = { f 1X, 9) % dudy 


y we 


a5 J HX, YZ dudy, 


where @ = -++1 or —1 according as u? > uw) or uw? < ul. 
Now, with rae limits, 


jr y) % dudy = | i) 1X, WX dydu, 


Consider | F(X, yx dy; transform y into v, keeping w constant, 
by means of y = Y(u, v). The integral becomes 


7) oY 
[rpxe Na dv, 


with appropriate limits. 
Hence 


| S(X, yy dudy = J | fe X(u, Nias dvudu 
Fy 
= J HX, ¥) 2 X(u, 9 dudo, 


apart from an ambiguity in sign. 
Thus 


fl, y) dedy = k i} NX YZ xu, )Z dude, 1 
Cc T 


where k= +lork= —1. 
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and since y = Y{u, d(u, y)} identically, 
whence oF exw, ») = _ L J, 


and therefore 
f(a, y) dxdy = k f f(X, Y)J dudv. 
Cc r 


The value of & depends only upon the transformation functions 
X, Y and not upon f(x, y), and may therefore be determined by 
giving f(x, y) some special value. Take f(x, y) = 1, then 


i) dedy = { kT dudv. 
Cc T 


Since { dady represents the area bounded by C it is positive; 
é 


furthermore, as J is continuous and non-zero, it is of constant 
sign. Hence f kJ dudv has the sign of kJ and so kJ is positive; 
r 


but k = +1, and so kJ = |J|, whence 
[fe 9) dedy'= f F(X, ¥)J| dude. 
Cc T 


We may dispense with the condition that the positive value of one 
of the first derivatives of X or Y exceeds a throughout I, provided 
that we know instead that the transformation «= X(u,v), 
y = Y(u, v) is such that any division of the interior of C by 
simple closed curves is transformed into a division of the interior 
of I’ by simple closed curves; for the integral over C is the sum of 
the integrals over the dividing curves, and so too the integral over 
I is the sum of the integrals over the corresponding curves, and 
(as we saw in 15.83) if I‘ is divided into sufficiently small parts, in 
each part the positive value of one of the derivatives of X or Y 
exceeds a definite positive number throughout that part (since 
|J| 2a). Hence we may apply the foregoing proof to each simple 
closed curve by which [ is subdivided, and, by addition, the 
theorem is proved for the whole curve I. 
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An example of a transformation of this kind is 
x= Uucosy, y = usin». 


To the line ~ = p corresponds the circle x?+-y? = p?, to the line 
v = X corresponds the half-line x/cosA = y/sinA, and therefore to 
a subdivision of a rectangle u = p, u=q,v =A, v = p into any 
number of rectangular parts corresponds a subdivision of the 
ring sector, formed by the circles z?+-y? = p?, 2?+-y? = g?, and the 
radii z/cosA = y/sin A, x/cosp = y/sinp into parts which are also 
ring sectors. 


Examrue. To prove fe dx = 4wr. 
0 


We observe first that 


RR R R | R 2 
f J e-~@+") dady = J ev e-2 aa] dy = ( f ew as| : 
00 0 fr) 0 


Divide the square (0, RX0, R) into three simple closed curves; 
C, formed by the quadrant of x?+-y? = «? bounded by the positive 
x- and y-axes; C, formed by the quadrants of x?+-y? = é?, 
x+y? = R? and the positive axes from « to R; C, formed by 
the quadrant of x?+y? = R? and the lines x = R, y = R from 
y= 0Otoy= R, and from x = 0 tox = R respectively. 

In C,, e+) < 1 and the area bounded by C, is }me?, and so, 
by 17.41, f ev dady < }fre®. In O,, 22+y? > R? and the area 


C1 
bounded is R2(1—}7) and so J e-¥* dady < (1—}m) Re-®, 
Cs 


Lastly, we consider J e+") dady. 
Cy 
Under the transformation x = ucosv, y = usinv the upper half 
of the circle x*-+-y? = «*? becomes the line u = e, the upper half of 
x+y? = R? becomes u = R, the axis y = 0 becomes v = 0, and 
the axis x = 0 becomes v = 47, and therefore C, transforms into 
a rectangle. The Jacobian of the transformation is u, which is 
never less than ¢ in the transform of C,. Hence 


inR 
J ez" +4") dady = J J ey dudv = drfe-8 —e-R} 
Ca O.« 
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{feo dady = i} + J + fee dady by 17.42, 
00 C1 Cz Cs 
therefore 


R ‘\2 
( i} ee as) ~t < fofe-?—1—e-®}+ fre? (1—} rr) Re’. 
0 
This inequality holds for all positive « and R. Let «+0 and 
R->oo, then ( f e-*" dz)” = }n, which completes the proof. 
0 
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THE ARITHMETIC OF ENDLESS DECIMALS. FORMAL PROOF 
OF THE EXISTENCE OF THE LIMIT OF A CONVERGENT 
SEQUENCE OF DECIMALS 


In the first chapter we described in general terms the way in which 
the limit of a convergent sequence is constructed, digit by digit, 
but in that description we omitted the consideration of certain 
difficulties which may arise in the construction process; to meet 
these difficulties we shall now give a formal proof of the existence 
of the limit. 


1. Whether x be a terminating or endless decimal we define (x), 
to be the value of x to k decimal places, i.e. if 2 = hag'Ay Ay Q3..., 
then (x), = +49, 49...a,. For instance (17-26), = 17-2666 and 
(—V2), = —1-41. It follows that 10*(z), is a whole number, for 
any « and k, and |(x),| = |2|,, writing |z|, for (12|)y- 


-11. If x is a positive terminating decimal, then 

0 < x—(x), < 1/10* 
for any k; for if x = aya, Ag...0,A%41-.., (where a, may be zero 
from any stage onwards) then x—(x),, = -00...0 A444++-A, Which is 
non-negative and less than 1/10*. 


-12. If x and y are positive terminating decimals such that, for 
some 7, (x—y), = 0 then (x), = (y),-+6/10", where @ has one of the 
values —1, 0, +1. 

Proof. Since |x—y| < 1/10" therefore —1 < (x—y)10" <1; 
furthermore 
0 < 10'fe—(x),} <1 and 0< 10{y—(y)} <1 


and so 
< 10'fy—(y),+4—y} 
<2 
oa 10*{(ce),—(y),} > 10{—[x—(2),]+a—y} 
>—-2. : 


Denote 10°{(x),—(y),} by 8, then 6 is a whole number between —2 
and +2 exclusive, proving that 6 takes one of the values — 1,0, +1. 
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121, If x is any decimal and if p > n then (%),—(%), = O(n); for 
if 2 = +49°, d243..., then 
(©) p—(®)q = rE (Aig'@y Aq...8,—Ap'Ay Ay...) 
= +(0-00...0@,,,1...€,) = O(n). 
13. If x is a positive decimal, terminating or endless, and if, for 


p>, 
(%)p—(2), < 1/10?, 
then (x), = (2),. 
For (%)p = («),, and so 10?(z),, —10?(z), is a non-negative integer 
less than unity, which proves that 10?(x),—10?(x), = 0. 


The limit of a sequence of terminating decimals 
.2. If with a sequence of terminating decimals (a,,) we can associate 
a sequence of integers v, and a terminating or endless decimal A 
such that, for every k and n > v,, a, = (A),+0(k) then A is said 
to be the limit of the sequence (a,,), and we write a, —> A. 
.21. Ifa, — A then a,,—(A),, > 0, for the one equation, 
An—(A)n = 0(&), 

expresses both of these facts. 
.3. If (a,) is a convergent sequence of positive terminating 
decimals then 

either (1) for all r, (a,), = (apr) 1 > Dry 

or (2) for a certain k, a, -> (ay, )k, 

or (3) for a certain k, a, > (ay, Jet 1/10*. 


Proof. Since (a,) is convergent we can determine v, such that, 
for all r and n > »,, 


Hence by .12 
(Qn), = (2,,),-+6;,/10", each 6, = —1, 0, or +1. 
There are the following possibilities to be considered: 


(@,—4,,)> = 0. 


(a) For all r and for n not less than a certain p, (where Py = Vr), 
&, = 0; then for all r 


(4,,), = (2p,)ys Nn > Pp. 
(6) For all 7 and for n > p,, 6%, = 1; then for all r 


(Qn)p = (2p,)p. 2 > Pye 
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(c) For all r and for » > p,, 6, = —1; then for all r 
(2,), = (p,)e> nS Py 
(d) For a fixed 7, 67 takes both the values +1 and —1 for 
arbitrarily great values of n. We shall prove this cannot happen. 


For suppose that for a certain r, 6%, takes the value +1 for 
arbitrarily great values of n and let j be such a value of n. 


Then (23), = (@,,)p-+ 1/10". 
Choose j > v,,, and k > j, so that (a,), = (@,,),+6%/10" < (a,),. 


Since —1/lotH< a,—4a,,,, < 1/10", 
—1/l0+! < a,—a,, < 1/10" 
and therefore |a;—@,| < 2/10°+1 < 1/10*, 
whence 0 < (a;),—(a%), < @;—(a,—1/10") < 2/10". 
But (2x)y = (@,,)p-+ 65/10" 


and so 1—& < 2, ie. &% > —1, so that 6, = 0 or 1. Thus & 
cannot take both the values +1, —1 for arbitrarily great values 
of n. 

(e) For a certain r, 6%, takes the values 0, 1 and only these values 
for arbitrarily great values of n. Then (a,), = (a,,),+1/10" and 
(a), = (a,,), for j and k as great as we please, and so 

(25), = (4%)p+1/10". 
But if j, & are sufficiently great (and p > r) then (a;—a,), = 0 
and so 
(2;)p = (4y)p +¢/10?, ¢ = —1, 0, or 1. 
Therefore 
0o< (23)yp— (4;), = (2x) p— (@y,)p-+ 6/10? — 1/10" 
< 1/10°+4/10°—1/10" 
= $/10? < 1/10”. 
Hence, by .13, (@;), = (a;), = (@,,),+1/10" = I (say). Since every 
sufficiently great value of 7 is either a j or a &, therefore 
(Qn)p = or (Ay)y = 1—G/10? 
and so |I—a,| = |J—(4,)p-+ (a4)p—q| < 2/102, 


which proves that 
a, >1 = (a,),+1/10. 
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(f) For a certain r, 67, takes the values —1, 0 and only these 
values for all sufficiently great values of n. Then, exactly as in (e) 
above, we can prove that a, — (a,,),. 

Since the function 6”, is either a constant function of n, for all 
values of r, or there is a value of r for which 6, varies with n, the 
cases listed in (a), (b), (c), (@), (e), and (f) (which are mutually 
exclusive) exhaust all the possibilities, which proves that one (and 
only one) of the conditions (1), (2), (3) above is necessarily true 
for any positive convergent sequence. 


31. If the sequence (a,,) is such that, for all r and n > p,, 
(An)r = (G,)r 
and if J, 1,, J,,..., |, are the whole part and the first r decimal figures 
of a,, then the endless decimal A = 1,1, 1,13... is the limit of the 
sequence (a,,). 
For 
@,— (A), = A,— (a,,) 
{a,— (@,),}-+ {a,— (4,)p} Fr {(@n)p mo an} “r {(4,)p _ (An)p} 
< 1/10°4-1/10?41/10?, ifr >v,,n >v, > vp, 
< 1/107-1 
and so a,—(A), -> 0, proving that a, > A. 


.32. From .3 and .31 it follows that if (a,) is a convergent sequence 
of positive terminating decimals then there is determined a decimal 
A, terminating or otherwise, which is the limit of the sequence (a,). 


.33. If (a,) is convergent and a,, takes both positive and negative 
values for arbitrarily great values of 7, then a, > 0. 
Choose r, s so that a, is positive, a, negative; then if r and s are 


t enough 
great enoug apace OUR) 
and therefore 
0<a,<a,—a, = 0(k) and 0< —a, < a,—a, = 0(k). 
Thus a, = 0(£) and a, = 0(k), proving a, -> 0. 
.34, If (a,) is a convergent sequence of ferminating decimals, 


positive or negative, then there is a decimal A which is the limit 
of (a,,). 
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For 
either (1) all a, > 0 from some n onwards, 
or (2) all a, < 0 from some » onwards, 
or (3) a, takes both positive and negative values for 


arbitrarily great values of n. 
In case (1) the limit is given by .32. In case (2) —a, > 0 and so, 
by .32, —a,, >A, whence a, > —A. In case (3) the limit is zero 
by .33. 


4. If « and f are endless decimals, such that («),—(B),—> 0, then 
we say that « and f are equal and write « = f. 

To justify this generalization of the notion of equality we must 
show that when « and f are terminating decimals and (a),—(f),—>0 
then « = f can be proved true: For if & is a number greater than 
the number of decimal figures in either of the terminating decimals 
a and f then, for r >k, (a), = «, (8), = B, and («—f), = a—f, 
and therefore, since («),—(f), = 0(k) provided r > some N,, it 
follows that a—B = (a—f), = {(«),—(B),}, = 0, Le. « = B. 


.401. If « and § are endless decimals then the sequences 


(x)n+(B)n> («)n—(B)n, and ()n(Bn 
are convergent; hence («),,+(),, tends to a limit and we call this 
limit the sum of « and B, denoted by «+f. Similarly «a—B and of 
denote the limits of (x), —(8),, («),(B), and are called the difference 
and product of « and f respectively. 


402. Since a+f and «—f are the limits of the sequences («),,+ (8), 
and («),—(B),, therefore (by .21) 
and (x—B),—{(&) n— (B),.} > 0. 

Accordingly « = f if, for every r, (x—f), = 0, for (a—f), = 0 


involves («),—(8), > 0. 


403. If (a+b) =c then a = (c—b); for (a+b),—(c),>0 and 
so, by .402, (a),-+(b),—(c), > 0, ie. (a),—{(c),—(b),} > 0, whence 
(a),—(c—6), > 0, proving a = (c—6). 
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.404. For any decimals a, b, c we have a(b-+c) = ab-+ac. Since 
[a(b+c)],—(a),(b+¢),, > 0 and (b-+c),—{(b),+(),} > 0 therefore 
[a(b+c)],—(2)n{()n+(c),} > 0, and similarly 

(ab+ ac) ,—(4)n{(b)n+ (C)n} > 0, 
whence [a(b+c)],—[ab+ac], > 0, 
which proves a(b+-c) = ab-Lac. 
.41. If « is an endless decimal and (a), = 0, we write « = 0(k). 
.42. A sequence of endless decimals (a,,) is said to be convergent 
if a,—a, = O(k) for p >n > N,. 
.43. If « is an endless decimal then a—(«), = O(k). 

F : 
* {dn = (A)n—(a)y, ifn > k, 
— (cen —{()nbaes 
let « = PoP; Po Pz...) then (x), = Po'P1Po---Py» and so 
()n—{(e)akn = °00...0 Pest Prsa--Pn > *00.--0 Perr Dara (by .31) 
but (x),—{(«),},, > «—(«), and therefore 
a— (ox), = 100...0 Pps Pere» Le. {a—(a),}, = 0, 
so that, by .41, a—(a), = O(k). 
The limit of a sequence of endless decimals 
.44. If (a,) is a sequence of endless decimals, and if 4 is a decimal, 
terminating or endless, such that A—a,, = 0(k) for n > M,, then A 
is called the limit of (a,,) and we write a, > 2. If a, is a terminating 
decimal this definition is consistent with .21, for 
On—(A)y = G,z—A+A—(A),, = 0(4)+0(n) = 0(4—1), 

if nm > max(k, N,). 


.45. The limit of a sequence (a,) is unique, for if A and 2’ satisfy 
A—a,, = 0(k), A’—(a,) = 0(k) then A—A’ = 0(k—1), for any &, so 
that, by .402, A = 0’. 
.5. If (an) is a convergent sequence of endless decimals then 
the sequence of terminating decimals (a,), is convergent. 
For 
(4p)p— (An)n = a {(a pp pit {ay— An} +{G,—(Gn)n} 
= 0(p)+0(k)+0(n), provided p >n > M,, 
= 0(k—1), provided p > n > max(k, N;,). 
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.51. If (a,) is any convergent sequence then we can deter- 
mine a decimal A which is the limit of the sequence. 
By .5, (a), is convergent, and so, by .34, we can determine its 
limit A. Then 


A—a,, — A—(Gn)nt+(An)\n—Fn 
= 0(k4)+0(n), ifn > N,, 
= O(k—-1), ifn > max(k, N,), 


proving that A is the limit of the sequence (a,,). 

Theorem .51 contains Theorems .32 and .34 as special cases, but 
.32 and .34 are essential steps in preparing for .51. The arithmetic 
of endless decimals is based upon convergent sequences of termi- 
nating decimals, the properties of which must therefore be estab- 
lished before we can even formulate Theorem .51. Whereas the 
proof of Theorem .34 involves an extension of the number concept, 
a convergent sequence of terminating decimals having an endless 
decimal for limit, no further extension is involved in Theorem .51, 
the limit of a convergent sequence of endless decimals being also 
an endless decimal. Endless decimals have therefore a self- 
sufficiency which terminating decimals lack, as far as operations 
with convergent sequences are concerned. 


-6. We define 1/8 to be the limit of the convergent sequence 1/(8),, 
provided that for some p, |B], > 0. (Observe that we cannot 
include this definition in .401, since 1/(8),, is an endless decimal, 
the quotient of the integer 10” divided by the integer 10*(f),,. 
If [xz/y] denotes the greatest number of times y is contained in x, 
then the formal definition of m/n, for non-zero integers m, n, is 


(m[n)p = [10?m/n]/10”. 
Since y[z/y] < x < y[x/y]+y, therefore 
n.(m/[n), < m < n{(m/n),+ 10-7}, 
i.e. m—n]10? <n.(m/n), <m, 


which proves that ”.(m/n), > m; but, for any p, (n), =n and 
therefore (n),,.(m/n),, > m, ie., by .401, n.(m/n) = m. Similarly, 
if a, b, c, d are integers, (a/b). (c/d) = ac/bd, etc.) 
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-61. If, for some yw, ||, > 0, then 8X (1/8) = 1. 
Since 1/8 is the limit of 1/(8), it follows that (1/8),,—1/(B), > 0 
and therefore (§),,(1/8),—(B)n-1/(B), > 0, whence 


(B)n(1/B)n—1 > 0, 
which proves that B(1/B) = 1. 


-62. We define a/B to equal a(1/8). 
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EXAMPLES 
I 
1. Prove that for any decimals x, y, y 4 0, 
|A+a] <1+|z], [ay] =|elly, — [ei/y| = [2/9]. 
Deduce that |x-+y| < |z|+]y|, |e—y| > ||z|—lyIll- 
1.01. If > —|z] prove that 2 > 0. 
1.1. Prove that for any decimals aj, aq, Qs... Ays 


| Ea, < ¥ lar. 


1.11. If s, J and 1/p, — 0, prove that s,, —> 1, p, being an integer for 
all n. 

1.2. Show that the positive series > a, is convergent if (a@,)/" tends to 
a limit which is less than unity. Hence show that > x"/n™ is convergent 
for all values of a. 

1.201. If s, > 1 prove that |s,| — [1]. 

1.21. Prove that > 1/n diverges, and that by taking a sufficient number 
of terms the sum exceeds any chosen number. 

1.211. Test for convergence the series > n/(n?+1), > 2"/n(n+-1). 

1.22. Find the sum to nm terms of the series & nile 1)(v-+2)...(a-+n) 


n= 
and hence show that the series converges for x > 1 and diverges forz < 1. 

1.221. If an/bn >1 > 0 then 5 an and > bn converge and diverge 
together. 

1.23. Prove the convergence of 
> 1fn(n+1), > 1/n(n+1)(n+ 2), > I/n(n+1)...n+r—1), sn, 
where r is an integer greater than unity. 

1.3. If an is positive and decreases steadily to zero, prove that 
> (—1)"an converges. 

1.31. If an is positive and an/any; > 1+k/n, k > 0, n > N, prove 
that > (— 1)an converges. 

1.32. If a, is positive and decreases steadily, and if >} a, is convergent, 
prove that na, —> 0. 

1.4. Prove that k+4 terms of the series > 1/r! suffice to determine the 

r=0 


limit of the series to & places of decimals; determine the limit to 3 places. 

1.401. Prove that > (n!)?/(2n)! and > (—1)"*1/n‘ converge, and evaluate 
the second limit to 2 decimal places. 

1.402. Discuss the convergence of the series } 2"x"/nt. 

1.41. Ifa series is absolutely convergent, prove that no rearrange- 
ment of its terms can alter its sum. 

1.5. The product of any number of endless decimals is independent of 
the order of its factors. 

1.501. Assuming the index laws 


p™.p® = p™r, = (p™)* = p™™, = — (pq)™ = pmg™ 
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for integers p, g, m, n and defining (p/q)" = p™/q™, prove that 
(p/a)".(p/a)” = (p/ay*™, {(p/q)™}" = (p/a)™", {(p/a)(r/s)}" = (p/ay™(r/8)™. 


1.51. If x is a positive endless decimal, a, its value to & decimal places 
(%) being the whole part of x), and if p is a positive integer, prove that 
the sequence 2%, a?, 2f,... is convergent. The limit of this sequence is 
denoted by x?. 

1.511. If x, y are positive endless decimals and m, n are positive integers 
prove that 

a ot — gin, (am)" — gin, (xy)™ = x™ ym, 

1.6. If p(n) is a positive strictly decreasing function then > ¢~(n) 
converges or diverges together with > 2" (22). 

1.61. Prove that > 1/n? converges if o > 1 and diverges if 0 < 

1.62, If Un/Unsy > Un/Yngs > 0,2 > m, then > u, converges if hy Vy con- 
verges, and >’ v, diverges if > w, diverges: 

1.63. If un/Uni1 = 14+8/n+6@n/n"*A, [On| < M, A> 0, prove that if 
@ > 1 then nun— 0 and > un converges, and if B <1 then > ua 
diverges. 

1.64. If |an/anis| > on prove that the three series > anx®, 


> nanx"-|, and > ax an— 


1.7. If the interval eae by,1) is contained in the interval (a,,6,) for 
all n, and if by,,;—Gy,, < k(b,—a,), 0 < k < 1, then a, and 6, tend to 
a common limit which lies in avery interval (a,,6,). 

171. Tf Gai, = Han+0n), bays = +(Qnby), 0 < by < ag, prove that ay, 
and 6, tend to a common limit. 

1.72. Ifdniy = +(G,+k), a9 > 4, & > 0, prove that the sequence a, is 
convergent and that its limit is the positive root of the equation 


wt—a—k = 0. 
1.73. If @y,, = k/(1+a,), k > 0, ay > 0, prove that a, converges to the 
‘positive root of the equation #?+-7-—k = 0. 
1.74, Tf tay. = 2a7t_/(x2-+a?) and Yai. = (YR+a")/2yy, % > 0, Yo > O, 
a >.0, then both z,, and y, tend to a. 
1.75. If %ai1 = H%,+2,_1) prove that x, > (2)+2%,)/3. 
1.76. Tf |bpss—Onyi| < k[bny:—5,| and k < 1, prove that the sequence 
b, is convergent. Hence show that, if for all n, 
Penza—(P+ICnutWrn = 0, p>g> Od, 
then pen ,2—QCny1 = PC;— cy and c, converges to (pe,— qeg)/(p—¢). 
1.77. If y = (av+)/(x+y) and if A, uw are the roots of the equation 
san ri =0 
show that By i icles 
= Bo yt+Ac—p 
Hence prove that if @,@,4:—P(@n—Gny1) = @*, n > O, then 


| have the same interval of convergence. 


G@,—>q if plg>0, and a,g>—q if p/qg <0. 
5039 Z , 
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1.8. If d,,2+PGnyit9an = 0, n > 0, prove that Sa," converges for 
all sufficiently small values of |z| and that the limit of the series is 


{49+ (41 +pao)x}/(1-+px+ 9x"). 

1.9. If f(x) is a strictly increasing (or strictly decreasing) function and 
J(n) > land if g(n) > 0 and 1/g(n) > 0, prove that f(g(n)) > 2. Illustrate 
the necessity for the condition ‘f(x) is increasing or f(z) is decreasing’ by 
an example. 

, IL 

2. Prove that vx is continuous in the interval (0,c) for any c > 0. 

2.1. Ifq > p* prove that ./(2*+2px+-4q) is continuous in any interval. 

2.2. Prove that a)+a,2-+a,2"+...+a,2" is continuous in any interval. 

2.8. If agta,2+a,z*+...t4,2" = bo tb, x+6,22+4-...46,2" for all x 
near x = 0 prove that the two polynomials are equal for all values of zx. 

2.4. At each point 2 of an interval (a,b) at least one of the continuous 
functions f(x), g(x) takes a value greater than a certain positive number 8. 
Prove that (a,b) can be divided into a finite number of parts such that in 
each part 4,, either f(a) > 48 for all x in % or g(x) > 48 for all x in %,. 

2.5. The function g(x) is continuous in [a,6] and g(x) is not zero for any 
xin [a,b]. Prove that g(x) is of constant sign in [a,b]. 

2.6. If f(x) is continuous in (a, 6) and f(x) = A for all terminating decimals 
in (a, 6), prove that f(x) = A at any point in (a,b). 

Deduce that if f(x) and g(x) are continuous in (a,b) and f(x) = g(x) for 
all terminating decimals in (a,6) then the equality holds at all points of 
(a, 6). \ 

2.7. Gnia = k/(1+a,_), a > 0, k > 0; prove that, for any n, a root of \ 
x-+-2 = k lies between dg, and don,,, provided a3+a,  k. 

2.8. A function f(x) is said to be semi-continuous in an interval 
(a, b], if given any k we can determine points a = ak, ak, ak,..., af, =b 
such that f(X)—f(x) = 0(k) for any x, X in the same half-open sub- 
interval (ak, ak, ,]. The points ak, r — 0, 1,..., vi are said to form a 
k-chain of f(x) in (a, b]. 

Prove that if f(%) is semi-continuous in (a, b] then | f(z)| is semi-continuqus 
in (a, 6], and also that f(x) is bounded in (a, b]. \ 

2.81. If f(x) is semi-continuous in (a,b], then show that J (x) is semi- 
continuous in any part of (a, bj. 

2.82. Prove that a continuous function is semi-continuous. 

2.83. If f(z) and g(x) are semi-continuous in (a,b) prove that F(x)+ 9(x) 
and f(”)g9(z) are semi-continuous in (a, b]. 


III 
3. Write down the derivatives of the following functions: 
x(1+2), (1+2%)4, (1—2)#(1+2)8, (a+bx)?, —(«+a)/(x+b), 
(24+ 1)/(a?-+ 1), (2a:?— 1)/(2?+ 32+ 1), (a+-a)(x-+-b)*(x-+c)8, 
(22-+-a-+b)/{a*+ (a-+b)x-+ab}, If f(at+-1)—a}, (1-++va)/(1—Vz2), 
I ve+)—V@—)},  WE+2)—J—-2)},  (1+e+2%)I/(1—2+a%f, 
(+8), (I+a)/(a-+ba), — (a+bu)/(1+a)#, — (a-+-ba-f ox"), 
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(1+2)?+(1—2) (12+ (142), (1+e-2/(1+2)/1—2+2y1+2)}, 
[1+ (1+ (1+22)}H}, = = ae ed 


3.01. Prove that the derivative of 
(1 oe) : (1+22)v2 
log| 1—2# % (—a*) (1 4a4)" 
3.1. If p(x) is a polynomial and p(a) = p’(a) = 0, show that p(x) has 
the factor («—a)?, 
3.2. The functions f(x) and g(x) are defined by the following conditions: 
f(%) = —1/2(1+a)if -—l<2 <—},f(x) = Wwif—4 <a <h,f(a) = 1/2(1—2) 


. iff <x <1, and f(z) = 0ifa > lore < —1. 
g(%) = (2a—1)/2xifx > 1, 9(x) = z/2if —1 <a < l,andg(x) = —(2a+1)/2a 
ife< —1. 


Prove that f(g(x)) = 2 for all values of x but g(f(x)) is different from x out- 
side the interval [—1, 1]. 

3.3. If the elements of a determinant are differentiable functions, show 
that the derivative of the determinant is the sum of all the determinants 
formed by differentiating one row, leaving the other rows unchanged. 

3.4, If uo, Uy, Ug, Ug, Uy denote a, ax-+b, ax?+ 2ba-+c, ax?+ 3ba?+ 3ca+d, 
ax'+ 4623+ 6cx?+ 4dx+c prove that 

Us Ug—3Ug ty Ug+2u? and Up Ug—4u, Ug + 3u2 
are independent of x. 

3.5. f(x) is differentiable in (a,b), g(x) = {f(«)—f(a)}/(z—a) in [a,b) and 
g(a) = f(a). Prove that g(x) is continuous in (a, b). 

3.6. In the interval (a,b), [g/(z)| > a > 0, g(A(z)) is continuous and 
@ < A(x) < 6; prove that A(x) is continuous in (a,b). 

3.7. Show that if |v| < 1, (1ta+a?)1 = l—v+23—at+a%—z74+... the | 
coefficient of x" being 1, —1, 0 according as n leaves the remainder 0, 1, 2 
when divided by 3. 

3.8. If F(x) = 2* when x < 1 and F(x) = 4x—2x?—2 when x > 1, prove 
that F(x) is differentiable in any interval. 

3.81. If f(z) = « when x < 1 and f(z) = 2—a when x > I, prove that 
J(z) is continuous in any interval, but is not differentiable in any interval 
which contains the point x = 1 in its interior. 

3.9. If H(z) is differentiable, with positive non-zero derivative, in (A; B), 
F(A) = 0, and if in the interval {F(A), F(B)}, A < f(x) < B,f(0)= A and 
S’(x) = 1/¥’(f(x)) prove that f(z), F(x) are inverse functions. 

3.91. If f(x) is differentiable and periodic with period a, prove that f’(a) 
is periodic with period a. 

IV 
4. Write down the derivatives of the following functions: 
e", log(l+a*), 2a%loga—a*®, e*loga, log{(1—2+2*)/(1+2-+2%)], 
log{a-+./(1+2")}, log{a— 4/(x?—1)}, xe*/log x, esha, ch(logz), 
logshz, logzt, (loga)t, log,a, aloez, gt, glorz, (logx)*, 
(logx)es*, eshe, gshz, log(logz), xlogzlog(log=), logioge2%, ef), 
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4.1. Find dy/dx when (i) y = log,2, (ii) a” = y*, (iii) eY = log,, x. 

4.2. If f(x) is differentiable and f(x+y) = f(x)f(y) for all x and y, prove 
that either f(z) = 0 for all x or f(z) = e**, where k is an arbitrary constant. 
If g(xy) = g(z)+g(y), « > 0, y > 0, prove that g(x) = klogz. 

4.3. Prove that Din/ni=e, Yn?/n! = 2e, > n/n! = 5e, and that 
> v*/n! isan integral multiple of e. 

4.4. If f(x) = e* ¥ at ir! and g(x) = f(x)+e-*a"t1/(n—m+1)(n!), prove 

0 
that, when 0 << a <m< n, f(x) is negative and g’(x) is positive. Deduce 
that e” lies between $ m/rt and (> mt fr!) m8 /(n— m+ 1)(n!), and 
. 0 0 
hence that if m < 10 and v is not less than (p+6)/(1—logi)m) then 
e” = > m'/r! correct to p decimal places. 
0 

4.5. Prove that > log(1+1/n) is divergent and that > 1/n(logn)’ con- 
verges for r > 1 and diverges for r < 1. 

4.51. If s, — 0, prove that (1+<8,)'/#*—> e and (1—s,)4/# — L/e. 

4.511. Prove (1+a/n+b/n?)" — e*. 

4.52. If Su, is a positive convergent series prove that > log(1+-u,) and 
> log(1—u,) are both convergent. 

4.521. If m > 0 prove that x” is continuous in (0, .N) for any N > 0. 

4.53. Ifa, > 0 and a,/a,,, < 1+M/n"*, \ > 0, prove that a, does not 
tend to zero. 

. 4.6. If an > 0 and an/any = 1+8/n+6n/n™, [On| <M, A > 0, then 
> (—1)"an is convergent if 8 > 0 and divergent if 8 < 0. 
4.7. The Gauss test for convergence. If an > 0 and 
an/any1 = 1+B/n+6n/n+A, |@n| < M, A> 0, 
then > an converges if B > 1 and diverges if B < 1. 

4.8. Prove that (1+x)™ = 1+-mx-+-(")xt+-(" x24. when x = 1 
and m > —1 and when x = —1,m> 0. 

4.81. Show that xlog(1—1/z) is an increasing function. 

4.82. If a, = (n+ aoe tesa) = (2n+ 1)log(n+1)+nlogn, prove > an 
converges. 

4.9. Prove that, for « > 0, (l—a)e* and (1+ 2)e-* are both decreasing 
and deduce that, for any x, 

1l—a® < e* < 1/(1+2%), 
4.91. Prove that 
shv+sh 2¢+sh3a+...+shna = sh}nesh}(n+1)z/sh hx 
and $+chz+ch 2e+...+chnx = sh(n+4)2/2sh $a. 


Vv 
5. Write down the derivatives of the following functions: 
sin2z, cos}x, sin’, sin2ecosz, sin?xcospx, e*sina, e*cos2z, 
secatana, sin—./(l—a), sina, we*sinx, x"e?* cosgx, sin“{(3—x)(«—1 }, 
' cos ![2./{(a—x)(x— b)}/(a—b)], sin“ [(a-+b cos x)/(acosa-+-b)], tan-(cot x), 
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tan—{(x-+cosa)/sina], tan“ [asina/(1+acosa)], sin~{(1+sinz)/(1+c¢os2)}, 
logsin x, logsec x, e%°°8« sin(x sin a). 

5.01. Find the derivatives of the functions |2°|, |x|, |log(1+-«)|, |sinz|, 
and ell, and show that only the first is differentiable in an interval which 
contains the origin. 

5.1. Prove that 

cos 32 = 4cos*x— 3cosz, sin 3x = 3sinz—4sin®a, 
tan 32 = (3 tan x—tan®z)/{1— 3 tan’z). 

5.11. Prove that 


sin ja = costm = Ja, sinj7 = cosia = }, 


5.12. Prove that $-+-cosa+cos2x¢+...+cosne = $sin(n+ })a/sin 4x, and 
sin z-+-sin 2v+...4-sinne = sin jnzsin }(n+1)z/sin ja. 
5.2. Prove the formulae 


n 


sinng = (*) cos"—ly sin 2— ( )eost—ta sin’g+ (") cos*~5 gin'g—,,,, 


n z n ‘ 
cosnz = cos"s— ( ‘) cos"—*y gin®a+- ( i cos"~4z sin4 a—... 


and deduce that cos nx and sin(n+ 1)z/sinz are polynomials in cosa of the 
nth degree. 
5.201. Polynomials C,(%), S,(z) are defined for all values of x and all 
positive integral values of n by the equations 
C(x) = I, C\(x) = 2, Crie(z) = 2uC,.1(4)—C,,(x) 
and S (x) = 1, S\(~) = 2a, Snya(z) = 2x8, 4(2)—S,(2). 
Prove that C,(cos@) = cosn@ and S,(cos 9) = sin(n+ 1)6/sin 8. | 
5.202. Prove that > 2", (xz) = z™18,_ (x) and deduce the sum to n 
T 
terms of the series > cos"@ cos né. 
5.21. Show that 
cosnx—cosna = 2"-1(cos x—cos a){oos 2—cos(a-+~”)| x 
x {cosa—cos(a-+*7)}...[cos2—cos(ap2— Un), 
and also that 
C,(u)—C,(cos a) = 2"—1(u—cos «)(u—cos[a+ 27/n}) x 
X (u—cos[a+ 477/n))...(u—cos[a-+ 2(n—1)z/n]). 


Prove 
22" _ 22" cosna+1 = {#?--2xcosa+ 1){2222 cos(a4-72) + i} x 
x {22 2n.008(a-+*") + i} wu {at— 2a c0s( a+ 2 — Yn) + 1} : 


Deduce the factors of x"—1 and ert. 
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5.22. Prove that D,{x"C,(x)) = nx*“l$,(x). 

5.3. Prove that for any value of x, sin‘x lies between x4—322°/45 and 
at 208/45. 

5.301. Prove that cos" = >1. 


5.31. If 0 < |z| < a, prove {(sinx)/x} > cos2. 

5.32. Prove {1/sin(1/n)}—n —> 0. 

5.33. Prove that, for 0 < x < 4x, 

(i) xcosz < sing, (ii) cosa < e73*, 

5.34. Prove that the series > (—1)"n{1—cos(xz/n)} converges for all 
values of x. 

5.4, If f(x) is differentiable and f(x)+f(y) = f((e+y)/(1—zy)) prove 
that f(z) = 0 or f(x) is a constant multiple of tana. 

5.5. Show that the derivative of each of the four functions 

log(sec x+tan 2), ch-!sec 2, sh—tanz, and th—sinz 

is secz, and hence prove that they are all equal. 

Show further that sech x is the derivative of each of cos! sech xz, sin=1 tha, , 
tan~!sha and hence that these, too, are equal. 

5.6. Prove thatifO <r<1, © 


1+7r cos 6-+-r? cos 20+? cos 36+... = en i 
e , . rsin@ 
rsin.§+r?sin 20+-73 sin 36+... = jer cosd ce 
5.7. Prove that > pts -_ is continuous in any interval. 
n21 
VI 
6. Resolve the following expressions into their partial fractions: 
x/(a*—1), x3 /(%-+1)(e+2)(x+3), (a?—2-+ 2)/(x4— 5a?+- 4), 
(@+1)/(e—1)"(e+2), #|(e—1)%(a*+2-+1), (w—1)/(w—3)(a*-+4), 


(a—1)/(w@—3)(a?+-4)?, (a? 20-+-4)/(e+1)(z?-+1)%, (24-224 1)/e%(x?-+1)8, 
(a+9)/(~— 1)*(x* 4-40-45), (w-+2)/(a—1)?(x? — 2a-+ 2), 4/(1—2*)8, 
(@+-1)/(x* + 1)(a*+4)(z?+ 9), (2+ 1)?/(x4+-27+1), 

(a? + 22+3)/(e+1)(e?+1)(2?+2),  (@+1)/((@*+1),  (a?-+-1)?/(a8+-24+1), 
(1-+2?)/(1— 227 cos 20+-2:). 


vit 
2, 
7. If y = xt+24 prove that out TY 4 9 == 0 and hence that 


att? 
a FY 4 one 4 + (n—4Yin— no 


7.01. If 2y = a +2) prove that d*y/dz? is constant. * 


https://t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz . 
EXAMPLES 343 


7.02. If f(x), g(x) are differentiable three times, with first derivatives 
J’(x), 9’(x) respectively, and if f’(x)g’(z) = 1 and h(x) = f(x)g(x), prove that 
W(x) _ f(z) , P(x) 

A(z) f(z) * g(a)" 
7.1. Prove that if y = 2/(1+-2%) then it = 6ry?(1—2*y), 
7.11. If ky = sin(z#+y), where k is constant, prove that 
dy ( ay)° 
dat = "AIF Ge) ° 
Assuming that, when k > 1, y can be expanded in a series of ascending 
powers of 2, calculate the coefficients up to that of #*. What is the part 
played by the restriction on k? 
7.2. Find the nth derivatives of ; , 
(i) (w+))(w—1)%(e+2),  (ii)swte*®, (iii) sin®x cos. 

7.21. If y = 42° and z=siny, prove that d%z/dz” is of the form 
x(P, siny+Q,cosy) if n is odd, and of the form P,siny+Q,,cosy if n is 
even, where PF, and Q,, are polynomials in y. Show further that 
os a a 9t@an 
dy —FPry . 

7.211. Prove that the on aa a tanz is a polynomial in tang 
of the (n+ 1)th degree. 

7.22. If y = e%°8*gin(xsina) and y, denotes d"y/dx" prove that 

Ynsta~— 2Yn41 C08 A+Yn = 0. 
Assuming that y can be expanded in a convergent series, prove that 


a”, 
y= > Feinna. 


7.23. If p(x) is a polynomial and p(a) = p’(a) = ... = p™(a) = 0, prove 
that p(x) is divisible by (z—a)"*1. 

7.3. If f(a) = f(b) = 0 and f(x) £ 0 in [a,b] then f(a), f(b) cannot 
both be maxima nor both minima. 

7.31. If f(x) is differentiable in (a, 6) and if f’(x) vanishes at only a finite 
number of points in (a,b), then between any two points in [a,b] where f(x) 
is maximum there is a point where f(x) is minimum, and between two 
minimum values, a méximum. 

7.4. Find the maximum and minimum values of the functions 


Prana = 


(i) 23/(x—a)(z—b), a > b> 0; (ii) etsimtatboostz, g > b> 0; 
(iii) (w—a)(x—b)/(a—c), a<b< ce; (iv) (#?+ 5a—5)/(a*—3a-+ 2); 
(v) «(2—9log,e); (vi) (logx)®—loga®; (wii) (x*—36a*— 16)/x?. 


7.41. Show that ifa > 6 > 0 the minimum value of (a—6)x/(z+-a)(a-+6) 
exceeds the maximum by 4,/(ab)/(a—b). 
7.411. Prove that the function v!(z?—4) has two minimum values and 
one maximum value. 
7.42. Determine all the maximum and minimum values of the function 
sin™2z/sin m(z—«), where m is a positive integer and 0 < a < a/m. 
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7.43. If > m > 0, find the maximum and minimum values of the 


funstion sin®z cos*a{I(sin 2—cos x)?-++m(sin z+ cos «)*}. 


7.44, Find the maximum and minimum values of the function 
sin’z cos 32. 

7.5. A triangle ABC has a right angle at C, and the product of the 
sides AB, BC is constant. Prove that A4C+3BC is a minimum when 
AC = 2BC and a maximum when AC = BC. 

7.6. ty, Urs Up» Wy... denote the rth derivatives of the n-+1 functions of 2, 
to, Ug, Vp, Wy... respectively. Both the determinants of the (n+ 1)th order 
A = (ty Uy 0g Wy...) and T' = (t, ug v3 W4...) are zero for all values of x but the 
minor of ¢) in A is not zero. Prove that the minor in A of each of Ugs Vos Was 
is a constant multiple of the minor of f,. 

7.7. If y = tan—z and y, is the nth derivative of y with respect to 2, 
prove that (1+-2*)y,,,+2nay,+n(n—1)y,_, = 0, and assuming that for 
—1 <2 < 1,ycan be expanded in a convergent series of ascending powers 
of x, prove that 

tana = e—4}eoS+igi—.., —lLcw cl. 
7.71. If y = sin-!z and y, is the nth derivative of Y, prove that 
(1—2")Ynpa— (20+ L)tY ni —ny, = 0. 
Assuming that, for |x| < 1, y can be expanded in a convergent series of 
ascending powers of x, prove that 
1.3.5...(2n—1) 220+ 7 

2.4.6..2n Imp? |<} 

7.8. Deduce the expansions of Examples 7.7, 7.71 from the binomial 
theorem. 

7.9. Prove that if az?+ 2bx2-++c has no linear factors then 2 is a maximum 
or minimum value of the function {(px+q)?/(ax*+ 2ba-+c)}+-A ‘according 
as ag*— 2bpgq+-cp? is negative or positive. : 

7.91. Show that the values of A for which Az?+ 2Br4+- C—X(ax?+ 2bx +c) 
is a perfect square are the maximum and minimum values of 

(Az?+ 2B2+ C)/(ax*+ 2bx+c), 
provided ax*-+-2b2-+-c has no linear factors. 

7.92, If P(x) is a polynomial of the nth degree, prove that 


sina = 


Plath) = Pla) -+hP"(a) +5 Pe(a)+ out Pra), 


7.921. If f(x) = 3 a,2", g(x) = ¥ b,x", the series being convergent for 
|x| < R, and if there is an r such that J(%) = g(x) for |x| < r < R, prove 
that f(~) = g(x) for |z| < R. 

VII 


8. Find the indefinite integrals of the following functions: 
xt, Vx, ve+I1/ve, sin $x, sinxcosx, ze, sin ba, 1/a(1 +23), 
ecos’a, secke, a/(2—22), (x—2)/,/(a?9—4e+5), wsing, xsin“z, tan®x, 
sin“z,  (a*—2-+2)/(24— a+ 4), af(art+axt), «(e—1)§, 1/(a4+1), 
x7f(z'+1), xsectz,  e% cos? 3x, 1((5—4cosx), (%—1)/(a—8)(2*+4)2, 
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cos 7/(1—cos «cos x), sin?z/(1—cos a cos 2)*, sho a/(1-++22), 
log(1+2)/(1—2), (2a? + 3x-+4-4)/(4a?+-9)?, x{(2—2)/(34+-2)}4, 


a{(1—x)/(1+a)}t, — a(w+2)t, — 1(@—1)y(@*41), (1-4-2) /(a® +1), 
xsinz, «(logz)?, we*shax, xesinax, ./(x?+1/z2) (take zt = u®—1), 
(x+9)/(e—1)(a*+4e+5), (6—2x)/(a®@—2e+5)*,  1/(a—1)y(w*—2x-+5), 
(a-+ 1)/(a? + 1)(x? + 4)(2?+-9), (z?7-++-a-+ 1)/a(z?-+1), af(e+1)(2?+ 1), 
Lara] (x*®— 4), 1/(a?-+ 1), 1/(3+5cos2), 2/(sin 2+ cos 2), 
(@+1)/(a*t+4)J(at+9), (1+a)/(4a*+1)y(9u*—4), (@—1)/(a*+ (a? 1), 
1/(5x? + 12” + 8),/(52?+ 2a—7), (x— 1)/(2%?—~ 62+ 5),/(7a®— 2224-19), 

Evaluate the integrals: ' : 

8.01. [LI /{y(e+2)+(e+1)}] da; 8.02. i) dx/x(1+-25); 

8.03. f {(3sinz+4coszx)/(sinz+cosz)}dx; 8.04. { da/,/(2e*—1); 

8.05. i) [y(20a— 15)/{35— 8,/(16— 52)}] da; 8.06. f x5(1—2a)-3 da. 

8.07. If f(x), g(x) are the derivatives of f(x), g(x) prove that 


: 1 fy'—f'9 , _,  vftve 
Wa fog = 8 Gg) 


8.08. If u, = f (1—z*)-"dzx prove that 


4ntag, = (4n—1)u,+2(1—2')-", n>, 
and hence evaluate the integrals 
J a*(1—at)-8 dx, J a8(1—2*)-4 dee, 


8.1. Integrate the function (1+2%)tz-¥ by means of the substitution 
1/a? = 4-1. 

8.2. Evaluate f (log x)? da and f (log x)° da and find the relation between 
J (og a)'+1 de and f (logx)* de. 

8.21. If g*(¢) is the inverse function of g(t) show that under the trans- 
formation t = g*(x) the integral f f(9(¢))g’(t)dt becomes f f(x) dz. 

8.3. Show that if y? = (2?— 8z-+-10)/(3z?—102+9) then 


v14 f (x~4) der}(3x®—10x+-9)J(a?~8x-+10) 
= 3 f dy/($—y*)—2v2 f dy/y(y*+-2) 


and hence evaluate the integral (use Example 7.91). 
8.31. Evaluate f dax|(5a*+ 12%+4-8),/(5u?+ 2a—7) by the substitution 


== (5u+ 2a—7)/(5a?+ 122+ 8). 
8.4. Evaluate the integrals 
: a+f(a*—a) dx 
of 2—J(at—a¥) Jla®—ai)’ 


(ii) J ( i+ Tena) de 


by the substitution 2+./(z?— a?) = ¢, 
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IX 
9. Evaluate the integrals: 


12 2 4 in 
J UVA—2)}de, . [ {x/(1+2%)}dx,  f {(logx)/x}da, da/(5— 4 cos 2), 
1 2 —t7 


es ©. 


§ dx/(W2+cosz—sinz), f de /(e— 2 la — dant 3), f aeiee— 1)./(2?— 22+-5), 
3 


ow? 


§ (e+ 2)/(x—1)*(x*— 224 2)} der, f 6-20) de |(a2— 2a+5)?, i dx/xJ(1+2%), 


s 


in in 

f V2 dz/(sin w+ cos2), i {(2+1)?/(a4+2?+1)} da, J cosec’ x dx, 
0 —+ ta 

1 


f {a/(1—z)}+ da, i dxjx(1+25), f dz/{a+ (a*—2*)}, i {(w7—3)/(a—2)}4dx, 
1 5 Go 3 bi 


we 


al(2—a) da, F sinte de, { (4—ny/(2e—a)hae, { (8-28-20) ae, 
do|y{(2e*—1), § ((6—2)|2—1}tde, j (B—ayl2—aytde, fa? del(at+2), 
floge/(a+1)}dz, Fas/1+sinay, § (4x43) dz/j(a2+102-+ 26), 
dae|{4)(20—1)-++.4(5~22)}, i eshte du/(1-+2%)t, ot ae ee 


(l—at)tz-tdz, f Oeat+a0+ I)} da. 


Cmaps Mey Dmg tem, Ota e © 


9.01. Evaluate the integrals fara+eyae and J ena—anyae to 


three places of a 


9.02. Prove tof eta Jerna a al 


9.1. Prove that 


ie 
J sin®19 sin(n+ 1)9 d@ = (1/n)sin(4nm) 


a 


in 
and {sin(n— 1)6/sin"*19} d8 = —(1/n)sin($n7). 
ain 
9.101. By means of the aamaren 2 = sint, prave that 
vB 


i Qa dx = t sin 2t dt. 
— 7716 


9.11. Show that, ifn > 1, 


ao ao 
f ate-@* de = 3(n—1) J en—2e-H? dar, 
6 6 


co 
and hence that if n is a positive integer 2 [ 2*+e-=*dz = nt. 
6 
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9.12: Prove that : 


£0 1 
faxja +e%)9(1+e-*) = 2-?/p, p > 0, f Q—28)"de = 2ni/(2n+1)i, 
ti] 0 

26 . 0 

[ wde/J(2ae—z) = ma, f (1+at)-mdar = {(2n—3)i/(2n—2)i\ dn), 

0 0 


ie 
f {(3 sin 2+ 4cos x)/(sinz-+cosx)}da = Tn/4. 
9 ; 


9.13. Prove that 
in 
J (sin(2n+ La/sinz}dx = 4a 
ae 


in 
and J (sin nz/sin x)?dxz = 4nz. 
0 


9.2. Show that 
1 
f sina da/(1—2xcosa+2%) = yx if Ina <a < (2n+1)e 
=-1 


= —tr if (2n—1)a7 < a < 2nz. 
9.201. Prove that 


1 

J (+1), /{(1—2)(1—2 cos 4a)} 
9.21. Evaluate the integral 

[ asteia—a 


9.3. If f(x) is symmetrical about the point « = I prove that 


dx = sec 2alogeota, 0 <a < 4x. 


21 U 
J af(x)da = 21 f f(a) dx 
0 


t)) 


‘and hence that f wlog, sing dx = —4r* log, 2. 
Cy) 
9.31. Prove that 
@ 
J sec asec(a—z) da = 2cosec alogseca 
0 


and deduce the value of 
a 
f xsecxsec(a—zx) de. 


9.32. Prove that 


8 
J daft (5—x)+-(e— 1} = V2logtan(57/24)+V3—1. 
2 
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: . r sina ; 
9.33. Show that the generalized integral { Ss dz exists. 
it 


9.34, Prove that 
1 
f log(1+)de/(1+2%) = galog2. 
0 


co 
9.35. If d(x) is positive and steadily decreasing and § d(x) dz exists, 
prove that nd(n) — 0. ° 
1 
9.36. If  f(at)dt = 0 for all values of x, prove f(x) = 0. 
6 


1 
9.4. Show that f #*-tdz/(1+~z) lies between 1/n(2n-+1) and 1/n, and 
0 
hence by evaluating the integral prove that log2 = 1—43+4—4+H.... 
9.401. If B > A > 0 show that 


B 
f (sin 2/2) ae| < 2/A and deduce that 
A 


oo 
f (sin 2/x) da exists, a > 0. 
@ 


9.41. Iflax) = fr dt, x > 0, prove that U(x!) = —l(x), Ixy) = U(z)+Uy), 
1 


Ua’) = yl{x) without assuming the properties of the logarithmic or 
exponential function. 
9.5. Prove that 


a2 93 ak : 
(Lets tg tet Ele = & (Dealer anene-+r+). 


9.51. Show that the series sh «/e®— sh 3a/3e? + sh 5a/5e°8—... is conver- 
gent if —B < « < f, and find its sum. 
9.52. If « and B are the roots of the equation z?—ax+b = 0, prove that 


log(1-+ax-+ba®) = (a+P)a—Ho?+f?)a?+}(a3+f?)03—... 


and state the range of values of x for which the expansion is valid. 
Hence sum the series 


2 ch 0— 42% ch 20-+-42 ch 30—... 


and say for what values of x the sum exists. 
9.53. Show that, for |a] < 1, 


x cos 8@— $2* cos 20+ 423 cos 836—... = $log(1-+ 2xcos8+22) 
and 


x sin 6+ 403 sin 30+405 sin 50+... = $tan-1{2e sin 6/(1—2x?)}. 
9.531. Prove that, for |r| < 1, 

rcos0-+ 4r* cos 26+ 473 cos 30+... = — $log(1—2r cos @+r?), 

rsin 6+ 4r*sin 20+ 47 sin 30+... = tan-Hrsin 6/(1—rcos6)}. 
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9.532. Prove that, for all values of r and 6, 


2 3 
1+rcos O+5; cos ta 36+... = e™¢0s@cos(r sin 8), 


rsind+5 sin 2045 * sin 30-4... = ercos@ sin(r sin @). 


9.54. If d(x) is positive, continuous, and steadily decreasing as x 
increases, show that >'¢(n) converges and diverges together with the 


sequence i $(x) da. Prove that > n*e-" converges. 


a 
9.6. Prove that 
sina-+ sin 27+4sin 32+... = Ha—z), 0 <a < Qn. 
9.61. Prove that 


cosnxz 2% wae. 7 
Dr Tage OS 26 oe. 
n>1 


9.62. If d(x) is a polynomial of the nth degree, prove that } Pees da 


is also a polynomial of the nth degree. 
9.63. Find the derivative of the function Sow dy io) dy and hence 
show that 


b x a 2 
J wor [ $(o) ay} ae = f ptar{ f ey) dy} ae 
a a 6 6 
1 a 
9.64. If f(x) is periodic with period a, and if (x) === [te dz, 
a 
a 
prove that { A(t) dé is periodic, with period a. 
‘0 
9.7. Show that 
tt ye 40 
J sine de < [ sinx de < J sin?*“z da 
6 6 6 


and deduce Wallis’s formula 
tenes 4.4 6.6 2n.2n 
~ 1.3°3.5'5.7°" (Qn—1)(2n+1)"" 


9.8. Prove that the generalized integral i dx exists and that its 
value is v7/2. 


2 
9.9. Evaluate the integral { x dz/at by the substitution x? = y and the 
-1 


q f 
integral { (~*— 62+ 18) dz by the substitution y = #?—6x+13. 
i 


9.91. Prove that 
n!/.{(2arn)(n/e)" > 1 (Stirling’s formula). 
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9.92. Prove — i {1//(log(1/a))} da = var. — 
9.93. Show that . 
en(1 $e | >t. 
9.94. If P(a) = forte dt prove that I(a) is defined for a > 0. Show 
further that, if a ~ 0, T'(a+1) = ala) and Tk) = 


Deduce that 
Pamreonmeae — ar (34) (P31) /n( 4) 
mand n or positive integers. 
x 


10. Find the lengths of the subtangent and subnormal of the cycloid 
x = a(9—sin8@), y = a(1—cos@) and hence show that the normal at the 
point 8 passes through the point x = a@ on the z-axis. 

10.1. Find the area of a loop of each of the following curves: 

10.11. «= 2asinié, y = 2asin 22; 

10.12. 2:y:1 = (1—#):&1—#) : (1+8); 

10.13. # = at/(1+é), y = af/(1+8); 

10.14. 7 = 5asin?@ cos?@/(sin®@-+ cos'6); 

10.15. y—3xy+223 = 0; 10.16. r= 2cos@—1. 

10.2. f(x) is a polynomial and y = ma-+c is the tangent to y = f(x) at 
@ = 2%; Show that the polynomial f(x)—ma—c is divisible by (a—a)*. 

10.21. If f(x) = axv+6b?/z*, b ~ 0, prove that the curve y = e~*) has 
at least two points of inflexion. 

10.3. Find the perimeter of, and the area bounded by, each of the closed 
curves: ; 

10.31. 2 = cos*t, y = sin; 

10.311. 2 = te, y= Pet, t> 0; 

10.32. w = cost{(1+cos?), y = sint(1+cos?). 

10.33. Find the length of the curve x = 2chi, y = shitchi—1 between 
the two points at which x = 8, and of the curve y = 2 tan’x+ 4} logcos*’x 
between the points = 0 and x = jr. 

10.34. By writing y = asin®¢ obtain a parametric representation of the 
aloe 4(22+-y?)—a? = 3atyi, 
and hence prove the area contained by the curve is 37a?/4, and find the 
length of the curve. 

10.35. Find the area between the curves y = (z*—1)* and y = 92/4, 

10.36. Show that the length of a quadrant of the curve (x/a)#+(y/b)t =.1 
is (a2+-ab+b?)/(a+b). 

10.87. In the cycloid x = a(é+sint), y = a(1l—cost), prove that 
& = 4asing, where s is the arc length, measured from the origin, and ¢ is 
the inclination of the tangent. 
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10.4. If s is the arc and A the sector area of the curve 
; (a+r)/(a—r) = e9, ‘ 
both measured from 9 = 0, prove that ‘ 
s-+r = aé, A-+ar = 406. 


10.41, In the semi-cubical parabola y = azt find the relation between 
the arc s measured from the origin to a variable point P and the angle % 
between the tangent at O and the tangent at P. 

Prove also that if the normal to the parabola at P cuts the axes in G, H, 
the radius of curvature at P is proportional to H. P4/P@. 

10.42. Prove that, if the tangent to a curve makes an angle % with a 

_ fixed line and is at a distance p from a fixed point, the radius of curvature 


is 
|p+d*p/dy?|. 
Prove that in a curve for which 
p = sinpPlog(secys+tany)—1 


the are s, measured from a suitable point, is equal to tan ys, and the reflec- 
tion of the centre of curvature at any point in the tangent at that point 
lies on a fixed line. 

10.43. Determine the points of greatest curvature (i) on the curve 
6xy = x*+ 3; (ii) on the curve x = te~*t, y = t%e-*#, 

10.44. Show that the radius of curvature of the curve ay? = x(a—x)? 
at the origin is 4a, and find the radius of curvature of each branch of the 
curve at the point (a, 0). 

10.5. The perpendicular from the origin O meets the tangent at a point 
P of the qurve in Q; r, p, and ¢ are the lengths of OP, OQ, and QP, and ¢ 
is the angle between OP and PQ. Prove p = rsin G, t = |dp/d|. 

10.51. The centre of curvature at a point P of a parabola is C and the 
normal PC cuts the axis of the curve in G. Prove that PG is to PC as 
the semi-latus rectum to the distance of P from the focus. 

10.52. Find the maximum and minimum values, as a varies, of the total 
length of the qpiral 


a = a(a—3)e— cost, y = a(a—3)e* sint, t > 0. 


Show further that the curvature at the point t = 1/a is maximum for a 
value of a between 1} and 2, 

10.6. Prove that the formula for the radius of curvature is invariant 
under a transformation of rectangular axes. 

10.61. If x = acos6+ccos¢, y = asin 6-+-ccos¢, where 8, ¢ are func- 
tions of a variable ¢, connected with a third function i by the relation 
nb = a6 cos(8—)-+bd, and if, as ¢ varies from f, to t,, (x,y) describes a 
simple closed curve, and 6, ¢ both return to their original values, prove 
that the area enclosed by the curve is proportional to the change in ys. 

10.7. In the catenary y = cch2/e show that the length of the are 
measured from the vertex (0,c) to any point (2, y) of the curve iss = csh ae. 
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If the are of the catenary joining the points (—€, ), (€,) together with 
the bounding ordinates is rotated about the a-axis, show that the volume 
enclosed is we(c&+-87). 

10.71. Find the point of maximum curvature on y = e* and find the 
curvature at this point. 

10.72. Circles are drawn through two fixed points B, C; parabolas are 
drawn with the perpendicular bisector of BC for axis and a fixed point 
of this line for vertex. Show that a point at which one of the circles cuts 
one of the parabolas at right angles lies either on a fixed ellipse or on the 
perpendicular bisector of BC, and explain why this line is a part of the 
locus. 

10.73. The tangent and normal at a variable point P of a plane curve 
cut the z-axis in 7’ and G, and % is the angle which the tangent makes 
with this axis. If the radius of curvature at P equals the distance between 
T and G, prove that 

tan*hb = {(y—a)/(y+a)}? 


and that the equation of the curve has one of the two forms 
y® = a*(1-+be*l*), y? = a*(1—be-*!*), 


10.74. Find the curvature of the curve y = logsecx at any point P of 
the curve, and show that the length of the are from the origin to P is 
log(seca+tan x), —$7 <2 < 4a. : 

10.75. A curve C touches the z-axis at the origin and s is the length 
of the arc of the curve from the origin to a point (x,y) on C. The tangent 
to C at (x,y) meets the line # = a at a distance Y from the a-axis. If 
dY/ds is constant, find the equation of the curve. 

10.76. Q is any point on a circle, of which OA is a diameter. OQ, pro- 
duced, meets the tangent to the circle at A in a point 7’, and the circle 
centre O, radius Q7, meets OT at P. Prove that the area bounded by the 
curve on which P lies and the tangent to the circle at A is three times the 
area of the circle. 

10.77. Show that the curvature at the point (h, k) on the curve 


y—k = ax—h)+a,(x—h)?/2!+a,("—h)?/3!+... 
is a,/(1-+3)8. 
10.78. Find the curvatures of the curves 
y = x(e—2)/(e—4), yy? = @*(a—2)/(a—4) 


at the point (0, 0). 

10.79. Circles are drawn through the two points (—1,0), (3,0) and in 
each circle the diameter is chosen which passes through the origin. Show 
that the ends of these diameters lie on the curve 


(w—2)y?+-x(2+1)(e—3) = 0. 
10.791. Find the curvature of the curve (z?+y?)? = a%(y?—2*) at the 
point (0,a),a > 0. 
10.792, Show that the centres of curvature at points of a cycloid lie on 
an equal cycloid. , 
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10.793. Find the curves on which lie the points where a curve of the 
family x°+y? = ¢ (i) cuts at Tight angles, (ii) touches, a circle whose 
centre is the origin of coordinates. 

10.794. Show that the radius of curvature of the curve 

«2 = 2—tant, y = 2logsect 
is $(1++s"), where ¢ is the length of the are measured from the origin of 
coordinates. 

10.795. Find the area of the surface formed by rotating about the y-axis 
the are of the curve 8y = 2+2/2* from z = 1 tox = 2. 

10.8. If s is the arc length of the curve x = X(S), y = y(s) then the 


b b b b 
point (X,y), where X = {xds/ fds, y= fyds/ (ds, is called the 
a a a a 


centroid of the arc from s = ato s = b. 
Find the centroid of the are of the eycloid 


x = a(2b-+sin 2), y = a(1—cos 2x) 


from ¢ = 0 to = 4n. 
10.81. The point (%, 4), where 


b b b b 
& = | mu(e)de/ { pis)ds, gg = | ype) ds { p(s) ds, 


is called the weighted centroid of the arc of the curve z = x(8), y = y(a) 
from s = a tos = b, with associated density function p(s), or briefly, the 
_centroid of the ‘wire’ x = a(s), y = y(8) of density p(s). 

A ‘wire’ in the form of the catenary y = chz has density inversely 
proportional to y°. Show that if A is the vertex (0, 1), and P any point 
of the curve, the centroid of the arc AP is the point 


x—(y/s\logy, — (y/s)tan-1s, 
' and that as s increases the centroid approaches the point (log 2, 47). 


10.811. The centroid of the area. bounded by the curves y = y,(z) and 
¥ = Y,(%) and the lines x = a, x = b is the point 


b b b 6 
[ev.—v2) de] [(-vdde, 4 f ow) dee] | (y,—ys) de. 


Find the centroid of the area bounded by the z-axis and the curve y = sinz 
from # = 0 to x = 4n. 

10.812. The weighted centroid of the area bounded by y = y,(z) and 
¥ = ¥,(z) and « = a, x = b, with associated density p(x), or briefly the 
centroid of a ‘lamina’ of density p(x), is the point 


b b 
J el —aduto) de] f (y,-ys)ule) de, 


6 b 
tf (wt-a\e@) de/ f(y. —ysul@) de. 


a 
5039 AagQ 
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Show that if the density of,a circular lamina at any point is proportional to 
the distance of the point from a fixed tangent at the circumference, the 
centroid is distant from the centre one-quarter of the radius. 

10.82, Prove that the area of a surface of revolution is equal to the 
product of the length of the arc revolved into the length of the path 
of the centroid of the arc. 

10.83. Prove that the volume enclosed by the revolution of an arc 
about an axis is equal to the product of the area bounded by the arc 
and the axis into the length of the path of the centroid of that area. 

10.84. The centroid of the surface formed by revolving the are of the 
curve y = f(x) from x = a to x = b, about the wx-axis, is the point 


b b 

ds ds 
[ enue a/ { ary F,, es 0, 
@ a 


and the centroid of the volume enclosed by this surface is the point 
b b 
f ay dae] { my? dx, 9. 
a a 


Show that the 2z-coordinate of the centroid of the surface formed by 
revolving the arc of the parabola y? = 4am, from x = 0 to = 3a, about 
the a-axis, is 584/35. 

10.9. The inclination of the tangent at the point (x, y) of a curve y = f(x) 
is x, the radius of curvature at this point is ||, and the centre of curvature 
is (a,b). Prove that if o has the same sign as f”(x) then 

a = z—osing, b = y+ocosy#. 

10.91. Show that the length of a quadrant of the astroid « = acos*t, 
y = asin® is equal to the radius of the greatest circle which has contact 
of the second order with the curve (i.e. the greatest radius of curvature), 
and that the area of the surface generated by revolving the astroid about 
the x-axis is 127ra?/5. 

10.92. Show that the formula for the area bounded by a closed curve 
is invariant (unchanged) by a transformation of rectangular axes. 

10.93. Show that the evolute of the parabola x = ay, y = 2a is 

27ay? = 4(a—2a)*. 

10.94. If (S,¥) is the evolute of the curve (8,7), prove that S = + on 
Y = b-+41, the signs being chosen to make S positive and Y lie in 
(— 47, +47). 

10.95. If (cshz,y) are the polar coordinates of a point N relative to an 
origin O, and P, Q are the points whose polar coordinates relative to N as 
origin are (cch7#,%+47) and (cchy,%+ 37), show that P describes the 
evolute of the curve described by Q, and that if s is the arc-length of the 
latter curve, measured from QO, and if r = OQ, then s* = 2(r?—c?). 

10.96. Find the total length of the spiral 

a = e'(sint+cos?), y = e-'(sint—cost), ¢ > 0, 
and show that the locus of the centre of curvature is an equal spiral. 
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10.97. A regular polygon of n sides rolls on a straight line. Show that 
the length of the path described by a vertex of the polygon in a complete 
n~1 
revolution is 4a > Zsin™, where a is the circumradius of the polygon. 
r=1 
Deduce that if a circle of radius a rolls on a line, in a, complete revolution, 
the length of the path of a point on the circumference is 8a. 
10.98. P, P, is a variable chord of a curve S and P, P, touches a curve S* 
at O. Show that when the length of the chord FP, P, is a maximum or mini- 
mum the normals to § at P,, P, and the normal to S* at O, are concurrent. 


XI 
11. Solve the following differential equations: 
(D8— D?— D+ Vy = x(e-*+1). (D?—4D+4)y = e*(a?-+ sin x), 
(D—1)8y = 2sha. (D?—4D+3)y = 28+ 10sinz. 
(D?—2D+1)y = x%et, (D*?—2D+1)y = wxe8*4- gin 2a, 
(D?+-2D—3)y = 22, (D?+D+1)y = Txe+4sin 32. 
(D*—2D+41)y = xt. (D?—5D+6)y = 2xchz. 
(D?2+1)2y = e®+ 322, (D?+2D—3)y = 2 cosa, 
(D—1)"y = e*sec*x. (D3— D?*—~D+1)y = 2a:*(@-+sh 2). 
(D+1)4y = e-*+ 223, (D?+4D—5)y = 1+sinzcosa. 
(D?+4)8y = cos 2a. (D?+2D-+5)*°y = e-*+sinz, 


(D4+ D?+1)%y = sing. 
11.1. Solve the equations: 


(i) (D—2)*y = xe*(1+cosz); (ti) (D*+D?+ ljyy = asina; 
(ili) (D?-—6D+13)¢y = e3(sing+sin 22). 

11.2. Solve the equation x dy/da+a = (x+y)log(x+-y) by means of the 
substitution 2 = x+y. 

11.21. Solve the equation 2?d*y/dx? = (2%?-+3)(xdy/dz—y) by the 
substitution z = x dy/dx—y. 

11.3. Show that the substitution x =e! transforms the equation 
x*(d?y/da*)—a(dy/dx)+-y = 2 into d*y/dt? — 2dy/dt+-y = et and hence solve 
the equation. 

11.31. Transform the equation dy/dx = 2+. 3y+y? by the substitution 
z = e-J¥4=, and hence solve the equation. 

11.4. Find the solution of the equation (d*y/da:*)? = 4(dy/dx) which is 
such that at x = 0, y = 1 and dy/dz = 0. 

11.41. Find the solution of the equation @y/da® = 2sin 2y which is such 
that at « = 0, y = $n and dy/dx = 2. 

11.5. Verify that the differential equation d?y/da? = 2(1+422%)y has a 
solution of the form y = e®", and hence solve the equation completely. 

11.6. Prove that 


3 96 oD 
1t+5 +e tit = Fe Fer¥ 05783 
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11.7. If - 2” = kyx’-1, prove that y = a(logx)'-1 where a, k are 
constants. 
1 
eae Plaga) = = b(x)? prove that 4(x) = +./(az+b), where a and 


b are constant. 

11.9. If t, = e?”, t, = xe?*, uy = SiNAX, Uy = Cosad, vy = xsinax, and 
v, = xcosax, prove that the Wronskians of t,, t,, of uy, Up, and of %4, Ua, 
,, V2 do not vanish for any value of x. 

11.91. If L(t) is a polynomial of the nth degree, prove that there 
is only one solution n of the equation L(D)y = 0 such that n, Dn, 
D%y,..., D®1y take assigned values at a given point x = a. 

In particular, show that if 7, Dy,..., D"“'y are all zero at x = a, 
then 7 = 0 for all values of x. 

11.92. The functions 7,, No...) Nn are Solutions of the nth order 
equation L(D)y = 0. Prove that, if W(n1, )2:---, Nn), the Wronskian 
of 1) Nos---» Nn, Vanishes at the point x = a, then it is zero for all 
values of x. 

11.93. Find the complete solution of the simultaneous equations 

(D?—1)u+(D+4)v = 2a—2?+sinz, 
(D+1)u—Dv = 2. 

11.94. If (x) stands for either sin z or cos%, prove that 

(D2 +a?) "ar tPg( (ax) 


= (nten{F er +e ayneDy + ee is )epy-++...) (a2). 


tiga em 


XII 

12. If f(a) has n roots in (a,b), prove that f("—(z) has at least one root 
in that interval. 

12.01. Ifa <b <c,a+b+e = 2, ab+bce+ca = 1, prove that a, b, ¢ lie 
in the intervals [0, #], [4, 1], (1, $] respectively. 

12.1. Iff(x) is differentiable in (a,b) and f(A) = 0,a < A < b, prove that 
there is a continuous function g(x) such that f(z) = (x—A)g(a). 

12,11. If c, is the function, given by the mean-value theorem, such that 


{f(@)-f@V(e-4) = f(z) a<u<b 
and c, = a, prove that c, is continuous in (a,b), provided |f"(x)| > a > 0 
in (a,b). 

12.12. If g(a) = g(b) = 0 and g’(z) # 0 in [a,b], prove that g(x) # 0 in 
[a, 5]. 

12.2. If v(x, y) denotes {f(y)—f(z)}/{g(y)—9(x)}, where g(2) is monotonic 
increasing, prove that if (a, X) > v(a,b),a < X < 6, then u(X,b) < v(a, 6), 
and if v(a,X) < v(a,b) then »(X,b) > v(a, d). 

12.21. If f(x) and g(x) are differentiable in (a,b), and g’(z) 4 0 in (a,b), 
show that if v(a,x) is constant in (a,b) then v(a,b) = f’(c)/g’(c) for any ¢ 
in (a,b). 


https://t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 
357 


12.22. If f(z) and g(x) are differentiable in (a,b), and g’(x) > 2A > 0 in 
(a,b), prove that there is a ¢, in (a,b) such that f’(c,)/9’(c,) < v(a,b) and 
a ¢, such that f’(c2)/g’(ca) > v(a,b). 

12.23. Deduce from 12.22 that if v(a,xz) is not constant in (a,b) then 
there is a point c in (a, 6) such that v(a,b) = f’(c)/9’(c). 

12.3. Prove there is a point « in (—h, h) such that 


h 
f fe) dee = 2hf(0)-+ (H*/3)f"(a). 
—h 


12.31. Prove there is a point 8 in (—h,h) such that 


h 
f fe) dx = Mf(h)+-f(—h)}— (29/3) f(8). 
-h 
12.32. Prove there is a point y in (—/, A) such that 
h 
f f(x) de = (h/2V{f(h)+ 2f(0)+f(—A)}— (27/6) f(y). 
—h 
12.33. Prove there is a point 6 in (0,4) such that 
h 
f F(a) da = (h/12)[—f(—h) + 8f(0) + 5f(h)]— (4/41) f'"(8). 
6 
12.331. If f(x) is differentiable three times in (a—h,a+h), prove there 
is a point c in this interval such that 
— = 2 
12.332. If g(x) is differentiable twice in (a—2h, a-+2h), prove there is a 
point c in the interval such that 
9(a+ 2h)—g(a-+h)—g(a—h)+g9(a—2h) = 3h*g"(c). 


12.333. If f(x) is differentiable five times in (a—2h,a+2h) prove there 
is a point c in the interval such that 


ea —h)—fla— 4 
flat 2h)— 8flath)+fa—W)—fA— 2h) sq) _ Mpa, 
12h 30 
12.334. If f(x) is differentiable four times in (a—h,a-+-h) prove there is 
& point c in the interval such that 


f(a+h)— ae h) 


f(a) = 5H. 


12.335. If f(x) is differentiable six times in (a—2h,a+2h) prove there is 
a point c, a—2h < c < a+ 2h, such that 


S(a+2h)—16f(a-+h)+ au) ee 7"(a) = = * 7c). 


12.4. If f(z) > 0 and g(a) is monotonic and bounded, for re values of x, 
and if f f(x) dx exists then i F(z)g(x) dx exists. 
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12.41. If g(x) is monotonic decreasing to zero and 


fre) de| < M for 


oO 
all values of then f f(x)g(x) dx exists. 
a 


12.5. If f(x) is continuous in any interval (h,H), 0 <h < H, and if 
f(@,) — A, and f(1/a,) > p, when a, —> 0, then 


| {flax)—f(be)} dale = (A—p)log(b/a), b> a> 0, 
0 


b 
12.51. If { f(N2x) dx/z > 0 as N increases, and f(a,) —> A when a, — 0, 
a 


then i 
| (f(ax)—fbx)} dfx = Mog(b/a). 
0 


12.52. If f fein} dx/z —> 0 and f(1/a,) > » when a, — 0 then 
| (f(ax)—f(bx)} deja = plog(a/b). 
0 


x 
12.6. Prove that if 0 < X <7 then f {D,(1/sinz—1/x)}cosax dz exists 
0 
and has an absolute value less than 1/sin X—1/X. 


ws 
12.61. Prove that i] BETS = dr, 


eo 
and deduce that | Sia dn. 
t) 


12.62. Prove that 


12.63. Prove that oo 
[22a = Fr, a> 0, 
0 


= 0, a= 0, 
= —h, a<0. 


« —@ 
12.64. Prove (1 +4) increases for x > 0 and (14) decreases for 


1\% 1\-* : 
*) and (1 a=) tend to a common limit 


wz > 1. Hence show that (1 ue 


as % —> 0. 
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12.7. Prove that, if |fVi(a)| < M in (—3h, 3h), then 


f f(a) de = Sgh[ f(—3h)+5f(— 2h) +f(— ea ae 
—8h 


with an error less than £h’M. 
12.8. Illustrate the necessity for the condition ‘g(x) > 0’ in Theorem 
12.61 by die that if f(x) = («—1)}, ne} = (x—1) then 


J(X) i g(x) de < j Sla)gla) de 


for any X in (0, 3). 
12.81. Illustrate the necessity for the condition ‘f(x) is of constant sign’ 
in Theorem 12.73 by showing that if f(z) = 1—2, g(x) = vz then 


4 x 
J Fedg(w) dx < f(0) [ oa) de 
0 0 


for any X in (0,4). 
12.82. If f(0) = a, f(a) = b, f’(0) = —1, and if |f’(x)| < 1/4|a| in the 
interval (—2a, 2a) prove that |1+,f’(x)| < 4 in (—2a, 2a) and hence that 


|f(a+)| < 4]f(@)| < 2/2]. 


XIII 
13. Prove that 
tang = et4e+a%(feto,) sine = o+40*+ x8 +Be)s 


where o,, and 8, both tend to zero with a. 
13.01. Evaluate the limits: 


lim(1/sin x— 1/2), lim(1-+ cos 72)/tan?z2x, 
a0 wl 
limflog(1-+-x)}3/(tan x—sin 2), lim cos 3a/(e?*—e"), 
20 w>hr 

lim(sin z sin-1~—*)/(tan x tan-!~—<?), lim{cot?a— (2—7)—*}, 
a0 oT 


lim{1/at— 3 sin #/x5(2+cos 2)}. 
a0 
13.02. Prove that lim nfWxe—1]} = logz. 
no 


2 a 
13.03. Prove that e* exceeds or is exceeded by I$ e+otetS 


according as x"+1 is positive or negative. 

13.1. Given a function F(x) and a function G(x) such that G(a) = 0, 
G(b) = 1, find constants A, B such that the function F(x)+A+ BG(z) is 
zero when x = a@ and when x = 6. Taking 


F(a) = f(0)—fa) — Phy (2) PS pray —... prc, 


where f(x) has n+1 successive derivatives, choose G(x) and deduce a form 
of Taylor’s theorem for the function f(z). 


_—- “=F 
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13.11. In 13.1 take G(x) such that G(0) = 1, G(h) = 0, h = b—a; deter- 
mine A, B so that F(x)+A+ BG@(z) is zero when « = 0 and when z = h 
and take 


a? aon 
F(x) = f(6)—fb—2)—af (b—2)—5, *(b—2)—...—— f(b—2). 
13.12. In 13.1 take G(0) = 0, G(h) = 1; determine A and B so that 
F(z)+A+ BGQ(2) 
is zero when z = 0 and when x = h and take 


F(x) = f(b)—fla-+2)—(h—2) f (atx) —... =" 


= f™\(a+2). 


13.13. If h and & have the same sign, prove that there is a A such that 
S(ath)+fla+k) = 2f(a)+(h+k)f(a)+ 
hi + 2 = Arlt ken) hn + kn 
+ (FEF); (0) ne (EE) prya) - REM may, 
13.14. Prove that, for any h and k we can find #, 0 < @ < 1, such that 
f(a+h)—fla+k) = (h—k)f'(a)+ 


h? ~ f2 m—-1_ [yn—1 hnfrn — hngn ie 
+( = )ra+.+( )era)+ f op One (a+6 ) 


13.2. If 8, is given by Taylor’s theorem so that 
h2 hei hn 
HOR) = fA) @)+ SS a) Gif a) +a IMat Onh), 


prove that, provided f"+1(a) + 0, then 6, > 1/(n+1). 

13.21. If f(a) is continuous in the interval (x, 6) for any « greater than a, 
and if f(x) > f(a) as x —> a, prove that J (x) is continuous in (a,b). 

13.3. Find the root of the equation a+e* = 9-3 correct to 2 decimal 
places, given that « = 2 is an approximate solution. 

13.31. If @ is small show that an approximation to a root of the equation 
sine = Ox is r{1—O+ 62—(1+72/6)63}. ; 

13.32. Find the positive (non-zero) root of the equation 3sinz = 2a 
correct to 2 decimal places. 

13.4, If y®-+-y—a = 0 show that y = x—a>+ 32°(1+€,), where €, > 0 
as z—> 0. 

13.41. If y = e*” show that y = 1+2-+ $0? +85(1+e,), where ¢«,—> 0 
as 7 —> 0. 

13.5. Show that the conic of closest contact with y = az?+ba3-+cat at 
sie Onegin 18 a®y = atx? + a*bary+(ac—b?)y2. 

13.51. Taking the tangent and normal at a point P of a curve as axes 
show that the parabola of closest contact at P is (y dp/ds— 3x)? = 18py, 
where p and dp/ds are the values of the radius of curvature and its derivative 
at the point P of the curve. 

13.6. If p and p’ are the values of the radius of curvature and its 
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derivative at the origin, show that (in the neighbourhood of the origin) 
the equation of a curve touching the z-axis at the origin is 
z= s—s?/6p?+..., y = 87/2p—p’s?/6p?-+..... 

13.601. Prove that the sequences vnz(1—z)" and z"(l—2x) are both 
interval-convergent in (0, 1), and that the sequence nz(1—2)" is not interval- 
convergent in (0, 1). 

13.61. Prove that 


2 3 
e* C08 sin(a sina) = 2sin ats sin 2a+ 5 sin 3a-+..., 


s 2 3 
e* 008 @ coa(x sin ~) = 1+ecosa+= cos 20+ cos 38a+.... 


13.62. If |a,(z)| <u, a <2 <b, and > u, is convergent, prove that 
. 2 4,(x) is interval-convergent in (a,b). 
13.63. If d(x) is differentiable n times, prove 


¢ 
was = A +a,0+a0,C7+.... 4, ,0%1+4+0%(a,+€,), 


ie 
where r!a, = 27(0) f sin”"@ d@ and e, > 0 asc > 0. 
fr) 


13.64, The curves y = f(x), y = g(x) have contact of the nth order 
exactly at the point 2 = a; prove that the curves cross, or do not cross, 
at x = @ according as n is even or odd. 

13.7. If ¥ v(x) is interval-convergent in the interval (0, oo], and if for 
each value of 7, v,(z) > w, as 1/z —> 0, prove that > w, converges and that 


if 1/p, —> 0 then Dn 
Zen) > 2X wy, 


13.71. If, for each value of r, v,(n) > w, and > |v,(x)| is interval- 
convergent in the interval (0, co], and if 1/p,, > 0, prove that 


Pn 
Tl Q+2,(n)} > TT (1+~,), 
k 1 ral 
where [J @, denotes a, 4,45...a, and [] a, denotes lim ay @...d,. 
1 t>1 
13.72. Prove that 


sing x? a )( 2 )( a ) 
z 0-3) 1—aa er ae 
13.8. If f(x) is differentiable twice in (a,a+h) and 0 < r < 1, show that 


the error in taking f(a)-+r{f(a+h)—f(a)} for f(a+rh) is $r(1—r)h2f"(a-+ Oh) 
for a certain @ in (0,1). 


Hence, considering sina in (47, }7) prove sing” = a+ with an error 


less than 72/2592. 
13.81. If 0 < x < a—8, prove |(a—x)"—1] < § for n > ng, where Ng is 
independent of x. 
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If f(x) is continuous in (0,a@), and f(a) = 0, and if f,(7) = (a—x)'¥"f (2), 
prove that /,,(x) is interval-convergent to f(x) in (0,a). 
If further f(x) has a derivative f’(x) in (0,a), and if f’(a) = 0, prove 
that fn(2) is interval-convergent to f’(z) in (0, a). 


n 
13.82. Ify = e*(1 +2) prove that there is a point c in (0,7) such that 


a 28 
y= 1-F +3; Ble), 


where R(ce) = {ent Sne—o8)e*(1 ae), 
and deduce that nfr—e=(1 +2)’ > = 
te) 


13.83. (i) If f(x) >1 > 0, as x > o, prove that 
(ii) If 6’(a) > A > O when x > 0, and 6’(x) > 1 as a —> oo, and if 


(a) = f {1/0(t)} dt, f(x) = B(x) $(e) 
0 


prove that me) 2) —>I1,asz—>o. 


13.9. The ae f(x) is said to be point-differentiable at a point x = ¢ if 
there is a number ¢ such that 
fer fe) —>d as 42>. 
The number $ is called the point-derivative of f(x) at x = c. 
‘If f(x) is point-differentiable at x = c, with point- derivative $, and 
if an < c < bn and bn—an > 0, prove that 
f(bn)—f(@a) _, 4, | 
Dn—€an , 

13.91. If f(x) is point-differentiable at each point x of an interval 
(a, b), with point-derivative $(x), and if (x) is continuous in (a, b), 
prove that for any two points a, & in (a, b) there is a point y between 

and ® such that , 
vere at £@)—f(a) = @—2)f'(y)- 

13.92. If f(x) is point-differentiable at each point x of an interval 
(a, b), with point-derivative $(x), and if $(x) is continuous in (a, b), 
prove that f(x) is interval-differentiable in (a, b), with interval- 
derivative $(x). 

XIV 

14. Prove that 


14.01, $njf(nt-+r2)>4r. 02, F tfylen)>4. 03, $F 2r/(n2-+r2) + log? 
ral r=1 r=2n 
14.1. Prove that 
3 Qrn2/(nt+r2n? +14) > 7/33. 


r=] 
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14.2. Show that fe dx = -545 with an error less than 4/10¢. 
0 


3 
14,21. Evaluate J 282 dz correct to 3 decimal places. 


14.22. Evaluate fe isk decimal places. 


14.3. Prove that 
sin nx 1 
> ——_ = Tg vle—m)(x— 2m) 


ns 
and >=" = OP ie 8 O<x<2 
nt 9048 ON 3 Si OSes 


14.4, If f(x) is positive, continuous, and steadily decreasing as x increases, 
prove that 


N 
An) +fn-+1)+...+f(N)— J f(w) dx 


lies between zero and f(n); hence show that if f(n) > 0 then b3 S(r)- S (x) dz 
is convergent. 
14.41. Show that 1t5+5+ ie +2 —logn converges to @ limit between 


zero and unity (this limit is known as Euler’s constant, and denoted by +). 
14.42. If f(x) is positive, continuous, and steadily decreasing as x in- 


n 
creases, prove that 3 f(x) and { f(x) dx converge and diverge together. 
1 1 
14.5. The arithmetic mean Af, of a function f(x) over an interval (a,b) 
b 
is defined to equal (f St (x) ax} / (6—a), and the geometric mean of f(z) 
a 


over (a,b) is defined to be GJ, = e4a!, so that log G1, = Ales. 
Evaluate the arithmetic and geometric means of x" over (a,b). 
14.501. Find the values of the arithmetic and geometric means of sin x 


over (0, $77). 
14.51. If f(x) = f{a(1—x)+b2} prove that Af, = Aé, and G1, = Gé,. 


14.52. If f(z) is continuous in (0,1) prove that Af, is the limit of the 
arithmetic mean of the n numbers f(0), f(1/n), f(2/n),.... f{(n—1)/n}, and 
that Gf, is the limit of their geometric mean. 

14.6. If f(x) is continuous in (a, b), f(z) > 0 throughout (a,b), and f(c) > 0 

b 


for at least one point ¢ in (a,b), prove that { f(x) dx > 0. 
a 
14.7. If %,,; = +V2_, Z > 0, prove that 


ont 


J Gmdy=4 far) dex. 
1 ey 
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Hence show that 
: Xo 
2*(2,—1) > f (1/x) dx = logzy. 
i 


14.71. If a,,, = x,/{1+./(1+22)}, show by means of the transformation 
y = x/{1+j(1+2*)}, 


Tnt1 i ; fn ; 
that | ity dy = s| dz, 
é 8 


Hence show that 


xo 

1 

2, > | i = arctan 2. 
6 


14.8. Prove that a continuous function attains both its arithmetic and 
geometric means. 
14.81. If f(z, y) is continuous ina < 2 < bce < y < d, for all values of 


n 
6 greater than a, and if the sequence f J (z, y) dz is interval-convergent in 
a 
ive] 
(c,d), then S f(a, y) da is continuous in y in (c,d). 
a@ 
N N 
14.82. If up(«) > 0 and f {> u,(x)} dx = ¥ f u,_(x) da for all N, then 
a a@ 


wo co 
if both the limits { {> u,(z)} dz, ¥ f u,(x) dx exist, they are equal. 
@ a 
Show further that the condition u,(z) > 0 may be relaxed if, in addition 
N N 
to the remaining conditions, we have f > |u,(x)| dx = Sf |un(x)| dx for 
a a 


foe] oO 
all NV, and if the limits f ¥ |u,(x)| de and > f |u,(x)| dx exist. 
@ a 
14.9. If a = af, a?, a®,..., a, = 6 is a p-chain of a function f(x) which 


Tp~t 
is semi-continuous in (a,6] and if S, = > F(a?)(aP, ,—a?), prove that the 
r=0 


sequence S, is convergent. 

14.91. If a = a?, a?...., a, =b and a= B?, 0?,..., or = 5b are both 
p-chains of a semi-continuous function f(x), and if Si = DSflaP)a?,,—a?), 
Si = YS(b2)(b?,,,— 52), prove that S} and S? tend to the same limit. 

We define the integral over (a, b) ofa function f(x) semi-continuous 
in (a, b], to be the limit of the sequence S, — > f(aP)(aP, ,—aP); the 


b 
integral is denoted by f f(x) dx. 
a 


14.92. If f(a) is semi-continuous in (a,b), and if a < ¢ < b, prove that 


[feayae + i f(x) dz = i f(x) da. 
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14.93. If f(x) and g(x) are semi-continuous in (a,b] prove that 
b b b 
J fa) de + f g(x) dx = f Lf(w)+9(x)] de. 


14,94. If f(x) is semi-continuous in (a, b] and if m, M are bounds of f(2) 
in (a,6], prove that 


b 
m(b—a) < f f(z) dz < M(b—a). 


é 
14.941. If f(x) is semi-continuous in (a,b] prove that i) F(x) da is a con- 
a 


tinuous function of é, in (a, 6). 

14.95. If f(x) is positive, non-decreasing and semi-continuous, 
and ¢(x) is continuous, with a finite number of roots, in (a,b), 
prove that there is a point c in [a, b] such that 


b b 
if f(x)g(x) dx = f(b) f 8(x) dx. 
14.96. Prove that 


o 
1 > 1 
cotz = rad Pro 
1 


(Use Example 13.72.) 


1 1 <1 (—)e 
14.961. Prove that -———- = —+2x > . 
sin@v x : _ 


2 — e277? 
14.962. Prove that 
gant 
| etme O<e<h 
a 
XV 
15. If ecosu+ysinu = 1, v = xsinu—ycosu prove that 
au Ou du 
Cael ee aes 4 
v andy + Oe Dy cos 2u,: 
27H _ OF 1, the substit 
15.01. Transform the equation n? ta = Gy y the substitution 
u=2x-+ny, v= @—Nny, 


where n is a constant, and hence show that H = f(x-+ny)+9(z—ny), where 
f and g are arbitrary functions. 


15.02. Prove that if {f(x)+¢(y)}e* = 24’ (x)b’(y) then = = e, 
16.03. If log H = as ai show that 
eH 


oat “F a 
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15.04. If x = rcos@sing, y = rsin@sing, z = rcos¢, and H is a func- 
tion of x, y, z, prove that 


eH. ,oH __.. ,@H | cosd OH 

08 Fae ton Tay = OO oe Te ap” 
. ,oH oH 1 oH 
—sin 6 ele = rang 26° 


15.05. If f(x,y) is differentiable in (a,A)(b,B) and f(a,b) = f(A, B), 
prove that there is a point (a, 8) on the line segment joining (a, b) to (A, B) 


ae (a—a) f(ce,B) +(B—b) fylasB) = 0. 
15.1. Show that if z denotes either of the functions }log(#®+-y*), 


tan-\(y/2) then +) = I(a*+y"). 


15.11. If A(z, y,z) = 0, show that 


(=), (é),@),~ —* 


15.2. If P(x, y) is a polynomial such that P(0, b) = 0, P,(0, b) # 0, 
show that a solution of the equation P(x, y) = 0 may be found in 
theformy = b+a,x+...+an_; x-14x8(an-+a), where a is a differen- 
tiable function of x such that «> 0 as x-> 0. 

If 2x?--xy—y’+x°—xy?+y* = 0, determine y as a power series 
in x as far as the terms in x’, (i) near the origin, (ii) near the point 
(0, 1). : 

15.21. If f(x,y) is continuous in (a, 6)(y,d) for any « greater than a, and 
any y greater than c, and if in the interval a < x < b, f(2,c) is the con- 
tinuous interval limit of f(z, y) as y tends to c, and in the interval y<y<d, 
f(a, y) is the continuous interval limit of f(z, y) as x tends to a, and if f(a, c) 
is the double limit of f(z, y) as x tends to a and y tends to e, prove that 
f(x,y) is continuous in (a, b)(c, d). 

15.3. If z = e“f(x+y)+e-%9(x—y) show that 

Oz oz , az 


a 8 oe shee 
aa Oe 2a pa 


2, 2, 
15.31. Denoting eas + by V°4, for any ¢, prove that, if r? = a%+-y3, 
then Vr = 1/r, V%(1/r) = 1/73, V2logr = 0, and Vitan—ly/2 = 0. 

Evaluate 

2 2, 2 2 2 2 
(Gatgatialettettey! ana (tate tte. 

15.4. Find the locus of the points at which a curve of the family 
$(x,y) = A touches a curve of the family (2, y) = pe 

A family of circles passes through the fixed points (p,0), (¢g,0) and a 
family of parabolas touches the x-axis at the origin, each parabola having 
the origin for vertex. Show that the points where a circle of one family 
touches a parabola of the second, is another parabola. 
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15.41. Prove that the centre of curvature at the point (x,y) on the 
curve A(z, y) = 0 is 


E = 2—$2(P2 +43) (Gra $i— Pav ba out Puy 2)s 
0 = ¥—$y($24- $3) (poe $i— Wav ba by t+Pyy pa)- 


15.42. Prove that the curvature of the curve (2, y) = 0 is k given by 
k= Fi Pec $— Way pe byt dy a3/: ($2+-¢7}?. 


Find the curvature at any point of the curve 
sing-++siny = c. 

15.43. A variable parabola through a fixed point has a given circle of 
curvature at that point. Show that the focus of the parabola lies on a 
fixed circle, and that the directrix passes through a fixed point. 

15.44. If P, P,, P, are points on the curve y = f(x), show that as P, and 
P, approach P, the centre and radius of the circle PP, P, approach the 
centre and radius of curvature of the curve at P. 

15.5. If y = f(z, u) and f(y,v) = f(z,u+v), prove that 

by a a 
Fe = Galt |s fr) 
and deduce that dy/éu is a function of y alone. 
15.51. If f, «, B are differentiable functions of x, y, prove that 


f—-of.—Pfp=|« B f |. %a8) 
Oey Bx Se | Hx,y)" 
ay By fy 


15.52. If S = oB—4}y*, where a, B, and y are differentiable functions of 
x,y and a, y are functions of ¢ such that S = 0, prove that. 
Pay~of, — __ AaB) 
vly—ory.— Bye) Sy Oxy) 
15.521. If «, B, y are linear functions of # and y, prove that 


ao B y 
ay Bu Ya 
7 Oy By Yy 
is constant. 
15.53. If (#, y) lies on the conic (a,6,c,f,g,h\x,y, 1)? = 0, prove that 


S =A ops 
(la+my-+n)(ha-+by+f) PT? 
where PT’, PT’ are the perpendiculars from a point P of the conic onto the 
tangents at the ends of the chord lx+my+n = 0, and A is a certain 


constant. 
15.6. If u, v, w are the three values of ¢ which satisfy 


#8 — (2a+-2)e+ (322— yz)t—z2*/y = 0, 
using the substitution € = utv+w, 7 = uv+ow+wu, C = wow, prove that 
au, v,W) 2(3a:-+ 5y)z* , 
OAz,y,2z)  yv—w)(w—uKu—v)" 
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15.61. Show that under the transformation u = 2?—y?, v = 2ay the 
equation oH aH 2 aH aH 
Yaak” aye ~ Ga Voy 
a @\0H 
becomes (us 05) = 0. 


15.62. Prove that, if f(x, y) is twice differentiable, and if z-+y = (u-+v)®, 
z—y = (u—v)*, then 
of of of oF 
2(¢2— ys)(CF_ PF) _ yaya (CF oF 
wat —y)(2— 5) = (who (24 2). 
15.621. If w and z are differentiable functions of x and y prove that 


(=) (57). (5). (ee), (6), (9) 


15.63. If u = ax-+by+c and (a, y) lies on the conic u? = 2kzy prove that 


ee se y 
u(bu—ka) ~ Bek Fe" 
15.7. If H is a differentiable function of x, y, show that under the trans- 
formation « = ucos¢, y = using we have 
OH OH OH, 1 #H 1 oH 
da? "dy? ~ Gut ut a6? "u du’ 
Hence show that if H is a differentiable function of 2, y, 2, then under 
the transformation x = rsin@cos¢, y = rsinO@sing, z = rcos@ the ex- 


ion CH, @H OH 
pressio: aa + dy? oaa ecomes 


@H 1 eH 1 @H 20H  cot@ dH 


drt Trt 06% "r2sin% O62 'r Or 7? 00° 
15.71. Ifz is a function of x, y and 
oz _ & az Oz az 


P= 3 = by? "= 5p 5 = Bea’ ‘= 7 
and if Z = pxt+qy—z, X = p, Y = q and 
0Z oZ @Z eZ eZ 
P=oxr @= 5p R= aye S=ay5y T= ae 
r 8 t 
== a = rts 
prove that T= —-s-R rt— 8, 


15.72. If 27 = au*-+ by*+ c2z*+ 2fyz+ 2gzn-+ hay 


where a, 6, c, f, g, h are functions of independent variables u and v, and if 


-2 4.8 7 
Pp aaa Cx ? q => oy > aaa: oz > 
- prove that pxe-qy+re = 2T. 


https://t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 
EXAMPLES 369 


Show that 2, y, z may each be expressed as a function of P, 4,7, Uu, and v 
and establish the identities 


(Fe —(Seaye Cs), -(2) 
OU) par OU] aye 00! p02 GUS ya 


(s),.-* (G),,~» (2) = 
op a . 041 .p , or} aq , 


provided that the determinant A=|a h g 

hb f 

: g foe 

15.8. If s, is the sum of the nth powers of the roots of the equation 
&— £24 t—f = 0 prove that 


is not identically zero. 


O(Sns1> Sn40s 8nis) 


a, 9, £) = —(n+1)(n+2)(n+3)f%, 


a 
15.9. If U(x) = | : dt, x > 0, prove that there is a functional relation 
i 
between I(xy) and U(x)-+U(y) and hence show that Uaxy) = U(2)+Uy) provided 
z>0,y> 0. 
15.91. If f(z) is its own derivative and J(0) = 1 prove that 


f(e+y) = f(a) f(y). 
15.92. If f(x) and g(x) are differentiable functions such that f(x) = g(x), 
9'(z) = —f(x), and f(0) = 0, 9(0) = 1, prove that 


S(e@+y) = f(x)g(y)+f(y)g(w) and Hue+Yy) = 9(x)gy)—f(x) f(y). 
15.93. Prove that 


a 
1 i Daas 
j Pa Lid => qitan a da] 
a 
and hence show that 


fr 4 1, . om (l~a) 
| aime Sa aes 4a%(1--a2) 


a 
I 
and deduce the value of J @+as dx. 


a 
15.9381. If f(x) is continuous in (a,b) show that f(x) is the nth derivative 
of the function 


| ao J (x—t)"-1f (t) dt. 
3 


15.932. If f(x,y) is continuous in a rectangle R, and 
\f(z, ¥)—f(a,y)| < M|Y—y|, 
where M is constant, for any (x,y), (w,Y) in R, and if do(x) = b, 


Pniilt) = b+ f f(s hn(x)) dx, 


5039 Bb 
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where (a,b) is a point in R, prove that we can find a rectangle R* con- 
taining (a,b) and contained in R, such that ¢,(x) is interval convergent 
in R*, and that y = limd,(z) is the unique solution of the differential 


equation d 
v = f(%y) 


in R* for which y = 6 when x = a. 
15.94. A function f(x, y) is said to have an x-point-derivative 6 at 


(p, @) if 
£(P, a)—f(p, 4) 
P—p 
Similarly, f(x, y) has a y-point-derivative > at (p, 4) if 


f{(p, Qa @ _.4 as Q->q. 


—>6 as P->p. 


If f(x, y) has an x-point-derivative u(x, y) and a y-point-derivative 
v(x, y) at each point (x, y) of a rectangle R, and if u(x, y), v(x, y) 
are both continuous in R, prove that f(x, y) is differentiable in R. 

15.95. If f(x,y) has point-derivatives fel%>Y)> Fyl%sy), and fay(%, y) in 
some region R, and if f,(x, y) is continuous in R, prove that f,,(x, y) exists 
and equals f,,(z,y) throughout R. : P 

15.96. If f(z, 0) = f(0,y) = 0 for all 2, y and if f(z,y) = Pas for all 
non-zero values of x, y, evaluate the point-derivatives fy and fy, at all 
points (x,y); prove that f,, and fy, are continuous and verify that fy = fyx 
everywhere. 


XVI 


16. If c is a maximum or minimum value of f(x,y) subject to the condi- 
tion g(x,y) = 0, prove that, in general, the curve g(x,y) = 0 touches the 
curve f(x,y) = ¢. 

16.1. Prove that if xy+yz+ze = 1 then the maximum value of xyz 
is V3/9. 

16.2. Find the maximum and minimum values taken by 2x+y as the 
point (x,y) describes the ellipse 19a?+ 10xy+ Ty? = 1. 

16.3. A long rectangular metal sheet, 18 inches wide, is used to make 
a gutter as follows: the outer edges are bent up, to make equal angles 8 
with the base, about lines parallel to the longer edges distant x inches from 
the edges. Find « and @ so that the carrying capacity of the gutter may 
be a maximum. 

16.4. Find the stationary values of «?+y?+-z? on the surface 

P+yt2e = y(z+a)+1. 
16.5. If m and n are integers greater than unity, and b is positive, show 


that the function «”y"{(m-+n+1)b—a2—y} has a maximum, though not at 
the origin. ; 


16.6. If xy? = (22sina—p)(y*sina—p), p > 0, show that, for positive 
values of x and y, the function zy(z*+y?) has a minimum when # = y, 
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provided that « lies inside the interval {3(12n—7)n, $(12n-+1)7} for some 
value of n. 

16.7. Prove that if x+y+z2—= 1, z?+y?+2? = 1 then 34+ y8+.23 lieg 
between § and 1, the first being a true minimum and the second a true 
maximum value. . 

16.8. If V(x, y,z) = 2?+-y?+22, prove that the stationary values of V, 
subject to axz®+-by?+ cz? = I, lyz-+mza-+nay = 0 satisfy 

1(1—aV)*-+mi(1—bV)#+nk(1—cV)t = 0, 
apart from stationary values at points with two coordinates zero. 

16.9. If S(x,y) = aw?+ 2hay + by?-+ 2gx-+ 2fy+c, a ~ 0, and if the conic 
S = 0 is a rectangular hyperbola, prove that the function S(x,y) has both 
® maximin and a minimax value at the centre of the conic S = 0. 

16.91. If a, 6, c are constants, and ¢ varies, show that the envelope of 
the family of circles (x—c)(z—a cos¢)+y(y—bsind) = 0 is the curve 

(28 +y*—al){(7—e)?-+y%} = (b* + 08§—athy?, 

16.92. Show that the envelope of a family of parabolas, which has a 
fixed line for directrix and a variable point on @ fixed circle for focus, 
touches each member of the family at the points in which it is cut by the 
line joining its focus to the centre of the circle. 

16.93. If a family of curves is given by « = x(a,t), y = y(a,t) as « varies, 
show that the envelope is 2 = X(a,t), ¥ = y(a, t), where o is a function of ¢ 
satisfying 0(x, y)/A(a,t) = 0. 

16.94. Show that the envelope of the family of curves 4(x,y,a,b) = 0, 
where a, 6 are connected by the differentiable relation A(a, b) = 0, satisfies 
the equations ¢ = 0, A = 0, oe = 0. 

Deduce that the envelope of the normals to the curve #(z,y) = 0 is the 
evolute of the curve. 

16.95. PM is the perpendicular from the point P, (cos@, sin), to the 
y-axis. Find the equation of the rectangular hyperbola which touches the 
circle x?+y? = 1 at P and the y-axis at M, and show that the enyelope 
of the hyperbola, as P describes the circle, consists of the circle itself, the 
y-axis, and the curve traced by the points in which the hyperbola is cut 
by the line z = —2cos?9, 

16.96. If A > 0, B>0,andn>m> 0, prove that the function 

Alem + y+ (ety) ™}— Ber*4 y+ (wty)-} 


has a maximum value on the line y = x. 


XVII 
17. Prove that 
f e% sin by dady = (4e44/ab)sin® 3b sh 4a, 
R 
where £# is the square (0, 1X0, 1). 
17.1. Prove that 


2 4-2 2 y 3 4-y 
f dx f fey) dy = f dy f fey) de + f dy f fey) ax, 
1 a 1 1 2 1 
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and that the triangular region of integration is of unit area with centroid 
at (14, 2). 


17.2. If Ris the triangle with sides along the lines x = 0,y = 0,2--y = 1, 
prove j (a+y—1)* dady = dy. 


17. 3. If F(z) is the integral of a function f(x) such that F(0) = 0, prove 
that j f(a?-+-y?) dady = mF(1), where C is the circle x*-+y* = 1. 


17. a, Find the area bounded by the four parabolas 2? = py, a2 == Dey, 
Y= 1%, 4? = 2050 < pr<P30<% < 

17.5. By integrating 2a/(a?—y*sin’x) over the rectangle 0 < « < 37, 
Oo<y<db, where 6 ] a, prove 


five a+bsinz da 


._b 
= 7arcsin—. 
a 


8 o—bsing sna 


ay) 
17.6. If R is the interior of the ellipse tk = 1 (excluding the foci), 


and if 7,, 7, are the distances of any point (x,y) from the foci, show by 
means of the transformation z= cchucosv, y = cshusinv, where 


c? = a*—b?, that 
1,1 
R 


17.7. Show that in the — a 


j | cate fa {oe erat 


inverting the pe of ean changes is value of the integral. 


n 
1 
17.8. If u, = J Se dz, prove that u2, << Ugnys. 
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I 
1. Ife > 0, [l4+a|=1+2= l+|e|;if -l<2 <0, 
|L+a| = 142 = 1-(-2) = 1-|2| < 14/2; 
ifz < —~1, write —x = 1+y, y > 0, then 
[L+a] = |—y| = y < 14+(1+y) = 14[2|. 

Ifz>0,y> 0, |zy| = zy = |a|ly|; if e > 0, y < 0 then xy = —ay| 
and 0 |ay| = zly| = [2[ly| ete. Heneo |z/y|ly| = |(a/ylyl = jel, and so 
le/y| = |xl/lyl- 

It follows that |1+y/x| < 1+|y/x], |x|. [1+y/z] < |e|(1+ ly/a]) and so 
jety} < fel+tyl. 

Furthermore, |e| = |(2—y)+y| < |e—y|-+|y|, whence |e—y| > |x|— ly], 
and |y| = |y—x-+a| < ly—2|+|e|, whence |e—y| = |y—2| > ly|—|el, 
and therefore |z—y| > ||x]—|y]]. 

1.01. Since  =.+ |x| or a = —|z|, and 2 > —|z| therefore a = + |z| 
and 80 7 > —a, i.e. 22 > 0, whence x > 0. : . 


1.1. |¥a, = > ja,| and by Ex. 1, 
1 1 
m+1 n n 
ya = 2 arty < | 3 44l-+ lanl 


and so if | $a, 


n n+ n+l 
< & lar] then |S a] <"S lay 
1.11. s,—1 = O(r), n > Ar), and 1/p_ < 1/A(r),n > Br), 80 that 
8p,—b = O(r), n> pr). 


1.2. If a/®+>l< Ll then al*<k<li<kn> M, and so a, < k®, 
whence the convergence of > a, follows by comparison with the convergent 
geometric series > hk". 

Further (|x"| /n")" = |x| /n > 0 for any 2, so that > x"/n" is absolutely 
convergent. 

1.201. ||s,|—|E|| < |%,—Z| > 0. 

1.21. Let 8, = 141/2+1/8+...4 1/n, then for any n, 

0 < 8y,—8_ = Uf(n+ 1)+1/(n+2)+..+1/2n > n/2n = 1/2, 
which proves that s, is divergent. Furthermore, 
1f(2?-1 4-1) +-1/(2°-2-4.2) 4 1/2r > 1/2? +..+1/2f = 2-1/er — 1/2, 
and so 
‘ : 
Sam = Tt DUP ALY + YB 42) + (214 8)-4 4.1/2) > Lt n/2 > N 
t= 


for n > 2N—1. \ 
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1.211. n/(n?+1) > 1/2n so that ¥ n/(n?+1) diverges by comparison 
with > 1/n. 
‘Further, if a, = I/n(n+]) then ay,,/a, = n/(n+2)->1, therefore 
DYx/n(n+1) is absolutely convergent for |x| <1 and divergent for 
jz] > 1. Ifa = 1 the series becomes ¥ 1/n(n+1); but 


1fn(n-+1) = 1/n—1/(n4+1) 
so that s Ifr(r+1) = 1—1/(n+1) > 1 and > 1/n(n-+1) is convergent; if 
x=-—l “the series becomes > (—1)"/n(n-++1) which by the foregoing, is 
absolutely convergent. 
1.22. Let way, = n!/(a+1)(2+2)...(e+n), m = I, then (a@+n)ugy = Ny 


and so (%—1)tiyy, = nu,—(n-+ lugs, whence 


(1) 3 tings = I DY@+ Det) 


therefore if « ~ 1 then $ Urgy = 1f(a—1)—(n+1)!/(z@—1)(a@+1)...(e+n). 
If y > 0 then : 
(1+y/2)(1+y/3)..(l+y/n) > L+y(1/2+1/38+..+1/n) > Ny/2 
ifn > 2, and so 
nt/(e+1)(%+2)...(e+-n—1) = 1/(1+y/2)(1+-y/3)...(1+y/n) > 0, 


y= 2x—1> 0. Thus for # > 1 the series converges to 1/(z—1). If*~ <1, 
write l—xz = z > 0, then 


n'f(a+1)(2+2)...(a+n—1) = n!/(2—z2)(3—2)...(n—z) 
= 1/(1—2/2)(1—2/3)...(l—z/n) 

> (L+2/p){1+2/(p+1)}...(1+2/n)/(1—2/2)(1—2/3)...{1—2/(p—)}, p > 2 
for 1/(l—2/r) > 1+42/r, r> 2, 

> 2{1/p+1/(p+1)+...+1/n}/(l—z/2)(1—2/8)...{1—2/(p— I} 
and so the sequence n!/(z-+ 1)...(a-+) diverges, and therefore > u, diverges. 
1.221. Ifa,/b, > 1 > 0 then 31 > ay/by, > $1, > 1, ie. $b, > a, > H1dy; 

when > ay, converges Gn41+4n;9+--+Gnpp = 0(k), and so 
Ongar tOnyat---+bnip = (2/1)0(%) 


so that > b, converges, and similarly, when > 5, converges, so does > ay. 
If > a, diverges then we can find a > 0 so that for a certain py, 


Anyi tAnyeat---tOnip, > % 
and therefore bp41+20n;2+-tOnsp, > (2/81)0, so that >) b, diverges. 
Similarly, the divergence of > a, follows from that of > by. 
1.23. (r—1)/n(n+1)...(n+7—1) : 
= I/n(n+1)...(n+r—2)—1/(n+1)(n+2)...(n+7r—1), 
therefore > 1/n(n+1)...(n+r—1) converges to 1/(r—1)%(r—2)! Since 
n(n-+1)...(1+7r—1)/n’ > 1 the convergence of > 1/n’ follows by 1.221. 
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1.3. Let 8, = @—~a,+a,—...+(—1)"a@_, then 
Sai p— Sn = (—1) aay — Anya te + (— 1)? an, hs 
but 
Ong Faget Onyg— oe + (— 1)? dni = (Gny1—Fnpa) + (2nig—Anza) beet 

ending with (@n15-1—@n,p) OF +@y,, according as p is even or odd. Since 
a, decreases, each bracket is positive and so the sum is positive. Further- 
more, 

Gayi— Fagg tOnyg—--+(—1)? an, 

. ‘ = Ongi— (Gn p2— %n43)— (Anya Fn s)— ones 
ending with —(dn,y-1—%n4p) OF —G@,,, according as p is odd or even, 
which is less than a,,,. Thus |8,,,—8,| < @n4,—0, and > (—1)"a, 
converges. 

1.31. Since a, > @y,1, 2 > N, therefore a, steadily decreases, and 


Gy/Ay45 = (Qy/On41)(An41/On42)---(An4p1/tn4p) > (L+K/NI+K/(N + 1)} 
wf{1+k/(N+p—1)} > 1440 /N+1(N+1)+...41(N+p—1)} > thn, 
if p > N(2"—1), and so ay,»/ay > 0, i.e. a, —> 0, since N is fixed. 
1.32. Since > a, converges, therefore for n > nm, andN >n 
Gaya tGnyst...tay < 1/10*; 
but a, steadily decreases and so 


OnyrtGnyat- tan > (N—n)ay = Nay(1—5). 


Hence if N > 2n,s0 that 1—n/N > }, then Nay < 2/10* so that Nay — 0. 
1.4. For n > 10, }(m!) > 3.4.5.6.7.8.9.10"-* > 10-4; but 


Af(nLA)t+1f(n+2)t4.. < (LF V/2+1/22+...)/(n +1)! < 2/(n+1)! 
< 1/103 < 1/10! if n> k+4. 
> Ur! = 2718281828... . 


1.401. If u, = (n!)?/(2n)! then 
Ungaln = (n+ 1)2/(2n+1)(2n+2) = (1+ 1/n)?/4(14- 1/n)(1+- 1/20) —> 4. 


1.402. Let a, = I/nt then ay/a,,, = (1+1/n)t = py, say. Hence 
p23, = 1+1/n, therefore p,—1 < 1/k(p,+1) < 1/2k, n > k, 80 that p, > 1. 
Thus > a,,¢" is absolutely convergent for |t] < 1, and divergent for [¢| > 1. 
When ¢ = 1, Sa," = > 1/nt, which diverges since 1jnt > 1/n, and when 

= —1l, Sa,t* = > (—1)"/n}, which converges since 1/n# steadily de- 
creases with limit zero. Taking ¢ = 22, we have > 2%"/ni is absolutely 
convergent for |x| < 4, convergent for x = —4, and divergent for + > 4 
orz < —}4. 

1.41. ¥ a,, is said to be a rearrangement of > a, if each r, is an integer, 
r, and 7,, being different for different n and m, and if to any p corresponds 
ky such that 7, = p. Let 8 = Ay+G, +--+ Ags by = Ug t Opt Ory toe FOrys 
My = max(K, ky, Kay ky)s Fy = MAX, 7 12%g2--97n)- Then m, > n, and 
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for m > My, ty contains all ag, a,,...,%, and perhaps further a,’s for p > n, 
and so |tm—8q| < [ap41|+ l@nye|-+--.+ |ag,,| > 0 since > |a,| converges. 
Hence if s,, —> 8 we have |t,,—s|— |s,—8| —> 0 and |s,—s|—> 0 so thatt, —> s. 


1.5. For instance, wyz = lim(2)a(y)n(2)n = lim(y)a(2)n(2)n = yzx, etc. 


1.501. (p/q)™.(p/g)" = (p™/a™)(p"/q") = p™ .p™/q™.gh = pirtnigmin 


= (p/q)™*, etc. 
1.51. For any n, 0 < 2, < 2)+1 and so 


(2)? — (2p)? = (2y—%y MAHAR yt... + wht) 
< p(%y+1)?-1/10", N>n, 
which proves that (#,)? converges for a fixed p. 


1.511. For fixed m and n, (2,)™ —> 2™, (2,)" > 2" by definition. Hence 
(24). (%,)" —> 2™.2" But, by 1.5, (a,)™.(a,)" = (a,)™™ > a™+" go that 

xe” 2% — gmtn, 

Further, for n=1, (2™)* = a — gn, and if (x)? = a™? then 
(am)? +t = a (eM)? = am 2PM — yM(P+1), whence by induction (2™)" — gmn 
for any n. Similarly, for m = 1, (vy)™ = ay = x™y™, and if (ay)? = aPy? 
then (ay)?+1 = (ay)(xy)? = xy.x?y? = aPtHyPt, so that (ay)™ = x™y™ for 
all m. 

1.6. 6(2"+1)-+9(2"+42)+...-+4(2%1) > .2"h(2"+1) and 

$(2") + G(2"+1)+...+G(2"4—1) < 2%6(2"), 
If Y 2"f(2") converges then 2%¢(2") 4+ 2"+14(2"+1)+4... + 0 and so 
$(2")-+G(2" +1) +(2"-+42)+... > 0, 


which proves > ¢(n) converges; if > 2"4(2") is divergent then we can find 
a and y, so that antig(2n+1) + Qnt3g(gn+2) 4 |. + 2pag(2Pn) >a and so 


$(2" + 1)+(2"4-2)+...-+6(299) > 4a, which proves that > d(n) diverges. 
The same inequalities prove the converse theorems that > 2"6(2") con- 
verges when >’ ¢(n) converges, and diverges when > ¢(n) diverges. 


1.61. If d(n) = 1/n2, then d(n) decreases steadily if o > 0. 
2%p(2") a 2"/Qen = (1/2°-1), 


so that > 2"6(2") converges if o > 1 (for 2°-1 > 1 if > 1) and diverges 
ifo <1. Ifo < 0, 1/n* > 1 and so 1/n? does not tend to zero. 


1.62. Let p = Um/tim < Umya/Uings < Un+pa/Umsa-- 80 that v, > pty, 
Un <p ,,n > m. If > v, converges then . 
Unt Ung tUnpatetUniy < PMUnt agit +Ungy) > 0 
so that > wu, converges; and if > u, diverges then we can find « and Py 80 


that Un tpi. tpg > PlUntUny+...+Uy,) > pa and therefore Xn 
diverges. 


1.63. If Uy/tay, = 1+B/n+8,/n'¥, |6,| < M,A > 0, B < 1, then 
NM ULp/Ugyy—1) > B <1 
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. and n(Up/tnys—1) < 1,2 D> m, 1.0. Up/ayy < (1/n)/(1/(n+1)) whence the 


divergence of > uw, follows from that of > 1/n. 
If B > 1, then 
Ny | (n+ Leng 
= (nf(n+1))+-B/(o+1)+On{n[(n-+ 1)}/nr 
= 14{(8—1n[(nt+1)+Oqln/(n+ I)\/n'}/n = 1+, /n, say; 


but b, = (B—1)n/(n+1)+{n/(n+1)}0,/74 > B—1 > 0, and so for n > m, 
NUp|(n+1)ua,, > 1+4(B—1)/n, whence by Ex. 1.31, nu, —> 0. 
Since nw,/(n+1)u_,;—1 = b,/n, where 6, — B—1 > 0, therefore 


NUy[Unyy—(n+1) = (141/n)by > 6, > HB—-1) > 0, nom, 
and so Ny — (N+ 1a > HB—V)Uny 
Hence 
HB—VW (tay tenpete-+Unpp) < My —(N+P)layy < Ny —> 0 
and therefore > u, is convergent. 
1.64, |Nan/(n+1)daya| = |Gn/Onya|/(1+1/n) > R. 
[(aq/(n+1))[Gngal(W-+2))| = [Gq /Qnys|(1+1/(n-+1)) > R. 
1.7. Since by.;—Gn41 < k(b,—y), therefore 
bya—Gy < k™(bp—ay) > 0, O<k <1. 
But for any p, (Gn1y)5n,y) is contained in (a,,6,), therefore 
0 < Onyyp—n < b,—Ay > 0, 
and similarly 6, ,,—6, —> 0 so that both a, and 6, are convergent. Ifa, —>1 
then b,—1 = (b,—a@,)+(a,—1) — 0 so that b, also tends to 1. 
1.71. G41—b2i1 = 2(G_+6n)?—G_b, = 7(a,—56,)? > 0 so that a, > b, 


for all n. 
Ony1—Fn = F(6n—Gn) < 0 


therefore a, decreases, and 
bay bn = Nb n(Gn—Fn)/(Nant+Vbn) > 0 
so that 6, increases, and therefore (6,,;,@,,;) is contained in (6,,a@,) for 


all n. 
Furthermore, 


; Gy— Gays = (an—by)— (Onyr— Baga) t+ (On—On41) 
and Q,—Gy41 = $(@_,—b,) 80 that $(a,—bp)—(Ap41—Oni1) = Ogyi— by > 0, 
i.e. Gay1—5ny1 < $(4n—by), whence the result follows by 1.7. 


1.72. All a, > 0. If aJ—a, =k then a, = a, for all n, and so a, is 
equal to the positive root of z2—a2 = k. If a—a, < k (s0 that ay is less 
than the positive root of x?—x = k), choose by greater than the positive root 
of 22-2 = kso that bj—b, > k, and define 6, by 6,4; = +4/(b, +h). Since 
G34. = 4,+k therefore a},,,—G441 = Gn41—An3 but 


ai—az = —(a?—a,—k) > 0 
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and 80 @,,; > @, for all n. Similarly b,,, < 6, for alln. But b, > ay and - 
bi41—G,s1 = b,—a,, so that b, > a, for all n, and 
Bnt1—Fngr = (bp —4n)/(Onyr+Gng1) < (by—@n)/20,, 2a, > 2ay > 1, 

so that a, and 6, tend to the same limit J (say) by 1.7. Since a2,, = a,+k 
and a3,,>0, a,+k—>I1-+k therefore 2—l—k = O0andi > 0. If aj—a, > k 
then the roles of a, and b,, are interchanged. 

1.73. All a, are positive. If a3-+a) = k then a, = dy for all n. 

If aj+a,) < k then 


@,— Gy = {kf(1+ay)}—a9 = —(a}+ag—k)/(1+a)) > 0 andso a, > ay. 
Gaya = k/(1+Gn4,) = k(1+a,)/(1+k+a,) and so 
Gangi— an = {h(1+aen_y)/(1-k+Gon_1)}—{k(1+Aan_o)/(1 +h+Qn_2)} 
= (Aan —Gan_2)/(1+h+Gan_2)(1+h+a9n_1), 
thus @gn,1—@_, has the same sign as ay, _;—Qen,_. and is therefore positive 
since @,—d) > 0. Al80 dan,;—Gen < {k/(1 +k)}(don_1— ana): 


Furthermore, 
G@,—A = —(aj-+a,—k)/(1+k+a,) > 0, 


A,—, = k(ap-+ay—k)/{(1+-a9)*(1+%)+(1+a,)k} < 0, 
~~ Fanp2— Fan = bon —an_)/(L-+k+Ggn)(1+h+Gon_g)s 
Fn43— Feng = b*(Gany1—Gen-1)/(1 th+ Gans (1 +h+Gen_1); 
so that for all n, Gangs > Gans Canis < Gan 41, Whence 
Fan < Genie < Ganis < Genir 
1.0. (Gansas Gn,3) is contained in (Gan, 4gn,1) for all n. 
1.74. (@—2y41)(A+%q4.) = ((@—%,)/(a+2,)} 
== {(a—29)/(a+-a)}2"** —> 0. 
Similarly = (Yni1—4)/(Yny +a) = {(Yo—@)/(Yo+a)}2"" —> 0. 
1.75. 2, > 2, is uniquely determined when 2p, x, are given. If Uy = ty 
and %, = U, satisfy xy, = 3(%,+%9,,) then so does x, = at,-+bu, for 


any constants a, b. For n > 2, the equation is satisfied by x, = a" if 
of = Ha+1), ie. ifaw = 1 ora = —} and 20 it is satisfied by 


Gy, = a+b(—}4)". 
Choose a, b so that x, = a+b(—4)" also for n = 0, 1; we find 
@ = (%-+22,)/3, b = 2(x)—2,)/3. 

Hence a, —> (1+ 2m,)/3. 

1.76. Since [ba.e—Ons1|/lbny1—On| < & < 1, therefore > (bny1—6,) is 
absolutely convergent, and ao'S (0, 41—5,) = 6,—b, is convergent. 

Hence, since (Cny2—Cnii)/(Cn jenn = q/p > 0, therefore | 

lensa—Cnsal/lenga—Cn] = a/p < 1 | 

so that c, converges; let A be the limit of c,. 
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From peni2— Geng, = Png en it follows that 


PCy a— Tonys = PlCy— Fo 


and so Pl,— ey = lim(Ply,2— Gongs) = (p—g)A. 
1.77. Let y, y* correspond to x, x* then 
oa* one - *— 2 - 
yt—y = +B a%+B _ (oy—B)a*—2) (i) 


at+y sty («t+y\(z*+y)" 
The values of x for which y = x satisfy 
x—(a—y)e—B = 0 
and so \ and p are self-corresponding; taking y* = A and y* = p in turn 


in (i) we find y-A_yte 2a 


y—h ytA ep 
Hence since an41 = (Pa_+9")/(an+p) and the roots of the equation 
a—(p—p)xe—g? = 0 
Gni—Y__ P—~I In—4 
GnyitQd Ptqd ant 4G 


are x = +q, therefore 


Gn—Q _ (2 -4)’ a—4 
ti Qntq \ptq/ at+q 
If p/q > 0 then : 
—= —_ 1{|% — 
Es area a Saal st 
and 80 @, > +4. 
If p/q < 0 then 
n 
ee — ees +0, since at! <1, 
p—q plq—1 1—p/q 


and so ad, > —q. 

If p= 0, then @y,, = Q?/4_, and 80 Oni = A, whence den = a, 
Gan, = 4 = 97/d); therefore a, converges only if a2? = g?, and if ay = q 
then a, = q for all n, and if ag = —q then a, = —q for all n. 


1.8. Let |p|-+{g| = 7 and let p, = max(|ao|, |a|,-...|@,|). Then 


[@nail < Hn 

Ifr > 1, then pays = Max({ns |Gnys|) < ™n and so |@n| < pn < 7" @o| and 
therefore Sa,x" converges for [z|<1/R, R>r. If r<}l, then 
|Gns1| < Pn < fo and > a,x" converges for jz| < 1/R, R> 1. In the 
interval of convergence, if s(x) is the limit, then 

(1--px+qu)a(x) = Lanx*+p Ya,e™4+g Za,ant 

= Ag+ (a,+pao)t+ FY (Anya t+ POngr + qan)err? = yt (41+ pay). 

1.9. If f(x) is increasing, for any x and > x we have S(n) > f(z), whence 
L > f(a). Hence 0 < I—f(n) < Ifk,n > vy. But 1/g(n) < 1/N for n > ny 
and so g(n) > vz for n > Ny, whence 0 < I—f{g(n)} < 1/k, n > ny, ie. 
fig(n)} > 1. Similarly, if f(x) is decreasing. 
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The example of a function ¢(x) such that ¢(x) = 0 if x is a whole number, 
G(x) = lif 2n <2 < In+4+1, and d(x) = —lif mtl<a2< 2n+2, with 
g(r) = n+, illustrates the necessity for the condition ‘f(x) is increasing 
(or decreasing)’ for. d(n) = 0 and so p(n) > 0, but d{g(2n)} = 1 and 
${9(2n-+1)} = —1 80 that ¢{9(n)} is not convergent. 


II 
2. Let > 0, X > 0, X—a = 0(2k+1); if x < 1/10?*+2 < 1/10%* then 
X < 2/1071 < 1/10% and so Vz < 1/10#, VX < 1/10", whence 
|WX—Wee] < 1/108; 
if « > 1/107*+4 then 
|VX—Wae] = |(X—x)/(WX+Ve)| < |(X—m)/ve] < 10k/1ow#H — 1/10, 


2.1. Ifg > p®, then a+ 2pa+q = (x+p)?+(q—p?) > 0. 


2.2. a,x" is continuous for any r and the sum of any number of con- 
tinuous functions is continuous. 


2.3. x = 0 gives ay = by; then 
(A, +a,e+...+0,2%-1) = (by +b,¢+...4+b, 0-1) 
for all x near x = 0. Hence provided z + 0 
BF AgE+ 1+ One" — by 4+b.0+...45,, 09-1, 

This equation holds for all values of x near x — 0 except perhaps 7 = 0 
and so, since its members are continuous, it holds also for x = 0, whence 
@, = 6, and 80 on, and therefore Aq +O E+ A_ x” = by+b, 2+.,.+b, 20% 
for all values of zx. 


2.4. Divide (a,b) into a finite number of intervals tye k= 1, 2.5 145 
such that |f(X)—f(«)| < 48 for any z, X in the same interval ty. Let c, 
be the mid-point of ¢,; then either F(c,) > 8 or g(c,) > 8. If the former 
then f(x) > 45 for all x in <,, and if the latter then g(x) > 48 for all x in 4,. 


2.5. For any positive A, and any a, B in [a, 6], {Ag(x)-+9(B)}/(A-+1) lies 
between g(«) and 9(8) and therefore, since 9(x) is continuous, is a value of 
g(x) for an x between « and B and so different from zero. Suppose that 
g(x) > 0; take A = |g9(B)|/g(x), then HB) ~ —|g9(B)| and so by 1.01, 
g(8) > 0. Similarly, if g(x) < 0 then g9(B) < 0. 


2.6. Let « be any endless decimal in (a,b), so that a < x < b; but for 

any 7”, (2),—1/10" < @ < (%),+1/10" and so 
(%),— 1/10" < 6, (%),+1/10" > a. 

If a < (a), <b for any n then f{(z),} =A, and since by continuity 
F{(%)n} —> f(x) therefore f(x) = A. If (x)_ > b for some n, then (x), > 6 for 
all greater values of n, and (%),— 1/10" (which is less than 6) is greater than 
@ for an n such that 1/10" < (6—a), and so f{(x),—1/10"} = A; but 
F{(a)n—1/10"} > f(x) and so again f(z) =2. Similarly, if (x), <a, 
A = f{(@)n+1/10} > f(e), ive. fle) = 2. 

If f(x) = g(x) then f(«)—g(x) = 0, which being true for terminating 
decimals is true for all decimals, J(%)—g{x) being continuous. 
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2.7. We have @y,;—G, = —(aZ-+a,—k)/(1+a,); if aj+ay—k < 0 then 
Ganss > Bans Gani: > Ganyg (see 1.73) 


and 80 a2, +d9,—4 is negative, a3,,:-+¢en,—< is positive, whence it follows 
since x?--a—k is continuous that a root of 2?+a—k lies between ag, and 
Gans1, etc. 

2.8. We have ||f(X)|—|f(x)|| < |f(X)—f(&)| < 1/10* for any x, X in 
same sub-interval (a, ak,,], so that |f(x)| is semi-continuous. 


Furthermore, for any x in (a,6] we can find r so that af < x < af,,; 
hence 


If@)—F(@)| = Ulchesd Soh +Ste-Feo 


< > * flak sx) —flak)| 41/108 = = K, say. 


Thus f(x) lise between f(a)—K and Hay+K, where K is a constant. 

2.81. We can find r, s such that ak < c < ak,, and ak < d < af,, and 
therefore c, ak,,, a,4,..., af, d is a k-chain of f(x) in (c,d). 

2.82. If f(x) is continuous in (a,b) we can find af, r = 0, 1,..., vy, such 
that f(X)~f(a) = 0(k) for any x, X in same closed sub-interval (af, af.) 
and therefore, a fortiori, for any x, X in the same half-open sub-interval 
(ak, af,1). 

2.88. Let ak, r = 0, 1,...5 4g and bE, r = 0, 1, 2,..., 4, be k-chains of the 
functions f(x) and g(x) respectively. Then if ck, r = 0, 1,..., A, consists of 
all the points ak, bE, it follows that ck, r = 0, 1,..., A; is a k-chain for both 
(a) and g(x). Hanos if X, x both lie in (c¥, cf ,4], then 

(F(X) +9(X)}— EF (2) +9(@)} = (f(X)—F(@)}+ {(X)—9(@)} 

= 0(k)+0(k) = O(k—1), 
and so f(x)-+9(x) is semi-continuous; similarly 
\f(X)g(X)—f(x)g9(2)| 
= |f(XMg(X)—g(x)}+9(@){f(X)—F(x)}| < M(0(k) + 0(k)) = MO(k—1), 
where M is a bound of |f(x)| and |g(x)| in (a,6], so that f(x)g(x) is semi- 
continuous. 


IT 
201 Tat = NE a 
so that a = “. yti= aot!) 
wa ts ify = pv = 
isa i= ~ ava aol aya - ene 


3.1. Since i = 0, p(x) is divisible by x—a; let p(x) = (x—a)g(x) then 
p(x) = (w—a)q’(x)+9(x). But p’(a) = 0 and so g(a) = 0, whence q(x) is 
divisible by x—a. 
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3.2. Ife > 1, : 
Figlx)} = f((2e—1)/2x) = 1/2[1—{1—1/2z}] = 2; 
if—-l<a2<l, F{o(x)} = f(hx) = 24x) = 2; 
ifx < —l, 


F{g(@)} = f(—[2e+41]/2x) = —1/2[1—(2a-+1)/2a] = x. 
On the other hand, if} < # < 1 theng{f(x)} = wif—k<a< bof{f(x)} = 2; 
if «> 1, g{f(x)} = 90) = 0 Aa; if ~-l1 <2 < —}, g{f(x)} =x and if 
x < —1, g{f(x)} = 0 4 x. Observe that g(x) is monotonic increasing but its 
values are confined to the interval [—1, +1], and so SF {g(x)} = a for all x 
implies g{f(x)} = x only for x in [—1, +1]. 

3.3. If p, g, r, 8 are differentiable functions of x then the derivative of 
PQ) ss te —o’pne'—on |?’ UV ||P @ 
r el is p's—q'r-+ps’—gr’ = es + rg Il" 
for a determinant of the nth order, then if Pys Paysves Py 1 are the co-factors 
Of 21, Pos-> Poy, in a determinant An, of the (n+1)th order, so that 
Any = PP +p, Pet. +Pns1 Pays, it follows that 

Any = PLP, AD Pet + Prga Pgs t+ Pi Pits Ppt + Pay Pagas 
whence since P,, P,..., P,,,; are determinants of the nth order, we deduce 
the theorem for determinants of the (n-+-1)th order. 


Assuming the theorem 


3.4. Observe that u; = ru,_,, r = 0, 1, 2, 3, 4 and so the derivative of 
Us Ug— BUy Uy Ug+ 2u3 is BU Ug— 3u3 U.— 6uly U2 ++ uF uy = 0, etc. 


3.5. Since f(x) is differentiable g(x) = f’(a)+0(r+1) for any x such that 
0 < w—a < 1/10", k depending on r, and so g(X)—g(x) = O(r) for any x, X 
in (a,a+1/10"), Furthermore, f(x) being differentiable, is continuous in 
(a, 6), and in (a+ 1/10*,6), <—a > 1/10*, and therefore {f(x)—f(a)} | (~—a@) 
is continuous in (a+1/10*,b). Hence we can determine depending on r 
so that g(X)—g(z) = O(r), for any x, X in (a+1/10*,b) satisfying 
|X—a| < 1/10’. Accordingly, 9(X)—g(x) = 0(r) for any (x, X) in (a, 6) such 
that |X—2| < 1/10*+, 

3.6. If A(x) = g{A(a)} then (x) is continuous; but g(a) has a continuous 
inverse g~(y), y lying in {g(a),9(b)}, and so Xx) = g-X¢(x)} which is 
continuous in (a,b). 

3.7. (1+-2-+22)-1 = (1—z)(1—23)-1 = (1—a)(1+a5+ 26+ ...), ete. 

3.8. If X and x are both not greater than unity then 

{P(X)— F(a) (X—z) = X+a = 2w+(X—z). 
If X and & are both not less than unity then 
{P(X)—F(«)}/(X—ax) = 4—22—(X—z); 
if X >1> 2, lt X—-l=a>0, 1—xz = B > 0, then 
(P(X) — F(a)}/(X—2) = (4X—X?—2—2%)/(X—2) 
= —{o? +B?—2(a+B)}/(a+f) = 2—(a+B)+20B8/(a+B). 
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Hence 
| (F(X) —F(2)}/(X—2)— 22 
= |2B—(a+B)+20B/(a+f)| < 2(a+B) = °X—a) 
and similarly if X <1 <2xandz—l=a>0,1—X =f > 0 then 
| {F(X)—F(x)}(X—2)—(4—22)| 
= |2a—(a+f)+208/(2+f)| < 2(a+B) = 2(¢—X). 


Thus if f(z) = 22 when x < 1 and g(x) = 4--2x when x > I, we have, 
for any pair x, X 


[{F(X)— F(x)}/(X —x)—4(x)| < 2|X—aI, 
whence F(z) is differentiable in any interval, with derivative ¢(z). 

3.81. f(x) is continuous for z < 1, since x is continuous, and f(x) is 
continuous for x > 1, since 2—2 is continuous. If# < land X > 1, then 
S(X)—f(x) = 2-X—2z = (l—2)—(X—1) = 0(p—1) 
if l—xz = O(p) and X—1 = O(p). Thus f(x) is continuous in any interval. 


But 
f(X)—fl) _ (2—X)-1 f(e)—f() 
Ae ge Oe ee 
fle)—f) f(X)—F0) 
Andee ee ee 


however close X, x may be. Accordingly f(x) is not differentiable in an 
interval which contains the point 2 = 1 in its mterior. (Note that f(z) is 
differentiable in an interval (a,b) ifa <6 <lorl<a<8, since x and 
2—z2 are differentiable in any interval.) 


3.9. The function F{f(x)} is differentiable in {F(A), F(B)} with deriva- 
tive F{f(a)}f'(x) = 1, and so F{f(x)}—2 is constant; when 2 = 0, 
F{f(«)}—« = 0, and therefore F{f(x)} = a for all x in {F(A), F(B)}. 

Furthermore, since F’(x) > 0 in (A, B) therefore F(A) < F(x) < F(B) 
in (A,B), whence F{f(F(x))} = F(z) in (A,B); since F(a) is monotonic 
increasing it follows that f{#(x)} = x for all x in (A, B), which completes 
the proof. 


3.91. By periodicity, 
f(X+a)—fle+a) _ f(X)—f@) 
(X+a)—(@+a) ” X-—a@ 
and so f’(e+a) = f’(x)+0(p) for any p, whence result follows. 


IV 
1 
4.1. (a) y =logz/logy, therefore ylogy = logx and eVilog y+1)= 2 
whence au = l/a(1+logy). 
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= ad 2) = y 
(0) ylogx = zlogy, therefore dz alae = logy—". 


whence dy = (yz log y—y*)/(ay log x—z?), 
(c) e = logaz/(logz+logy), (log x+log y)e” = logx, and so 
d: 
“ = ye" — 1)/x{1 +-y(log #+ log y)}. 


4.2. If for some a, f(a) = 0 then f(x) = f(x—a) f(a) = 0 for all x. Thus 
either f(x) = 0 for all values of x or |f(z)| > 0 for all x; in the latter case, 
differentiating f(2-+-y)—f(x) f(y) first with respect to x and then with | 
respect to y, we have f’(a+y) = f(a) f(y) and f “(x+y) = f(x)f’(y), whence 
FoF) = F(YIfy) = f(0)f(0) = k (say) and so D,(logf(x)—kzx) = 0, and 
therefore log f(x)—ka = log f(0); but taking x = y = 0 inf(a+y) = f(x)f(y) 
we have f(0) = f(0)?, whence since |f(0)| > 0,f(0) = 1, and so logf(a) = ka, 
ie. f(x) = ek, Similarly yg’(xy) = g'(x), xg’(xy) = g'(y), whence 
. g(t) = yg'(y) = 9'(1) =k, say, 
and so g(%)—kloga = g(1); but 91) = g(1)+9(1), so that 9(1) = 0, whence 
g(x) = klogz. 

4.3, n® = n(n—1)(n—2)+38n(n—1)+7n and so 


Sint = F 1/nt+3 ¥ 1m!t+> 1/n! = be; 
similarly ane zis XUnt+z 


nk = a, n+-a_n(n—1)+a,n(n—1)(n—2)+ + $a, n(n—1)...(n—k+1), 
where a, = 1 and, for any r,1 <r < kh, a, is the remainder when 
nk-l— a, —a,(n—1)—...~a,_,(n—1)(n— 2)...(n—r-+ 2) 
is divided by (n—1)(n—2)...(n—r), 80 that each a, is an integer. 


4.4. f’(2) = —e-*a"/n! < 0, g(x) = e*a"(m—ax)/(n—m-+1)(n!) > 0, 
and so f(x) decreases and g(2) increases; but f(0) = g(0) = 1, and so 
g(z) > 1 > f(x) and in particular e™g(m) > e™ > e™f(m). Furthermore e™ 


n 
differs from > m’/r! by less than 
0 


mH i(n—m--1)(n!) << m™1/(n!) < mnt1/1Qn—4 
which is less than 1/10?+1 if (10/m)"+1 > 10?+6, ie, if 
n+1 > (p+6)/(1—log,,m). 


4.5. log(1-+1/n)/(1/n) = log(1+-1/n)"->log,e = 1. If ¢(n) = 1/n(logn)t 
then 4(n) steadily decreases and > 2°4(2") = (F 1/n*)/(log 2)". 


4.51. Since Dlog(1+2) = fae therefore set +t)—leg) = 14 0(p) when 
t = 0(q); therefore met tt) > 1, ie. (1+8,)¥%—> e. Similarly, 
n 


log(1—2)/t = —1+0(p), ete. 
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4.511. Write a+b/n = s,, 8,/n —> 0, then (1+-a/n+b/n2)" = (1-+8,/n)"; 
let e, = ( 1+8,/n)"/*, then e, — e and so 8, loge, —> a, whence ef" —> e*. 


4.52. log(1+-u,)/u, = log(1+-u,)4 —> 1 since u, —> 0, ete. 
4.521. If « = 0, 2&™ = 0, if a > 0, 2m — emloex, Kor x > l/e#, loge is 


continuous and so e™l0&2 is continuous and we can choose pz so that 
[| X™—2™| < 2/km for x > e~*, X > e*, |X—a| < py. For 0 < a < e+, 
am < Lem ae and so |X"—a™| < 2/km,0 <<“ < X <e-*,. Hence 
ife>0, X > 0, |X™—a2™| < Bkm, |X—a| < min(yyz,e-*) and so 2” is 
pontiatous, 
4.53. mlm psa < (1-+M/m*\{1-+M/(m-+1))....1+M/(m+p)}, 
and so logam/@mipi1 < p> log(1+M/r!); write u, = M/ri+4, then > u, 
tm 
converges and so > log(1+-u,) converges, to s (say). Then @m/Omi941 < es 
whence @y45,, > G,e—* for any p and so a, does not tend to zero. 
4.6. If B > 0, Gn/any, = 14-(8+6,/m)/n > 14+48/m, since B+6,/n —> B, 
and >’ a, is convergent by Example 1.31. IfB < 0, 
G@n/Onyy <1 +6,/n¥A < 14+M/n3+, 
and so a,, does not tend to zero. 
4.7, The cases B > 1, B < 1 have been considered in 1.63; there remains 
the case B = 1. We have 
(nlog n)aq/an41—(n+ Ilog(n+1) = (1+1/n)nlogn— (n+ Ilog(n+1)+ 
+ (A, logn)/n* = —(n+1)log(1+ 1/n)+ (0, log n)/n; 
since |6,| < M and (logn)/n4 —> Otherefore (6,,logn)/n*—> 0, also 
log(1+1/n)—0 
and nlog(1+-1/n) = log(1+1/n)" — loge = 1, hence 
nlog 0(ay/an,1)—(n+ llog(n+1) > —1, 
and so, for n > m, nlogn(ay/an41) < (n+1)log(n+1), whence 
Ap/Ony1 < (1/nlogn)/{1/(n-+ 1)log(n-+1)} 
and the divergence of > a, follows from that of > 1/nlogn. 
m m\_ 2 
4.8. We have (Mr ) = —{14(m+1)/r+98,/r}, 
where 6, = m(m+1)/((1—m/r) > m(m+1); 
thus for sufficiently great values of r the coefficients are alternately positive 
and negative. Hence when x = 1 the series alternates, and by 4.6 we have 
convergence for m+ 1 > 0 and divergence form-+1 < 0, and when « = —1 
the series is (ultimately) positive, and by 4.7 we have convergence for 
m+1 >. 1, i.e. m > 0, and divergence for m < 0. 
When m > —1, > () ar converges for « = 1 and so by Theorem 2.6, 
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> ("") ar is continuous in (0, 1) and (1+) is also continuous in (0,1). But 


for any m, > ("")ar = (142) in (0, 1]; let z, = n/(n-+1), then 


>, (") = > (‘r) tim, = lim > ("")as = lim(1+2,)" 
| = (1+lime,)" = (14+1)" = 2", 
When m > 0, > (ar converges for x = —1 and so Ss (”) ar ia con- 


tinuous in (—1,0). By 4.521, (1+2)™ is continuous in (—1,0), whence as 


above > (™)(—ay =(1-1)" = 0. 


4.81. Ify > 0, ev > 1+, whence y—log(1+y) > 0 and so 
Dzxlog(1—1/x) = log{(a— 1)/a}-++1/(w@—1) = 1/(e—1)—log{1-++1/(~—1)} > 0. 
4.82. If 6, = nlog(1+1/n) then a, = by,,—b, and so 


ya, = baii—b, —> log e—log § = 1—log 3. 
1 


4.9. D(l—z)e* = —axe* < 0 when « > 0, and D(1+2)e-* = —mxet < 0, 
hence for «7 >0 (1—wz)e*<e®=1 and (1+ax)e* <e9=1, and so 
1-2 < e* < 1/(1+2). Then write a? for x. » 


4.91. 2sh4nesh }(n+1)2/sh 4a 
= (e8M® ¢-hne)foh(n+1)2__ g-4(nt1)2} (eke ete) 
= {elma et + e—ne_ ]}/(e*—1) 
= e%(en® — 1)/(e*— 1) —e-*(e-™* — 1) /(e~*@ — 1) 


n n n 
= Det— Yet = 2>shrz, ete. 
T T T 


Vv 
5.01. Ifa > 0, Diz|? = Da’ = 3z%, and if x < 0, 
- Dix[> = D(—a) = — 322, 
If X, —x are positive and negative respectively then 


[XP—|—2/? _ X3_— 23 _ goa 
X—(—z) X+a = ee ~X+2’ 
hence if X = O(k), « = O(k) then X?—z2X+2? = 0(2k—1) and 
208 2x8 
ee SO 
<ig Soe 2a’ 0(2k—1) 
|[X*—|—=|* 


so that Xo(aay = 12k—2). 
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Hence if d(x) = 32%, a > 0, and d(x) = —32%, x < 0, and (0) = 0, then 
(x) = 0(2k—1) when x = 0(k), and g(x) is the derivative of |x|? in any 
interval. (Note that (x) is continuous.) 

Diz] = De = 1 if « > 0, Di|z| = D(—x) = —1 if « < 0; if A(z) = 1, 
x > 0, and. ¢(z) = —1, 2 < 0, then ¢(z) is not continuous, and so |{s| has 
no derivative, in an interval containing the origin. 

Dilog(i+-x)| = Dlog(1+2) = 1/(1+ 2) if z > 0 and 

i 
l+a 
if « < 0; but no derivative in an interval containing the origin since 
1/(1+0) = 1, —1/(1+0) = — 

D|sin z] = Dsinz = cosz, sinz > 0, and D|sinz| = D(—sinx) = —cosa, . 
sin z < 0; no derivative in an interval containing the origin since cos 0 = 1, 
—cos0 = —1. 

Del*l = De® = el*l, x > 0 and Del*! = De-* = —e-* = —el*l if x > 0. 
No derivative in an interval containing the origin since e® = 1, —e® = —1. 

Notice that although for example |z| = 2 when x = 0 it does not follow 


that D\z| = 1 when z = Q, for Bit [Oo] 


Djlog(1+2)| = D{—log(1+a2)} = ———— 


= +1 according as X is positive 


‘or negative and so there can be no Acai $(x) such that 


zie |— = 
LEY $00) = 018) 


for all X near 0. 

5.1. sin3e = sin(x-++ 22), ete., and 3cos 3x” = D, sin 32. 

5.11. 0 <sinja < sinjv=1 and 1 = sin*}7-+cos*47 = 2sin*47 
since cos da = sin(477—477) = sin fr. 
2sin $7 cos w= = sin $7 = cos(4a—47) = cos}z; but as cosa > 0 therefore 

2sinj7 = 1. 
2sin jy7 cos ty = sinja = 4 and sin?j,77-++-cos*;;7 = 1, whence 
(sin }y7 + cos Zy7r)? = $, (sin fy7—coszg77)? = 4; 
but tani; < tanj7 = 1 so that cos;j7—sin3z47 > 0, whence 
sin j7r-+cos~y7 = V3, cos 7—sin ya = V4, ete. 


5.12. Use sin(n+ 4)x—sin(n—}4)a = 2cosnasin fa 


and cos(n—4)z—cos(n+4)a = 2sin nxsin 32. 


5.2. If the formulae are true for n = p then 


sin(p+1)z = sinpxcosz-+cosprsinx 
= {14 (7) \eosta sin a— (8) +(F) }eose-txsinta-+.. 


= (? H costa sin 2— (? . "eos sin®z +~... 
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and 


cos(p+1)x = cos pxcosz—sin pxsina 


= cos?tly— {( ) + (2) Joost sin’z+- (2) + (2) _— sin‘z—... 


= cos?tly— (- 2 "eos? sin?a+ ei *\eos?-tx sin4x—... 


whence the result follows by induction. 
Observe that both cosna and sin(n+ 1)z/sinz contain only even powers 
of sin x. 


5.201. C,(cos8@) = 1 = cos0, C,(cos 6) = cos6; if for n = 1, 2, 3,..., ky 
C,,(cos 8) = cosné, then 
Ch41(cos 8) = 2cos 8C;,(cos 8) —C;_, (cos 0) 
= 2cos@cosk0—cos(k—1)9 = cos(k+1)0. 
Hence C,(cos @) = cosné for all values of n. Similarly 


S,(cos 6) = sin(n+1)0/sin 8 
for all n. 


5.202. If D,(x) = S,(«)—C,(x) then D,,.(2) = 2Dry11(*%)— D,(x); further- 
more, #S,,(%) = 2a.28,(x)—aS,_,(x). Now D,(x) = S;(x)—O,(x) = @S_(x) 
and D,(x) = 8,(%)—C,(x) = 2a = a8,(x), and if D,(x) = tSy_1(%) and 
Dryyi(u) = %S,(x2) then Dy, (2) = S,,1(x), so that, by induction, 


D, (2) = 2Sy_4() 


for all n. Accordingly C,(x) = S,(x)—2S,_,(x) = XSy_1(2)—S,_.(2) and 
therefore 2x"C,(a) = x™+1S,_1(v)—2x"S, (x), whence by addition, since 
n 


xC,(x) = x28,(x), 2 20, (x) = amtt§,_ (x). Taking 2 = cos6, we find 
$ cos"§cosn@ = cos"@sin nO cot 0. 
1 


5.21. Since cosna = cos (a+), r = 0, 1, 2,..., (n—1), therefore the 


equation cosnx = cosva has the solutions z = ape =a, (say), r = 0, 
1,..., (n—1), i.e. the equation C,(cosz) = cosna has these solutions, whence 
the solutions of C,(y) = cosna are y = cos(a +”) = cosa,, r = 0, 1,..., 
n—1, and so 
C,(y)—cosna = A(y—cos «)(y—cos «,)(y—cos Og).+-(Y— COB on_1) 
or 
Gos N&— cos na 
= A(cos 7— cos «)(cos x— cos a)(cos 2— C08 a,)...(CO8 ¥— COS Xp_1)- 


To determine the constant A we equate the coefficients of cos"x on 
both sides; if A, is the coefficient of x” in the polynomial of the nth degree 


+ as 


https://t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 
SOLUTIONS TO EXAMPLES F 389 


C,(x) then A; = 1 and, from 5.201, Any: = 2Aq,;, Whence A, = 2"-1 and so 
A = 27-1, ; 

Since C,(y)—cosna = 2°—(y—cosa)(y—cosa,)...(y—CO8%,__,) for all 
values of y in (—1,1), by 2.3 the two polynomials are equal for all values 
of y. 


Let y= s(« w- 2 then C,(y) = s(2+ *), if C,(y) = s(="+2 Ay n= 1,2, 
3,..., k, then 
Crsily) == 2y0;,(y)—Cy_s(y) 
~ 3("+5) (45 ) —3(2 tora) = a+) 7 


whence C,,(y) = 3(an-+5) for alln. Accordingly 
alot 55) 
2 ah Ps —cosna 


= ana? (2+ *) cosa} {3(2+4)—cosa}...{3(«-++)—cosay s}, 


2" — 24" cosna-b1 
= (a?— 2x cos a+ 1)(2?— 2x cos a, + 1)(x?— 2x cos w,-+ 1)... 
(a? — 2a C08 &y_y+1). 
Writing « = 27/n, so that a, = 2(r+1)m/n and na = 27, we obtain 


(a™— 1)? = (x— 1)1( 222 008 + 1)(2*—20 0087 4 1)... 


i.e. 


(2?—20 008 2(n— 124 1) 


2 
but cos AXn—r)= = cos—" and so 
n n 


—l=(«# 1)(22— 22 cos 4 1)...(2*—20 cos i) 
ifn = 2m+1 and ; 
—1 = (#—1)(#+ (2222 cos 4 1)...(2¢— 2x cos 2(m— z+ 1) 
ifn = 2m. Taking « = z/n we obtain similar expressions for x"+ 1. 
5.22. If |a| < 1, let « = cos6, then 
D,cosn@ = Dgcosn6/D,cos8 = nsinnO/sin 6 
D,f{a"C,(2)} = nz" cosnO+2°n sin nO/sin 6 
= nx"-1(cos n@ sin 8+ sin 8 cos @)/sin 8 
= na™1sin(n+1)0/sin? = na®™—18,(z). 


Since the polynomials D,{x"C,(x)} and nx"—18,(x) are equal for all # in 
(—1, 1), they are equal everywhere. 


and so 
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5.3. Since . ; 
sintz = (sin’x)? = }(1—cos 2x)? = }{1—2cos 22+ 3(1+ cos 4x)} 
= §—}cos 27+} cos 4a 


and cos2a lies between 1—2x?+ 224/83 and 1—2x?+ 2a4/8—426/45 and 
cos 4a lies between 1—8x?+ 3224/3 and 1—82*4 3224/3—2562°/45, there- 
fore sin‘z lies between 


$—(4—a + w4/3) + (4-2? + 408/38 — 3209/45) = at — 3209/45 
and $—(4—27 4-4/3 — 2078/45) + (4-2? + 404/38) = xt 209/45. 


: x Eid 
5.301. Since 1 > cos= > 1—Fe therefore 


by Example 4.511. 
5.31. (sin a/x)? > (1—a?/6)? = 1—2?/3+ 44/36, ifa®< 6. - 
cosx < 1—wx?/2+-a4/24. 
If 0 < |x| < 4m then a? < 12 and so x > x*/12 whence 
| a%(4—2) > (at/12)(4—4) 
and therefore 1—22/3+-24/36 > 1—2?/2+-x4/24. 
5.32. I/n > sin1/n > 1/n—1/6n’ and so n < 1/sin(I/n) < 6n3/(6n?—1), 
whence 0 < {1/sin(1/n)}—n < n/(6n?—1) —> 0. 


5.33. (i) If f(x) = sinx—wzcosx then f(0)=0, f(x) = asinz>0 in 
[0, $27) so that f(x) increases from zero ; 

(ii) if f(a) = et*cosa then f(0) = 1 and f’(x) = e#*(xcosx—sinz) < 0, 
whence f(z)< 1,0<a < $7. 

5.34. D{(1—cos?)/t} = (¢sint-+cost—1)/t, and 

D(ésint-++cost—1) = tcost > 0, 0<t< 4a, 

and so (1—cost)/é steadily increases as ¢ increases between 0 and 41; 
writing ¢ = a/n, it follows that n(1—cosz/n) steadily decreases as n in- 


creases (n >> 22/7). Hence since lim n(1—cos 4 < lim = == 0, therefore 
> (—))"n(1—cos2/n) converges. 
5.4. Take « = 0, then f(0)+/(y) = f(y), ie. f(0) = 0. Also 
f(a) = f{a@+y/U—ayj}l+y)/(l—azy, ay £1, 
whence f (0) = f’(y)(1+y?), ie. D{f(x)—f *(O)tan1z} = 0 and so 
f(x)—f"(0)tan-1z = 0. 
5.6. Since cos(n-+2)8+cosn# = 2cos@cos(n+1)0, therefore by Example 


LS, 1—rcos@ 


1+1r cos 0-7? cos 20+... = 1—2rcos6-+-r? 
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and since sin(n+2)@-+sinn@ = 2cos@sin(n+1)6, by Example 1.8, 
rsin® 

1—2rcos@+r?’ 

both series being ad convergent for |r| < 1. 


rain §-+r?sin 20+... = 


COS NX cosnz. 


5.7. Since 


is 


<7 + and >a — is convergent, harsite > 
absolutely Cane: If |X—2| < 1/N* then 


> Bue Oe >= 


$1, —, (cos nz—cosnX)+ = cos nx ay hi 


1 N+1 N+1 
S.)2 .  (X—2). Ete) 1 
5 —2z x 
< > 7asinn —z— sinn +2 > a 
1 ‘ N+1 
N 
x— 1 1 
= Da sian! +2 > n—1 n 


Ix-2) 2 ieee 
< oA cm alta < NP 
1 : 


so that > a is continuous in any interval. 


VI 
6. Differentiating with respect to a the identity 
' 2a 1 
2—a «z—a «+a’ 
\2 4a? 1 1 


wenad zat Gar — (@—ay eta)’ 


. whence, taking a = 1, 
4 1 1 1 1 
(tt = TIP tat i~2—1t@—1)" 
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Vil 


3, 
7.01. If 2y = o(1+%) then oy =0,2 40. 


7.02. Since f’g’ = 1 therefore f’g?+f2g’ = 0, and so 
i = fg +3fty +3f + 0° = SatoY, 
whence dividing by h the result follows. 
7.1. Differentiate the relation y(1-+2?) = 2 three times in succession. 
7.11. Denote the derivative of y by y’; then we have 
ky’ = (l+y’)eos(z+y), ky” = —(1+y’)sin(v+-y)+y" cos(z-+-y) 
whence ky"(l+y’) = —ky(1+y’)8+ky’y”, ete. 
When x = 0, siny = ky; since for 0 < y < 37, 1> siny/y > 2/2, there- 
fore siny—ky = 0 has no solution, except y = 0, when k > lork < 2/ar 
and so the condition k > 1 ensures that y = 0 when x — 0. By Theorem 
7.4 the coefficients of x, x?/2!, x3/3!, w4/4! in the expansion of y are the 
values of dy/dx, d*y/dx*, d®y/dx’, d4y/dx* when « = 0. 
7.2. (i) Partial fractions, (ii) Leibnitz’s theorem, 
(iii) sin’xcosa = }sin 2x—}sin 4a, ete. 
7.21. Denote d"z/dx" by z, and dP,/dy by Ps. Then 2% = xcosy, 
2, = cosy—z*siny = cosy—2ysiny, and if z,, = Pyn sin y+ Qanc0s y then 
Zant = T(Pan— Qan)sin y+ (Qan+P2n)cosy], and if 


Zens1 = @(Pany1 8 Y+ Vony1 COSY) 
then 


Zango = sin y(P; angi te Ponds —2%*Qony1) +008 y( Qensa +27 Qong1 +2° Ponisi) 
= (Panui + 2yPansi— 2y Qony1)8in y+ (Qeng1 + 2yQsnia + 2yPon41)CO8 Y 


whence the result follows by induction. 
Hence from 2, = P,,siny+Q,,cosy we derive, using the foregoing 
results, 


Zansa = Sin y{Pan— Qan t+ 2y(Pon— Qin— Qin —Pan)} + 
+008 Y{Qin+ Pant 2y( Qin + Pin+ Pin— Qn} 
and so Panga = Pin—Qan+2y(Pin—2Qin— Pan). 
\ 

7.211. The first derivative of tanz is 1+tan®x; if for some n the nth 
derivative of tanx is p(tanz), where p(t) is a polynomial of the (n+ 1)th 
degree, then the (n+ 1)th derivative of tana is p’(tanx)(1-+tan%x) which. 
is a polynomial of the (n+2)th degree, whence the result follows by 
induction. 

7.22. Yog=Y, 

Yr = €* 8 “feos w sin(a sin ~)-+-sin we cos(# sin a)} = e* C08 a sin(a-+a sin x), 


Yo = eS esin(2a+azsin x) 
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and so 


Yo—2y, cosa+ Yo 

= e868 afsin( 20-+ 2 sin x) -+sin(z sin «)— 2 cos asin(a+-2 sin «)} 

= Qet00s ofsin(a +x sin x)cosa—sin(x-+2 sin «)cosa} = 0. 
Differentiating y,— 2y, cosa+y, = 0 n times we have 

Yns2— 2Yni1608a+Y, = 0. 

When a= 0, y= 0, y, = sina, y,=sin2a and if y, = sinna then 
Yn = 2cosasinna—sin(n—1)a = sin(n-+1)x, and so y, = sinna-for all 
n, whence by Theorem 7.4, 


a, 
y= > alee 


7.23. Use Example 3.1 and induction. 


7.3. By 2.5 f’(x) is of constant sign in [a,b]; if f’(z) is positive in [a,b] 
then f(a) is not a maximum and f(b) is not a minimum, ie. f(a), f(b) are 
not both maximum nor both minimum. Similarly if f’(x) is negative in 
[a, 6}. : 

7.31. If «, B lie in [a,b] and f(a), f(B) are both maximum values of f(x), 
let a, Og5...5 &» be the points between a and B where f’(x) = 0; since f(«) 
is a maximum, by 7.3, f’(x) is negative in [a,a,], and similarly f’(x) is 
positive in [w,,8]. Furthermore f’(x) is of constant sign in each interval 
(% 41). Let p be the least value of r for which f’(2) is positive in (o,, 041); 
then f’(x) is negative in (a, _1,0,) and positive in (a,,04:), and therefore 
f(x) has a minimum value at x = a,. 

7.41. Ify = (a—b)x/(w+a)(x+b) = a/(a+a)—b/(x+5b), dy/dz = 0 when 
% = +./(ab), d*y/dx* = —(Na—Vb)/,/(ab)(va+~vb)* if x= +./(ab), and 
d?y/da? = (va+~b)/,/(ab)(va—~Vb)* if z = —,/(ab); hence the maximum value 
is (Va—~b)/(Wa+~b) and the minimum is (va-+~Vb)/(Wa— Vb). 

7.411. If f(z) = xt(2?—4), then f’(x) = 8(z§—a-*), f"(x) = 8(5at+2-4) 
When /f’(x) = 0 then 2? = 1, ie. x = +1, and f”(x) is positive for any 
value of x. Thus f(z) is minimum when # = 1 and when x = —1, and 
since f(0) = 0 and f(x) < 0 on either side of the point x = 0, f (0) is a maxi- 
mum value. 


7.44. f(x) = sin®x cos 32, 
f(x) = 3sin’xcos 2 cos 3x— 3 sin®zsin 3x = 3sin2# cos 4x, 
f’(z) = 6sinzcosx cos 4%— 12 sin’x sin 4x 
= 3sin 2zcos 4x-+ 6 cos 2x sin 44—6 sin 4x, 
- f(x) = 30 cos 2x cos 4u—24 sin 2x sin 4a—24 cos 42. 


When /f’(z) = 0, sing = 0 or cos4z = 0, ie. © = na or X = 3(2m-+1)z. 
When x = na, f’(x) = 0, f"(x) = 6, so that x = nm is a point of inflexion, 
for alln. When x = }(2m+1)z, 

f°(x) = 3sin}(2m-+ 1) cog 4(2m- 1)a— 12 sin*4(2m- 1)asin }(2m-+-1)z, 
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i.e. Sf’ (@) = —12sin?}(2m+1)asin}(2m- 1); 
but sin}(2m+1)z is +1 or —1 according as m is even or odd; therefore 
f(z) < 0 if mis even and f’(z) > Oif mis odd. Hence f(z) has an inflexion 


at each point x = nz, a maximum at each point 4(4m+ 1) and a minimum 
at each point }(4m-+-3)z. 


7.5. Let AB = x, ZABC = 6, then 2? cos @ is constant and (AC+3BCO)? 
is proportional to (sin@+3cos6@)?/cos6 = sec#+6sin8@+ 8cos@; the first 
derivative 


sec § tan 8+ 6cos—8sin® = (®8—7+6)/(1+2)8 
= (t+3)(¢—1)(¢—2)(1 +e), 
where ¢ = tan§. When 0 < ¢ < 1 the derivative is positive, it vanishes at 
¢ = 1, is negative for 1 < ¢ < 2, vanishes again att = 2, and is positive for 
t> 2. Hence (AC+3BC)? is maximum when f = 1 and minimum when 
= 2. Observe that f(t)? and f(t) are maximum and minimum together, 


when f(t) > 0, for f(T?—f(é)? = (F(T) -FOHA(T)+F(O} and so f(TP—F(t)? 
and f(7')—f(t) have the same sign. 


7.6. Denote the a iaies in A Of t,5 Up, Ups... by T,, U;,, V;5... and the co- 
factors in I by T,, U,, V,,.... Since a Smee with two identical rows is 
zero, we have D, My Ty = = Fs Dr = and T, = Tas Y= Oniyaoves . But, 
as T=0, TU —Trr Up = a aes (Dz Uy) Ty—(DzT)Uy = 9, whense 

D,{U,/To) = 9, ete. 


7.7. y = tana then (tay = 1, and differentiate n times by Leib- 


nitz’s theorem. From (1+2*)y,,;-+-2nay,+n(n—1)yy_1 = 0, taking x = 0 
and denoting the value of y, at x = 0 by y° we find y8,, = —n(n—1)y9_); 
but y® = 0, y8 = land so y8, = 0, y8,.; = (—1)"(2n)!, whence by Theorem 
7.4, y = > (—1)"e+1/(2n+1). 


7.71. y = sin-2, dy _ = 1/J(1—2*), = id == %/(1—2?)? whence 


oe dy | 
ax? 


differentiate n times by Leibnitz’s theorem and proceed as in 7.7. 


(l—2) 75 


\ 


7.8. By the binomial theorem 1/(1-+-#?) = 1—2?+a4—26+..., Ja] <1. 
Furthermore > (—1)"z*"+1/(2n-+-1) converges for —1 <2 <1 and so 
Dy, > (—1)?a?"41/(2n+-1) = ¥ (—1)*22", |x| < 1, and D,tan—4 = 1/(1+2%) 
and so tan—tz— > (—1)"x*"+1/(2n+1) = constant = 0, |x| < 1, and by 
continuity the result extends to x = 1. Similarly 


1.3.5...2n—1 
2.4.6...2” 


1.3.5...2n—1 ont | 
PD Tan 2.4.6..2n anqpi? lel <1: 


D, sina = (1—22)-# = an 
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‘ \. 1.3.5...2n—1 g2ntl 
_ Since 2.4.6..2n Indl converges by the Gauss test at x = +1, the 


result extends also to x = +1. 

7.9. (px+q)*/(ax®+2bx-+c) is positive or negative for all x near —gq/p, 
according as agq?— 2bpq-++ cp? is positive or negative. 

7.91, Aw*+2Bua+ C—X(ax?+ 2bz-+c) is a square if 

$(A) = (B—Xb)?#—(A—Aa)(C—Ac) = 0; 
for large values of A, 6(X) and ¢(—A) have the same sign as b*—ac, which is 
negative, and ¢(A/a) = (B—Ab)? > 0, so that ¢(A) has a root greater than 
Aja and a root less than A/a; let A,, A, be the roots so chosen that 
A—d,a > 0, A—A,ya < 0. Then 
Azt+2Ba+C—),(ax?+2bx-+c) = (px+gq)? 
and Az?-+-2Buz+C—),(axz?+2ba-+c) = —(ra+s), 
where p = ,/(A—), a), r = .(a\g—A), ete. Hence 
{(Aa?+ 2Ba+ Cheer 2ba-+-c)} = A,+(px+q)?/(ax?+ 2ba+c): and 


= Ay—(ra+s)*/(aa*+ 2bx+c), 
whence by 7.9 result follows. 


7.92. Since P(x) is a polynomial of the nth degree, therefore P(a+-h) is 
a polynomial in h of the nth degree, say 


hh? h hn 
_ Path) = Cota hters +es 3; Fee bens 


Then, differentiating with respect to h, 


hn-k 
Pk(a+h) = ited Fouaeoks aCe Tu 


whence P*(a) = cy. 

7.921. Since f(x) = g(x) for |x| <r, and since the power series are 
differentiable for |x| < r, therefore f(x) = g"(x) for |x| < r; in particular 
f%(0) = g%(0). But f"(0) = ay, g*(0) = b, and so a, = 6, for alln. Hence 
S(%) = g(x) for all x such that |x| < R. 

Vir 

8.01. I/{y(e+2)+4(e+1)} = y(e+2)—y(e+)). 

8.02. f da/a(1+a5) = f at da/x(1+a) = tf dt/{1+t), t= 2. 

8.03. 3sina+4cosxz = i(sinz+coszx)+4(cosx—sin 2). 

8.04. Write 2e* = y?+-1, then integral becomes f 2dy/(y?+-1). 

8.05. Write 202—15 = 49sin20, 64—20x = 49cos*@ and integral becomes 
(49/10) J {sin®0 cos 9|(5—4.c0s 6)}d@ = (49/10) f {(cos*0 — cos 6)/(4 cos 0— 5)} dO 

= (49/40) i cos*@ d6+ (49/32) f cos 6 d0-+ (441/160) f do— 
— (441/128) f 40(5—4c086). 
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8.06. Write x = 1—t and expand (1—1t)*. 
_ Mf+vg _ Vf—9) 
Nf-9) fo 
1 2Nf 1 


1 sf iL 2g _ 
othe 9g ty ao) 


8.07. Write 


= 2f/g—1)t 
and therefore 
(v+5)5 z = (145) ay _ ~(flg—1)-(F 9—F9' Vig? 

= (f9'—F DIV f—9)*}, 


Digs ldy_ _fy'—f'9 Wf-9)__ 1 =~ fy’—f’9 
da y dx \ig(f—g)} Af ~ 2(f9) f—g 
8.08. Since : 


1 1—2t 1 4:3 
Uy, = | (inaaya @ Gaye = tag | eqn aan dx 


= “agape | ara} 


whence 


we have Anting, = (4n—1)u,+2(1—z*)-", n>. 
Since 
1 
m= [aa me -i/re" +3 {ageet3 {ee 
ean arctan x, 


therefore u, is determined for all n. 


at 
{pe = Ug— Ue, etc., 


8 4 4 4 
J asap > ~ | oat + | ape = ett 
= Ug—2Ugt+uy, etc. 
8.1. f (L+a%)'te15)9 dar = f (14-1 /x*)'Mar-4 dx]? = —2 f (t4—1)%8 de, ete. 
8.2. [ (loga)'t! da = x(logx)*t1—(k+1) f (logx)* dx. 


8.21. We have g{g*(x)} = x and g’{g*(x)} = 1/D,g*(x), and therefore, 
when ¢ = g*(x), 


f Fo@39') at = | flof*@My'o* HD, g*(w)} de = [ f(a) de. 


8.3. If 
y? = (a? 82+ ues 102-49) = 4{1—(14a—21)/(3a?—10x+9)] 


then yi = 1(x—1)(2—2)/(3a2— 10x+ 9); 


hence the maximum and minimum values of y? are y? = $ when a= 1 
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and y? = —2 when 2 = 2. By Example 7.91,.3—y? is proportional to 
(«—1)? and y?-+-2 is proportional to (2—2)?; in fact 
§$—y? = T(x—1)*/2(8a*—102+9) and y?+2= T(a—2)?/(3a*—10x-+9). 
Now 
{(w—4)/(3a®— 102+ 9)a/(a?— 80+ 10) = 


= (w—4),/(3a*— 102+ 9)/7(2—1)(a—2) 

= 3,4(3a*— 102+ 9)/(x—1)—3,/(3x?— 10”-+9)/(x—2), 
writing («—4)/(~—1)(#—2) in partial fractions, 

= HNGE-Y BF V Ay? +2)} 


whence 
V14 J (x—4) da/(3a*— 10x+9),/(a®— 82+ 10) 
= 3 [ dy/4—y*)—2v2 f dy/i(y*+2) 
= 3sin“tyJ(¥)— 2v2 log{y +4 /(y?+ 2)}. 
8.31. If y® = (502+ 2x—7)/(5a*-+ 12248) = 1—5(2e-+3)/(5e?+ 122-48) 
then y = 25(a-+ 1)(a+ 2)/(5u2+ 122+ 8)? and so the maximum value of 
y* is 2, when « = —2 and the minimum is —4 when x = —1. Then 
Q—y? = 25(x-+2)?/4(5a?+4 12248) and y?-+4 = 25(@+ 1)2/(5a*+ 122+ 8), 
Hence 
{1/(5a?-+- 12a 8),/(5a2+4 22—7)} da/dy = 4/(5u®+ 12%-+ 8)/{25(a+ 1)(@+2)} 
= 1/5y(y?+4)—1/10/(3—y?), 
whence the value of the integral is 4log{y+4/(y?+ 4)}— asin “1(2y/3). 
8.4. If w+./(2*—a*) = ¢ then 
x—,{(a*—a?) = a/t and log{r+,/(z*—a*)} = log?, 
1 dx 1 
N(@®—a*) dé t’ 
whence . F 
e+i(et—at) de _f {a+a(z*—a*)}* dx 
hea tea) oe few 
1 dt — {x2-+4/(z7—a*)}3 


=— | &—-=—= 
a* t 2a? 2a? 


[0-+yge5) a =| ane op era 


and . 


4a* Gat 4a® a 
i} (Beets) 


4a* 2a 4a% 1 a8 


as ere ete. 


https://t.me/ pdf4exams 


bees from htts: it t.me/ aes 
398 UTIONS EXAMPL 


Ix 
i. 
J dx/(1-+-a*) = tan“? 3—tan-14 = tan-1Z = 0-661. 
; ; 


f @/Q—2)} de = f[ sind, z= sind, 0<6<in 
=+4 J (1—cos 26) d@ = 3(@—sin 6 cos 6). 
If sin@, = 2, sin@, = # then sin(#,—0,) = # and so 0,—0, = 0-284; 
furthermore, a cos 6, = sin @,cos@, and so 


| {2*//(1— 2*)} de = 3[0—sin 0 cos 6}, = = 0-142. 


| 2sintcosé 


—— => ;——F i 2 . 
eaiacsi dt= 24, x«=sin*%t, 0<i< kr 


ee i) Jetinay ® = 


Therefore, if 0 < a < l, 


dx = 2sin—“1a—2sin-(1/vn) —> 2sin—a, 


1 
J vi{a(1—2)} 
and 
1-(/n) 


1 ae 1 Pa 7 
| Jou—ay = 2sin af [(1—*)}—26in 1g —> 9 —2ein-a. 
a 
ne | alfa =a = 1—2sina+ 2sina = 7. 
6 


9.1. n J sin"—19 sin(n+1)0 d@ = sin"@sin n8 
and n i {sin(n—1)0/sin"+19}d9 = —sin nO/sin"6. 
9.101. Since 
sin(— 77/6) = —sin(z7+}$7) = $ and sin(77/3) = sin(47) = V3, 
and since sint is differentiable everywhere, and in particular in (— 77/6, 
7n/3), therefore all the conditions sufficient for the transformation are 
satisfied. 


N N 
9.11, [ w%e~* der = [ 4a™12x0e-** de 
0 . 0 


N 
= [ee +Hn—1) | atte des 
i) 


since 


N N 
[ amen de < f (n+1)!/2"4} de = ni(1/M™4— 1/N™) < nl/M*+1-> 0 
z 
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a 

as M increases, cherefore f a%e-@ dz exists, and furthermore, N"—1e-N* > 0 
6 

as N increases. 


9.12. f de/(1+e*)(1-+e*) 
F . 


= J ef dx/(1-+e%)P+1 = [—1/p(1+e*)?]? = 1/2%p. 
0 


2a 2a 2a 
if x de|,/(2ax—-2%) = ‘ a dx|,{a®— (a—2)*}— J (a—2) dx],/{a*— (a—x)*} 
0 0 0 
= [asin-*(e/a—1)"—Lyfat—(a—2) 3" = 
1 in 
, J (1—2*)* de = J cost+10 dé, x=sin@ 
0 0 
= 2ni /(2n+1)i. 


eS 


N tan 
J (14+22)-" da = if cos**-29 d@, a2 = taud 
6 6 


in 
> J cos**—29 dO = {(2n—3)i /(2n—2)i}(4z7). 


9.13. 1+ 2(cos 2a-+-cos 42-4... cos 2nz) = sin(2n-+ 1)x/sin a, 
‘whence 


in in 

[ {sin(2n+ 1)2/sin 2} da = f ldx = 4m, since {cos 2re de =, r>0. 
0 t) 6 

Also sin t+ sin 3t-+...-++-sin(2n—1)¢ = (sin né)?/sin é 


. and so i (sin nt/sin t)? dt = > J incar—aypin ih} dt =  n/2. 


1 ; 1 
7 sin « da/(1—2acosa+2*) = Jene dx/{(%— cos «)*+ sin? a} 
“1 


== [tan—1{(2— cos «)/sin a 


= tan71{(1—cos «)/sin a} rer, 1+cos a)/sin a} 
= tan“(tan $a)+ tan“(cot $a); 
if nm < 40 < n7+41, then tan—(tan ja) = tan“{tan(fa—n7)} = Ja—n 
and tan—(cot $a) = tan—l(tan{4a—4a+n7}) = Jv—4a+nm and value of 
integral is $a; if nm—4dor < 4a < nz, tan“(tanja) = Ja—nz7 and ; 
tan“\(cot da) = tan [tan{}a—4o+(m—1)n}] = dn—dat+(n—1)r 
and the value of the integral is — 47. 
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1 du 
9.201. | epee > - JQu— Ie le hy’ 


u = 1f/(e+1), 


= len J dv, 2u—1 = Cay she, (k+1l)u—k = CO?) ote, 
=e hpae 
pas oem foe turnn = (C20 


= cho = (248) eu—1 = / C4) (2) 


and so when « = 1, shv = 0, and therefore v = 0, and when x = 0, 


» v= loe[ / (=z) +/(3)}. 
| orate = (Jebel JJG). 


Taking k = cos4a we find 


1 ; ook 1 cos a) 
(I-t2)/(1—a\(1—« cos 4a) © = cos xg loe( ss 2a t sin 2a 
0 
= sec 2alog cota. 


f ax/x®a—a2) = f x dejar y(1—a*) = — f dy/(—y?), 
y* — 1—2’, 


= —4f dy{1/—y)+1/1—y?+1+y)+1/+y)§, ete. 


20 21 
9.3. I = | af(w) dx = | (21—y)fly) dy, y = 2—2, 
0 0 


since f(y) = f{l—(l—y)} = fl+(l—y)} = f(2l—y), 


21 
= 2 J fly) dy—I, 


whence 
2 


Zt 
1=1f fly)dy =f f + fra dy) =1,+Uy say; 
0 t 


it) 


in J, write y = 21—z then J, = Af@e@st and so J = 2 { flax) de. 
t 0 
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9.31. J secxseo(a—z) de = 2 | da/{cos a+ cos(2”%—a)} 
a 0 


a 
= [ ay/(cosa-+cosy), y = 2aw—a, 
—@ 
tania 
= J di/(cos*Za—t*?sin?4a), ¢ = tan dy, 
—tan}a 
= [cosec alog{(1+¢ tan }a)/(1—¢tan 4a) (ne 
= 2cosec alogsec a, / 
or secx sec(a—z) = sec*z(cosa+sin a tan x) 
= Dcosecalog(cos a-+-sin a tan 2). 
Writing « = ja+-y, sec asec(a—x) = sec(fa+y)sec(fa—y), which is un- 
changed by replacing y by —y, so that sec x sec(a—2x) is symmetrical about 


a 
% = 4a and therefore, by 9.3, f xsecxsec(a—a) dx = acosecalogsec a. 
0 


9.32. Write 5—x = kcos*#, x—1 = ksin®@, 0 < 6 < 4a, then, adding, 
we find k = 4; when x = 2, sin@ = } and so 0 = 3x, and when zx = 3, 
sin 9 = 1/V2, 6 = }x. Integral becomes 


2 j 2sin @ cos 6 d0/(sin 8-+-cos 0) 
4a 


= 2 j {(sin 8+ cos 6)?— 1} d6/(sin 8+ cos 8) 
$n 


ia in 
= 2 { (sin 8-+c0s 8) d6—N2 i d6/sin(9+ 47) 
an . 4a 


tn 
= 13—1—"2 [ ddjsing, ¢ = O+40, 


5a/12 
= V3—1+-2 logtan 57/24. 
sine 3 
9.33. We must show a | — dx is convergent; let N > n then 


1jn 


Un. ifn 
0< j a de < | de =(1/n—1/N) < 1fn (since sine < x, «> 0), 


cs 
which proves that i = dx converges. 
1ja + 
9.34. Write 2 = tant, then integral becomes f log(1+tant) dt, since 
dx/dt = sect = 1427. But ° 
1+tant = (sint+cost)/eost = V2 cos(t—47)/cost 
5039 pd 


https://t.me/ pdf4exams 


ee from htts:// t.me/ oe 
402 OLUTIONS TO EXAMPLE 


and the integral equals 


iz ta - 
J log V2 dt+ J logeos(}ar—t) dt— P togoost dt 
6 i) Cy) 


) 
= trlog2— J logeos u du— [ togcose di, writing u = 4in—t, 
ta 0 
= flog 2. 
9.85. Since i ¢(x) dx exists we can determine N so that if d(x) da < Ik, 


n > N; but in YN, n), (x) > d(n), and so (n—N)d(n) < ik, i.e. 
nd(n) < nf(n—N)k < ae 
ifn > 2N, and so n(n) — 0. 


9.36. fre dt = fro, so that fre du = 0 for all x, and there- 
0 0 0 
fore D, (fu) du = 0, ie. f(x) = 0. 
3 ; 
1 1 
9.4. "fat dal(1-+v2) < [at de = In; 
0 0 
1 1 
f 2-4 da/(1+v2) > f 21s) dx = 1n—2/(2n+1); 
0 0 
1 1 
i i x" dex|(1+Nx) = f yt dy/(1+y), y = ve, 
Q 
1 1 
= f(l+y™y/(1+y)} dy— f dy/(1+y) 
0 0 


1 1 
= f d-yty*—...+y"*) dy— { dy/(ty) 
0 0 


= 1-444—-F4+...41/(2n—1)—log2, 


whence 
1/2n—1/(2n+1) < 1—$+4—-...+1/(2n—1)—log2 < 1/2n 
and so 1—4+4 -... = log2. 


B B 
9.401. J (sin 2/2) dx = [—cos2/z}— ii (cos a/x*) dx; 
A A 


but 
B B B 
| f (cos w/z?) as < f |cosa/a?| dx < J (1/2?) dz, since |cosz] < 1, 
A A 4 


= 1/A—-1/B. 
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Hence : 
< |cos A/A—cos B/B|+1/A—1/B 


< 1/A+1/B+1/A—1/B = 2/A. 


n 
In particular < 2/n so that f (sina/x) dx is convergent, 
@ 


N 
J (sin x/a) dx 


oO 
and f (sin #/x) dx exists. 
@ 


x 
f(—w) du, u= lift, 
i 


ja 
9.41. Uar-1) = { (1/t) dt 
1 


— far du = —I(zx). 
i 


ay £ wy 
Uay) = [ (je) de = f (Le) de+ | (1/t) ae 
1 1 a 


x y 
= f (1A) att | (/aujedu, t= au, 
1 1 


= Ua)+Ky). 


av 2 
Uav) = f (1/t) de = | (Luu du, t= uv, 
1 1 


=y | (/u) du = ya). 
1 


9.5. y = (L+a+a2/21-...at/kelje*, 
AY _ _(ah/ktjer® = & (—1)PHat+9[(kI(p, 


whence the result follows by integrating. 
9.51. sha/e®—sh 3a/3e8 +... 
= f(e%-P— l=) (3+ e5(0-B) /5 — ...) — Fe (oF 8) — e894) /3 + e~ Hat 8)/5— ...) 
= f[tan-telo-8) —tanle~ (et) ] provided eB < 1,e(t*) < I], 
ie. —B<ca< Ff, 
= Jtan-[(oxP—e-=-8)/(1e-#)] = ftan(o—e-*)/(e° +e) 
= }tan-1{sh a/ch B}. 
9.52. Since («—a)(x—f) = z*—ax-+b, replacing « by —1/x, we have 
(1+on)(1+f2) = 1+ax+6z? and so 
log(1-+-ax+-ba?) = log(1+ox)-+log(1+Bx) 
= (a+f)e— 4a? +B?)x? + $(08 + B*)a5— 
provided ~—1 <or <1, —1<fr<l, ie. if |x| > |B| then 2 < I/o* or 
a = 1a, and if |a| < |B| then 2 < 1/6? or x = 1/B. 


https://t.me/ pdf4exams 


Downloaded from htts:// t.me/ civilsbuzz 
404 SOLUTIONS TO EXAMPLES 


Take a = e9, 8 = e* then (a®+f") = 2chné@ and so 
ach 6— 43x? ch 20+ 42° ch 36—... = $1log(1+2e9)(1+2xe-9) 


= $log(1+ 2¢ch@-+2?) 
provided —ell < x < e“I4l, 


9.53. Since cos(n-+-2)6-+-cos nf = 2.cos @ cos(n+1)6, therefore by Example 
1.8 
> x"-1cosn@ = {cos 6+ (cos 26—2cos*6)x}/(1— 2x cos @ +2?) 
n21 


and so, changing the sign of 2, 


cos §—2z cos 20+. 2% cos 30—... = (%-+ cos 8)/(1+ 2x cos 8-+ 2) 


the series being absolutely convergent for |x| < 1. Hence by integrating 
from 0 to x, |x| < 1, 


x cos 8— 42: cos 26+ 423 cos 30—... = $log(1-+22 cos 0.+-2?). 
Similarly, since sin(2n-+ 5)@-+sin(2n+1)@ = 2sin(2n+3)@cos 26, therefore 


sin 6+ (sin 36—2 sin 6 cos 20)t 
1— 2tcos 29+ ¢2 


= (1+4#)sin 0/(1—2¢cos26+#), |t| < 1. 
Hence replacing ¢ by x* and integrating we have 


sin 0+-¢sin 30-2 sin 50+-#sin 70+... = 


@ 
wsin 6+ 42% sin 30+ 425 sin 50+... = [ (1+2*)sin @ dx/(1—2x* cos 2042) 
0 


1 sin @ sin 8 
2 | ( —srecsptat ipteostta) de 
a 


= $[tan—{(~—cos 6)/sin 6} + tan-{(2-++-cos 6)/sin 6}], by 9.2, 
= $tan“{2Qesin6/(1—2)}, |2| <1. 
9.531. By Example 1.8, 
cos 6—r 


cos 6-+-7 cos 29-+-1? cos 30+... = 1—BreosO i” Ir] <1, 


sin 0 


i a ia (SY 


|r] < 1, 
and so 


r 
rn cos@—r 
>, pond =| i= 2reos8 pre = —Plog(1—2rcos8+1%), 
0 


> v ainnd = f ane dr = j oe dr 
n 1—2rcos@+r2?- «Js (r—cos@)?+sin2@ 


0 0 
a9 
ea Se a 6 
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9.532. Write C = C(r) = 2m —cosn, S = S(r) = +5 — sinné; since 
n20 
jeosn6| < 1, |[sinné| < 1, Sieeatars the two series are absolutely con- 
vergent for all values of r and 0. 


C'(r) -> ™*c0s(n-+ 1)@ = Ccosd—Ssin@, 


Sr) = > “* sin(n+1)0 = Osind+4Scosd. 


Write ¢ = c(r) = cos(rsin @), 8 = s(r) = sin(rsin 8) so that D,c = —ssin§, 
D,s = csin§. Then if J = J(r) = Cc+Ss and H = H(r) = Cs—Sc we 
have 


J’(r) = (Ccosd— Ssin #)o— Cesin 8+ (Csin8+S cos 6)s-+ Sesin 8 
= cos6(Cc+ Ss) = Jcosé. 
Hence D,( Jee) = 0 and so 
Je*eos8 — constant = J(0)= 1, ic. J = e788, 
Similarly He-*°® — constant = H(0)= 0, ie. H=0. 
Therefore e788 cos(r sin) = Je+Hse = C(c?+s*) = C 
and 7089 sin(r sin?) = Je—He = S(s?+c?) = S. 


9.54, Let F(z) = fj (x) dz then F(n+-1)—~ F(n) af ae) dx; but since 
¢(x) steadily decreases, 6(n-+ 1) <"F be) dx < $(n) aa sO 
d(n+1) < F(n-+1)—F(n) < (n). 
Thus > ¢(n) converges and diverges together with > {F(n+1)— F(n)}; but 
= {F(r-+1)—F(r)} = F(n) = j p(x) des 


fate de = —(k!)[e-*]" = (ke!)(1—e-") + kt, 
é 
and so > n*e~" converges. 
9.6. We have 
$+cos2-} cos 22+... cosnz = sin(n+}4)a/2sin}z, 0 <2 < 27; 
let x lie in [0, 277] and integrate from 7 to x, then 


|se—n)+sine+Jsin 2a-+-4sin 3z-4... +sin na 


- J sin(n+})x de/2sin fx 
cos(n-+ a * coat +4)xcos 4x dx 
2n+1 sinde Pees 1)J sin?3z P 


integrating by parts, 


<5 +1 Bray Weosee 42+ 47 cosec*fz}~>0 for a fixed a. 
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sin -_ sin 32 


The sum of the series sinz+ a ae +... may also be derived from 


|. |r] <1; the right- 
—r cos x 


hand side of this equation is continuous for 0 < r < 1, when 0 < a < 2z, 


Example 9.531. For >= anne = tan-(- iSuscn 


and since < 1/|sin $z|, and 1/n —> 0, therefore by Theorem 1.913 


n 
> sin rx 
7 


< sinne. 
the series > ae is convergent. Hence 


> sane = tapos = tan—(cot $v) = tan-"{tan(47—42)} = dr—4a 


1—cosa 


since —3a < 47—4a < 47 when 0 < @ < 27. 
Similarly from Example 9.531 we obtain 


a =e = —}log(2—2cosx) = —log(2sin}x), 0< a < 27. 


sin 2¢ sin nt 


9.61. If f(t) = 4(t¢—7)+sint+—>— +--+ 


then by the first proof 


|f(t)| < (cosec $+ 47 cosec?4t) /(2n-+-1) = kjf(2n+1), say; 


hence, integrating from x to 7, 0 < # < 2z, 
_7)2 
{! 7) — cost—208 2 cosdt ames / _ i dit) ae 
4 
which tends to zero for a fixed x. Thus 


cosnz  (%—7)? (-1)"4  (w@~7)? 
> ne =o - > Gr ge ee ES 


This equation holds for 0 < x < 27; since both sides of the equation are 
continuous in any interval (Example 5.7), the equality holds also for z = 0 | 
and « = 27. Taking x = 0 we find 


as a = : 1 _ a 

Dat D>, a Pt >. Gari" 5 
: 1 1 1 1’ 1 x 
Since Sh S lait Sh therefore m6? 


< mk,/(2n+-1) 


. a la 1 1 1 a 
nn o= > => mina 7a = 12° 
> = u* axe a 
Thus a a ={Z-ote O<2 < 2n. 
Fpl) r 
x . « 
9.62. ) Wee) ay = 2| d(csin?6) dé, ax = csin?6; 
.U 
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but d(x) = > @,27 and so 
0 


i 
$(z) £ r 37 2F 
} Jee= ay = 2 2 are } sin"9 d0 


which is a ere in c of the nth degree. 


9.63, If F(x) = fd) dy fy) dy then F(a) = F(b) = 0 and 


b £ 
F(a) = bla) | Wy) dy—pa) | dy) dy 
whence mineErOlNNg from a to b, the result follows. 


P40 a = [+Tooa- [sede fou t=a+u, 


since ¢(x) has period a, 


= f f(u) du, 
0 


f $(t) dt = f fit)ae—+ af J jeer a _ fs f(t) de— f fi) dt = 0. 
1) 0 


9.7. In [0,47], 0 < sine <1, and so sin*la < sin’"7 < sin?"—ly, 
whence 


for 


is az in 
J sint 44a de < J sint*eda < | sin?*—lx da, 
é 6 6 


ie. Qni/(2n-+1)i < {(2n—1)i/2ni}w < (2n—2)i/(2n—)i. 
Denote {2ni/(2n—1)i}*(2/2)—2n by 8, so that 0 < 0, < 1; therefore 
dr = {2ni/(2n—1)i}?/(2n+ By) 
for all n, i.e. 
{(2n+6,)/(2n+ L)}da = {2ni/(2n—1)i}P/(2n+ 1). 
Since 0 < 0, < 1, therefore (2n+,)/(2n-+1) —> 1 and so 
{2ni /(2n—1)i}#/(2n+-1) —> 4, 


ie 2.2 4.4 6.6 2n.2n 
=7.3°3.5°5.7°° 2n—1.2n41°" 


Since 2n/(2n-++1) — 1, it follows also that 2Qni/(2n—1)ivn —> var. 


ie. 


9.8. fora < j (1/a?) daz = 1/m—1/n < 1/mand so f= dx converges. 
From Biannels 4. 9, 
1—2? < e* < If(1+2%) andso (1—2*)t < ec < 1/(1+2*)F, 
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whence 

re) n n[Nk 1 1 

fo dx > fem ax = vk [ e-** dx > vk { e-** de > vie { (1—24) dir 
0 0 0 0 ct) 


= {2ki/(2k-+1)vk. 


Furthermore, 

n niNk niNk co 

fede = vk [ ede < vk J a/a+a)4 de < vk [ O/ +08) ae 

0 0 0 

= {(2k—3)i/(2k— 2)i} (™4) 
and so J eda < {(2k—3)i/(2k—2)i}avk/2); 
0 
thus 2hivk|(2k+1)i < fe de < (4vkm)(2k—3)i/(2k—2)i, 
whence . 
k 2khi ide (2k—1)i 
seca -vEl < [ede <iy IL (ki vil. 
oO 
k 2ki 1 

But 3-1 @k—Hi “yg by 9.7, 
and in i Ce Ae > in =n 


f-) 
so that fe dz = Ir. 
a 
9.9. In the interval (—1,0), « = —~y and in (0,2), = +-y, hence 
2 0 2 -1n 2 
[= dajct = [adaiah fede = lim J x de/xt+lim [pane 
-1 ijn 


= lim [cere [avr = Sut] get SVAN 2 > B(L+4/2). 
If y = 2?— pater then Gee y—4 and so ~—3 = —,/(y—4) when 
% lies in (1,3) and x—-3 = +(y—4) when 2 lies in (3,7). Hence 
dxjdy = —1/2./(y—4) when x lies in (1,3) and y lies in (4,8), and 
aor = +1/2,/(y—4) when = lies in (3,7) and y lies in (4,20). Hence 


fo 62-+13) dx = [eerie f ce aris) ae 


8 
=| x= ayaa Y +f ages Ryaa 


20 20 
= f Viy—4) dy+4 i dy/fty—4)+4 | Mly—4) dy +2 f dy/y(y—4) 
4 4 8 8 


= Hy—4)+ Sly— 4) + ally— 4) + 40g 4)” 
= 48416+94—84 16—8 = 48, 
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9.91. We prove first that the sequence 1+$+4+4+..+ 1/(n—1)—logn is 
rt 

convergent; for 0 < f (1/r—1/x) dx < Ir—1f(r-+1), and & {l/r—U(r+)} 
‘A r+1 n-1 n n—1 

converges so that > f (1/r—1/x) dx = ¥ 1/r— f (1/x) dw = ¥ 1fr—logn 
r=1l ¢ 1 1 1 

converges, to y (say). Next we prove that > [rlog(1+1/r)—1+1 /2r) 

converges; if 0 < x < 1 the expansion of log(1+ 2) is an alternating series 

of steadily decreasing terms, so that a—2?/2 < log(i+2) < x—29/2+2/3 

and therefore 


0 < rlog(1+1/r)—1+1/2r < 1/877. 
Since > 1/r? converges, therefore the positive series 
E [rlog(1+1/r)—1+1/2r] 
also converges, to 5 (say). 
We have 
logn! = Sogn 


-; [togtr-+ 1)— foes dz| + freee dx 


="F [1/2r—frlog( + 1/r)—1+1/2r}]+-nlogn—(n—1) 


m—1 n—1 
= i . i/r—logn) — E frog + 1/r)—1+ 1/2r}+ 
+1+4logn+nlogn—n. 
Andso . log n!—log{(n/e)"Vn} > y/2—8+1, 
whence n!/(n/e)*Vn — evi2?-3+1 = CG, say. 


The value of C may readily be determined from Wallis’s formula (Ex. 9.7). 
For 


3. 2ni_\*?_ I. (2n1)4 _- 240(n!)4 
= tim( oy} Q2n+1 iim rin Divan 1) him Gni(an-+ 1) 
[n!/(n/e)"vn]}'n/2 c? 


[2nt/(2n/e)"V2n}(2n+1) 4° 
Hence C = ,/(27), since C is positive, and so 

n!/(n[e)"./(2arn) —> 1. 
Thus for large values of n an approximate value of n! is (n/e)",/(27n). 


1 1) 
da 2y 
9.92. ee | Y dy, 2 =e, 
J (log 1/2) y : 
ijn N(ogn) 


a(log n) @ 
=2 J e-¥ dy > 2 [ e- dy = va, 
é é 


Zz 
by Examples 9.8 and 1.9, since f e~”* dy is a strictly increasing function. 
0 
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9.93. In (0,1), 1+¢ < 1/(1—#), whence log(1—t) < —(¢+}i#) and so 
e"t(1—2)" < e-3"", Hence 


1 1 (qn) 
Nn f eMt(1—t)" dt < Wn f e-tnt dp — V2 , edu, t= uj(2/n), 
é a 6 
coe] 
. < 2 fe du = (4). 
In (0,1—1/k), : 


t 
a 
—log(1—#) = J au = | (14e+5")) dt < t+40+4h08 

; 0 0 
since —— < k and therefore 


1-t 
ent( 1~t)* > en tnt—gknis > e—init( 1—fkn#*) 
from which 


1 1-1/k 
Vd) > Vn f et(1—t)" dt > vn f enta—ape ds 
0 0 
1—1/k 


“> An f e-¥*"*(1 — Lena?) dt 
8 
(1—1/k)V(Gn) 1 —1/%)* 
= uP _—- —— —0, 

v2 J e du ern { ey dv, 
6 


0 
u= tf(4n), v= gi, 
—> (dz), 


: N 
taking k = ni, since { e~*v dv > 1 and ni/nt -> 0, ice.. 
3 


1 
vin f e”t(1—t)" dt > (47). 

0 

Accordingly 
n ‘i aaa 1 
zx n 
| me ar | e-My" dy, x = ny, 

0 


0 
1 


htt nt 
= ¢€ nl fe (1—#)" dé, y = 1-4, 
0 
_ V2nn).n® vn 
etm! “W(2n) J 


ent(1—z)” dt 
—>4, using Example 9.9]. 
n 
an n> n*) 
—E _ = —e~ — — 
But fe ni l—e m1 tn4% Teg : 
0 


whence om{l tnt. 2] >t. 
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9.94. If a > 0, ve t2-le-t dt < [eta = {e/a}, < lf/an*—> 0, and so 


ff {¢-1¢-t dt exists for any k. Furthermore, if vis an integer greater thana+1 


0 
then i*e-* < v!/é’—-* so that [ete —> 0 and 
N 
f tert dt < vifv—(at1)jn*t > 0. 
= n 
Thus f ée— dé exists; but 
6 


oy it 
tet dt = [“ | re. | te-t dt 
a Jj,'a 
0 


Cee, os 


co a 
and therefore [ete dt = 2 i t%e-* dt, i.e. T(a) is defined for a > 0, and 
6 
T(a+1) = al(a). 


n vn oO 
T(4) = lim J tte-t dt = lim [ ute. 2udu = 2 fe du = vn. 
0 0 0 


=) 
2 


If m is even 
r{eg) <p 2eftst) 2 
m 


3 
| 
oo 


2 2 2° 2 


—1 m—-3 1,/(1 
=3 3 * 5r(3)= (m—1)ivn 24 
and if m is odd 
m+l1 m—1 m—3 2 . o 
r(™£*) = ag PO) = (m—1)i/20™ 1), 


Thus, if m and 7 are both even, 
1p.(mt+l n+1 | m+n+2)  3.(m—))i .(m— 1) ia 2m 
rl 2 )r( 2 ) r( ) = (m+n) i [atmo 
_ (m=V)i.(n—1)i 
(m+n)i 
Similarly, if one of m and n is odd, or both are odd, 
m+1\_/n+1 / m+n+2 (m—l)i(n—1)i 
re is) <r 
whence the result follows, by the formula of § 9.31. 


jr. 


x 
10. dy/dx = y’/x’ = sin8/(1—cos 8); 
subtangent = y dx/dy = 2asin*}6 tan 36, 
subnormal = y dy/dx = asin@ and «+asin@ = af. 
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10.11. Area = 4 Fare) dt = 2 f (2sintoos 2t—costsin 2t) dt, ete. 
0 0 2 
1 
10.12. Area = 4 J aidt (since y = t), 
-1 
1 
= 4 [4/1 +ey—4y(1+e)+ 13 dt, ote. 
-1 
10.13. y = tx, area = } fax THY dt = [—a?/6(1+0)]° = at/6, 
0 


dn 
10.14. Area = 4 [ 72 a0 
ig yr—1jn 
= lim(25a?/2) J {tan*0 sec?O/(1+ tan50)3} d@ 
.U) 
= lim[— 25a*/10(1+tan'9)}#”—"" — sat/2. 


10.15. y= i, «= 3¢/(®+2), ete, 
37 
10.16. Area = } J (2cos8—1)?d0, ete. 


10.2. Since y = mz+-c is the tangent to y = f(x) at x = a we have 
S(%o) = may+c, f(t) = m and so if A(x) = f(x)—mx—c then 


$(%) = $’(%o) = 0 
and result follows by Example 3.1. 


10.21. f(x) = a—126?/z5, F*(x) = 3662/24, 
therefore 


yf” = etf%—e-If” — ad {(ax® — 6b — 12b*)(ax* + 6bx— 12b%)}. 


The cubics have no common factor, since b 0, and each cubic has either 
one real root or three real roots of which one must be simple, that is each 
cubic has at least one non-repeated real root, and y” changes sign, and 
vanishes, as x passes through a non-repeated real root of each cubic. 


2r 2a 
10.31. Area = 3 { 3(sin%cos*t-+-cos%sin‘t) dt = $f sin22¢ dt, ete. 
a i) 


20 " 
Length = f 3(cos*tsin*t+cos%sin‘t)t dt = 3 f sin 2¢dt—3 J sin 2¢ dt = 6, 
0 0 3 


since the positive root of sin% cos is —sintcost in (#77, 77) and 


2r wT 
J (sin224)# dt = 2 J (sin22¢)4 ae. 
0 oO 
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10.311. Area = 4 f Penst dt, length = f (2e— ary 1)e~?# dé. 
a 0 
10.32. r= +A (2?+y") = +.,/(1+ cost)? = 1+ cost 


e 20 

and cos@ = 2/r = cost, whence r = 1+cos6. Area = 3 f (1+cos@)? d0 
é 

and length 


Qa Qa 
= { {r?-+ (dr/d0)*}4 d0 = 2 J (+08 6) dO 
0 0 
27 
= 2 { (cos*3)# 8 
0 


= 2 j cos $0 d6—2 [eve 40 d6, ete. 
0 wT 
10.33. If --z are the values of ¢ for which cht = 4, then length of arc 
= f (onan dt = 2 f soe ae = [2ch*J> = 2(16—1) = 30. 
—t 
Length of arc of y = 2 ie +4 logceos*sx is 


tn an 
J {1+ tan*x(sec*a— 1)*}4 dx = J seca(1-+4tan’x) da 
é 6 


tn i 
=4 J sec’ dx—3 J secxdz, etc. 
a 0 
20 
3a 
10.34. 2 = $acost—acos%, area = - | sin*t dt = 37a?/4, 

é 

20 

length = a J 3{sin“¢ cos%t-+sin*¢(cos*t— })?}+ dt 
6 


20 7 
= ga | (sin) dt = 8a | sine dt = 6a. 
ty) . a 
10.35. The curves intersect where (z*—1)? = 92/4, i.e. where either 
e*§—3¢—1 = 0 or 2*+4+32—1 = 0, whence = +2 or & = +}. Further, 
(a*— 1)?— 227 is negative between —2 and —4, positive between —} and 


+4, and negative between +43 and +2, and so the total area contained 
between the curves is 


=t +3 2 
f 2? (at 199} det f (a? 1)8— 229} det J {S0*— («*—1)} de 
-2 -+ 


2 
(ana is not equal to f {$a?—(x?—1)*} dz). 
2 
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10.36. Take x = asin, y = acos*t, then length of a quadrant is 


tn 
J 3 sin ¢ cos ¢,/(a? sin®¢-++ b? cos%t) dt 
6 


= [(a®sin%-+b? cos%)#/(a?—b2)}*” = (a*—b*)/(a*—b*). 


t 
10.37. g= J a{sin%t-+ (1-+cost)?}4 dt = 4asin }t 
0 


and tanys = y’/a’ = sin t/(1-+cos t) = tan, 
whence s = 4asiny. 


10.4. We have r = ath}6, whence 


6 6 
s = f a(th*40+4sech*Z0)# dé = a { (1—}sech*49) do = af—r, 
0 0 


6 @ 8 
and A = 4] r2d0 = 4a { d0—}a* { sech*}0 d0 = 4a*O—ar. 
0 0 0 


10.41. tanys = dy/dx = gaxt, whence « = 4tan%)/9a* and 


da/dib = 8 tani sec*ys/9a3, 
and therefore 


s= Juctar- Joovigar- 0 Feira = 570 =o, sed%p, 


and so 27a*s = 8sec%p. 
The radius of curvature = ds/dys = (8/9a)sec*stany%; furthermore 
PG = y/cos, PH = 2/sinys and so 


HP*‘/P@ = (x*/y)cosycosects = xia~! cosectys cos, 
which is proportional to tan*) cosy cosectys = sec tan yb. 
10.42, Let g = ycosp—xsing, then p = |q|; 
dg/dys = —ysin—zx cosy+ p(dy/ds)cosb—p(dx/ds)sin 
= —ysing—zcosyp 
and so q+d?q/dy? = —p(sin*s+ cos) = —p. 
But gq? = p* and so qdg/db = pdp/dis, whence (dg/dis)? = (dp/dys)? and 
gd q/df?+ (dq/dp)? = p dp/dyp*?+- (dp/dp)?, 
and therefore qd*q/dy? = pd*p/dy?. It follows that 
P+gda/dy? = p*+pdp/dj*, whence |q+d*q/df*| = |p+d*p/dy*|. 
If p = sin log(secys+tanys)—1, then 
dp/dy = cosy log(sec f+ tan) + tan wy 
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and p+d*p/dy? = sec%, i.e. ds/dys = p = secs, whence s = tanys. The 
reflection in the tangent of the centre of curvature is the point z-+psin x, 
y—pcosy; but dy/ds = sings and so dy/dt = sec*siny = tanysecy, 
whence y = secs+ constant, and therefore 
y—pcosy = secys-+constant—secys = constant. 
10.43. (i) Curvature = d*y/dx?/{1+(dy/dax)}# = (a+ 1/x°)/{}(a?+ 1/2) 
= 823/(2#+1)? = 8k, x > 0, 
and so dx/dz = «*(3—5z4)/(z*+1)* whence the point of maximum curva- 
ture for « > 0 is x = 4/2; when x < 0, x = |a|°/(x*+1)? and so «= —4/§ 
is also a point of maximum curvature. When z #0, x > 0, and when 
a= 0,« = 0,80 that 2 = 0 is a point of minimum curvature. 
(ii) y = tt, y’ = w+te’, y” = 2x’+ ix” and so 
xy” —2"y! = Qa!*—axa" = Qe~tt(1— 2é+ 2). 
Furthermore x’?+-y’2 = e~*#(1—2¢-+ 2¢) and so the curvature « is given by 
we = Qer*/(1—2é+ 2H)%, 
Kk’ = 4¢%#(2¢2— 6¢+ 3)/(2e2— 2¢+-1)8 
= 8et(t—t,)(t—t,)/(20*—2¢+ 1), 
where t, = 4(3—~3), ta = 3(3+~3). 
Since 8e%/(2é—2#+1)% is positive for any t, x’ changes from positive to 
negative as ¢ increases through ¢, and so the curvature is maximum when 
10.44. Denote dx/dy by 2’, d*x/dy® by x”, then 
2ay = w'(a—x)*—2aa'(a—zx), 
2a = 2"(a—x)*—42'(a—ax)— 2(a—2z) xx” + Qrx’; 
at the origin x = y = 0, whence x’ = 0 and 2” = 2/a and so the radius of 
curvature is a/2. Next write x = a+X, y = Y then a¥? = X%(a+X), ie. 


a(X#—Y?)4+ X® = 0; denote now dY/dX, d*Y/dX*,... by Y’, Y”,..., then we 
have in turn 


2a.X — 2aYY’+ 3X? = 0, 2Qa—2aY"?— 2aYY"+6X = 0, 
—6aY’Y’—2aYY”-+6 = 0, 
whence, taking X = Y = 0, we find Y?2=1, Y’Y’ = Ia, i.e. on one 
branch Y’ = 1, Y” = 1/a and on the other Y’ = —1, Y” = —lfa, giving 
the same value (1-++1)#a = 2%a for the radius of curvature of each branch. 
10.5. Since OQ is perpendicular to PQ, p = rsing and # = r*—p*; but 
ptt (dp/dxp)® = g?-+ (dg/dp)? = (ycosp—asiny)*+(ysing +a cosy)? 


= g+y? = 7 


whence 


and so ¢ = [dp/dyp|. 
10.51. The parabola is y? = 4az. 
PO = {1+ (dy/dz)*}8/|d?y/da?| = |sec*p/(d*y/dz*)|. 
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But ydy/dz = 2a and yd*y/dz*+(dy/dx)? = 0, whence 
secty/(d?y/da*) = —ysec%}/tan%p. 

Further PG = y/cosy and the distance of P from the focus (a,0) is 

{(e—a)*+y7}4 = z+a. Hence PG/PC = sin*s; but 
tan*ys = (dy/dx)? = 4a*/y? = a/xz 

and so sin*s = a/(xz-+-a). 

10.52. We have #?-+y? = a*(a—3)%e-24, 
= —(ae+y), y= x—ay, H+ 9? = (1-+a*)(x*+y7), 
#@ = (a?—1)e4+2y, y = —2ax+(a*?—1)y. 
Hence the total length of the spiral is 


8 = {(1+a?)a*(a—3)%} { e-at dt 
0 
and so s? = (1+a*)(a—3)*, s>0, a <3. 


Hence o& = (a—3)(2a—1)(a—1), 


2 2 
(2) +008 = (2a—1)(a—1)+(2a—1)(a—3)+ 2(a—3)(a—1). 


Accordingly s is minimum at a = } and a = 3, and maximum at a = 1. 
The curvature « satisfies 
y2 72)3 
it = ER = (Lbatetty!) = (1+at)at a3) 
Hence at the point t = 1/a 
ex = (1-+a2)a(a—3)? 
and ot Oe = a(a—3)(3a*— 6a? + 2a— 3); 


if ¢(a) = 3a8—6a?+-2a—3 then ¢(14) = —%2, ¢(2) = 1 so that dx/da 
vanishes at some point « between 1} and 2, and as a increases through a, 
dx/da changes sign from positive to negative, so that « is maximum when 
a=. 


10.6. Let x = Xcosa+Ysina+a, y = Xsina—Ycosa+b, where «, a, b 
are constant, then 

dy/dx = (dy/dX)/(da/dX) = {sin a—(dY /dX )cos o}/{eos «+ (dY /dX)sin a} 
and 

dy /dx*® — {d(dy/dx)/dX}/(dx/dX) = —{d*¥ /dX*}/{cos «-+-(dY /dX)sin a}, 


whence 
(dy /da?)/{1 + (dy/dx)?}# = —(d*Y /dX*)/{1+ (dY /dX)*}t. 


10.61. Since ¢ = —(asin66+csin¢¢), y= acos06+ccosd¢, therefore 
ay—dy = a*§+c% +accos(6—d)(6-+¢) 
-_ a?§+-0%¢ + accos(0—)(d—6)-+ 2ach cos(¢—6), 
= a°§+0%¢-+accos(p—6)(6—6)+ 2crys— 2bed, 
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since af cos(¢—6) = rp—b¢, and so the area enclosed is 
y 
£ | (my —ay) dé = $a*O-+ (c*—2bc)$-+ac sin(g—0)-+2enh]* = erly —fo), 
bo 


since @ and ¢ return to their original values. 

Thus the area enclosed is proportional to the change in i. 

This example illustrates the principle of Amsler’s planimeter. The plani- 
meter consists of two rods OA, AC smoothly jointed at A, and of lengths 
a, ¢ respectively. A wheel of radius r is centred at a point B on AC, such 
that AB = }b, and is free to rotate about AB as its axis. The point O is 
fixed and C describes a closed curve, the wheel rolling on the plane of 
the curve, neither rod making a complete revolution. Taking any two 
perpendicular directions through O for axes, if @ and ¢ are the inclina- 
tions of OA and AC then the coordinates of C are x = acos@+c cos ¢, 
y = asin@+csing. When the wheel turns through an angle is, the velocity 
of B is rs perpendicular to AC; but the velocity of B relative to A is b¢ 
and the velocity of A, perpendicular to AB, is a6 cos(9—¢), thus 

rp = ab cos(6—¢)-+b¢. 
Hence the area of the curve described by C is proportional to the angle 
through which the wheel rolls. 


10.7. dy/dx = sha/c, whence 


s= f Ma+shte/0) de = fonafe de = esh2/e. 
6 6 


Volume = f ay? da = me? f cntxye dx = (mc?/2) { (1+ ch 2a/c) dx 
-é a§ -é 


= nef +70? sh(x/c)ch(x/c) = ae(c£-+8n). 

10.71. Curvature = e*/(1+-e2*)# = x. dk/dx = e%(1—2e%)/(1-++ 6%), 
point of maximum curvature is given by e*” = }, ie. a= —log v2. 
Curvature at this point is 2/3V3. 

10.72. Let B, C be the points (0,c), (0,—c) then the perpendicular 
bisector of BC is the z-axis; if the vertex of the parabolas is the point 
(a, 0) then the equation of the family of parabolas is y?/(z—a) = constant. 
The equation of the family of circles may be put in the form 

(a?+- y?—c?)/a = constant. 


On any parabola ay (w—a) = y?/(z—a)? and on any circle 


1+ 2¢y/x) yar otjat = 0. 


At a point where a circle and parabola meet at right angles the slopes m 
of the circle and m’ of the parabola satisfy mm’+1 = 0. 
Since m = (y*—2?—c*)/2axy, m’ = y/2(¢—a) unless y = 0, we have 
y—ai_e’+da(a—a) = 0, ie. 3822—4daety? = c%, 
which is the equation of an ellipse. Furthermore, y* = 0 belongs to the 
5039 He 
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family of parabolas y?/(2—a) = constant, and y = 0 cuts every circle 
through B, C at right angles. 
10.73. If P is the point (x,y), and T' is (x1, 0), @ is (x2, 0) then 
a—X = —ydzx/dy, t,—X = ydy/dx 
and so TG = |x,—2,| = |ydy/dx+y dx/dy|. 
Hence ydy/dx+ydax/dy = +ds/dp, 


the ambiguity of sign arising from the fact that it is only the positive 
values of the two sides which are equal. But tanys = dy/dx and so 


ytany+y/tany = +ds/dib = + (dy/dp)(ds/dy), 
whence tdy/db = ysec*ys sin p/tanys = ysecs, 
and so (1/y)(dy/dib) = +secy, whence logy = +log(secy+tan x) +loga, 
and therefore either secy+tanys = y/a or secf+tany = a/y. But 
secy-+tany = (1+siny)/cos% = (1+ tan®}b-+ 2 tan }#))/(1—tan*dp) 
= (1+ tan $Y)/(1—tan dy), 
whence either tan 4 = (y—a)/(y+a) or tan} = (a—y)/(a+y). 
From y/a = tany+secy we have (y/a—tany)* = sect = 1+tan%, 
and so 2ay 2 = y2—a?, ie. Aty—a)-+1/(y+ay Se = 1/a, whence 


log(y?—a?)—a/a = constant = loga%b (say), i.e. y? = a%(1+be%l). 
Similarly, if a/y = secp+tany then y? = a*(1—be-*/*), 


10.74. dy/dx = tanz, d*y/dx? = sec*x, 
« = |sec%x/(1+tan%x)#| = |cosx|, —da < 2 < 4a, = cosa. 
Furthermore 
id 
c= i +./(1+ tan’z) dz = f cccw ax, —4dn < & < 4, = log(secx+tanz). 
i) 6 
10.75. Y—y = (a—x)dy/dx and so 
dY/ds = dy/ds+ (a—zx)(d*y/dx*)(dx/ds)—dy/ds = (a—2x)(dx/ds)(d*y/dx?). 
Thus (a—2x)(du/ds)(d*y/dx*) = constant = c. Write dy/dx = p, then 
ds/dx = J(1+p") andso dp/dx = d*y/dx® = ej(1+p*)/(a—z), 
ie. {1/./(1+-p?)} dp/dx = e/(a—ax), whence 
log{p-+./(1+p*)}+clog(a—xz) = constant = cloga, 
since p= 0 when «= 0; therefore p+./(1+p?) = {a/(a—a)}¢ and so 


1+p? = {a/(a—zx)}*°— 2p{a/(a—a)}°+-p?, ie. 2p = fa/(a—x)}°—{(a—2)/a}°, 
and therefore 


2y = a°/(e—1)(a—ax)** + (a—2)4/(c-+ 1)a°— 2ae/(e*— 1) 
provided c 4 1; ifc = 1, 
2y = —alog(a—zx)-+ (a—x)*/2a-+alog a— a. 
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10.76. Take the tangent to the circle at O, and OA for x- and Y-axis 
respectively, then the circle is x? y? = 2ay and the tangent at A is y = 2a, 
a being the radius of the circle. Let (r,@) be the polar coordinates of 
P,0<@<7, then r= QT = OT—OQ = 2a/sin@—2asin8, and so the 
cartesian coordinates of P are x = 2acot@—2asin @ cos 6, y = 2a—2asin%6; 
hence the area between the curve on which P lies and the tangent at A is 


[[ ea—w ae 


= If (Qa-y) & as| = J 2asint6(2a cosect® + 20.005 203 dé 
é 


= 4a%r+ 2a? J (1—cos 26)cos 26 d@ 
0 


= 4a*27—a? f (1+ cos 46) d@ = 32a?. 
0 

10.77. At « = h, dy/da = do, d*y/dz? = a. 

10.78. y® = w(x—2)/(wx—4) = 224 224+8432/(~—4) 
therefore, 

ydy/de = ©+1—16/(x—4)', — (dy/dx)*-+-yd*y/dz® = 14.32/(e—4)s, 

3(dy/da)(d?y/da*) + y d*y/dx’ = —96/(x—4)8, 

whence at x= 0, y= 0 from the last two equations (dy/dx)* = i, 
dy/da* = 2/8 and so the curvature is (v2/8)/(1+4)! = 1/2.3! = 1/6v3. 

10.79. Any circle through (— 1,0), (3,0) has the equation 

(w—1)?+(y—c)? = +4, ie. {(e—1)?+y?—4}/y = constant. 


Normal at (x,y) to circle is (X —2)+(¥—y) @ = 0 which passes through 
the origin X = ¥ = 0 ifotyH = 0; but on the circle 


2(0— 1)/y—{(a— 1)*/y*} dy/da+-dy/dx+ (4/y*)dy/dx = 0, 
whence writing dy/dz = —z/y, we have y*(x—2)+2(z+1)(4—3) = 0. 
10.791. 2(2*+-y?)(w+ydy/dz) = a*(ydy/dz—zx) and differentiating again, 
A(a+ydy/da)? + 2(x*+-y*)[1 + (dy/dx)*+y d*y/dax*] 
= @[(dy/da)?+ y d*y/da*— 1), 
whence taking = 0, y = a we have 2a' dy/dx = a* dy/dx, so that dy/dx = 0 
end therefore = a43(1 4-adty/dzt) = aXadty/de*—1), 
i.e. ad*y/dx* = —3, 
so the curvature is 3/a. 
10.792. For the eycloid 2 = a(t+sint), y = a(1—cost) we have 
dy/dx = sint/(1+-cost) = tan }¢ 
and d*y/dz* = 4sec*ht/a(1+cost) = 1/4acos*}t. 
Hence the centre of curvature (X,Y) is given by 
X = a(t+sint)—4asec*}t tan f¢ cos‘Zt = a(t+sint)—2asint = a(t—sint) 
Y = a(1—cost)+ 4asec*}t cos*ht = 2a-+a(1+cosé) 
so that (X,Y) lies on an equal cycloid. 
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10.793. On any curve of the family, 32+ 2ydy/daz = 0; on the circle 
vty? = a, «+ydy/dz = 0. Thus a circle and a curve of the family inter- 
sect at right angles at a point (x,y) satisfying (—32/2y)(—2z/y)+1 = 0, 
ie. 323+ 2y2 = 0. For contact we require 32% = 22, le. either x = 0 or 
w= %. 

Observe that one, and only one, curve of each family passes through 
any point; for if x and y are given then c and a are determined uniquely by 
the equations c = Bty?,a = 2+y?, 

10.794. § = +./(@?+y*) = ./{(2—sec%t)?+ 4 tan} = sec” 
and so s = tant. Furthermore 

tang = y/% = 2tant/(2—sec%) = 2tant/(1—tan*t) = tan 2t, 
whence sec%p.ab = 2sec?2t, and so f = 2. 
ds' 
=| = sib = $8 = H(1+8%). 


The radius of curvature = 


a 


dy —1/x°, therefore 


10.795. a he 


2— ue fll) \ = (23+ 1/a?)? = a84-1/28, 2 > 0, 
and so the required surface area 


2 
= Qn 0 de = a [ atat+ 1/25) du = 6-72. 
1 i 


10.8. On the cycloid s = 4asiny, and so the centroid is given by 


an in 
z=] 34 | a = J (2p-tsin Apoosyp dyp = a(m—2+8) = (w—$)a, 
1U 


j= ioc = a | 1cosapeonp di = 2a [ sinopcony dif = 2a/3. 
é f) a. 


10.81. On y = cha, dy/dx = shx and s = shz and therefore 


i= [ san Zas/| (iy) Ede = | wsechts asf sech?x dx 
i) 6 0 


Qo 


= #x—logshaz/the = «—(y/s)logy, 
and 


= { vasa] f (kiy) Ede = foe as [en 


CY) 


= f {cha/(1+shz} dz the = (y/s)tan—"(sh xv) = (y/s)tan—1s. 
ft) 
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When «=n, y/s = (e*+e-")/(e"—e-") = (1+e-2")/(1—e-2") + 1 and 
tan“ shn = sin“! thn —> }7 since thn -> 1, so that 7 > 4; also 
& = n—{(e"—e-")/(e" +e) }Hlog{(e" + e-™)/2} 
n—{(e"—e~")/(e" +e") }{n—log 2+ log(1-+e—2")} 
= 2ne-"/(e*+ e—") + th n{log 2—log(1+e—2")} 
= (2n/e®")/(1+e-®") + th nflog 2—log(1+e~2")} —> log 2. 


I 


10.811, #= fevae| [yde = fesins de/ f sina dz = 1, 
i) a a 0 


ia in 
g= 4 ytde/ | yde = Xdn—1) = b-b. 
0 a 
10.812. Let the fixed tangent be the x-axis, and the equation of the 
circumference x?+y? = 2az, i.e. the pair of curves y = y, = +./(2ar—2*), 
Y = Yo = —(2ax—2*). Then g = 0, since y? = ¥3 and 


2a 2a 8 
& = | 2ey(2av—a*\ke dz J 2y(2ax—s%\ker dee 
0 0 


in i 
= 2a4 J 32sin®@ cos?6 d@ / 2a J 16 sin*@ cos?@ d8, aw = 2asin20, 
6 a 


= 5a/4 
and so the centroid is distant 5a/4—a = ja from the centre. 


10.82 f 2m de = {anf vee fas)}(f 2) 
10.83. [ov dx = {on( fa ae fy ae)|( fr dz), 


10.84, In the parabola y? = 4ax, ds/dx = {1+ (dy/dx)}4 = 2{a(a+zx)}t/y 
and so 


3a 3a 

a | ame do | f amy de 

= f x(a(atay ae/ | [ {a(a+-a)}4 dx 
0 

2Va 


= A 22 —a)e? dt/ 14a, # = a+2, 


= [6(32—5))-™ Mg /35ak = 580/36. 


10.9. If f’(~) > 0 the radius of curvature has the value 
++ LS’ (@)yP Sa) 
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and if f’(z) < 0 its value is —{1+[/’(x)]}}2/f"(z); but o has the same sign 
as f’(x) and |o| equals the radius of curvature, and therefore 
o = +{1+[f"(@) BHP "(@). 
Furthermore cosy = 1/+{1+Lf («)P} 


and 80 a= af PS" @) 
= 2—f' (a) I+Lf (a) PH (e+e), 
both square roots being positive, 
= x—otanygcosy = x—osiny. 
Banterly bb =o HOLL" @) 
= y Hl t+Lf (we) PH US (z+ LF (a) 
= y+ocosy. 
10.91. 2% = acos*t, y = asin’t 
and so a’ = —3acos%sint, y’ = 3asin* cost. 


Length of a quadrant 
$0 


y | sinzeae = 3. . 
0 


in ta 
=| (a8 + y’2)4 dt = 3a | sinécost dt = - 
a 3 


Radius of curvature 
= {1+ (dy/dax)*}8/(d?y/da?) = 2’{1+(y’/2’)}4/D,y’/x’) 
= sec%z.3acos*tsin t/sec*t = $a sin 2¢; 
hence maximum radius of curvature is 3a. 
Area of the surface of revolution 


7 in an 
= Qn i yds = 2 J ys’ dt = 4r if ys’ dt = 127a? | sin*tcost dt = 127a*/5. 
x 0 i) 


10.92. The transformation is given by 


X = xcosa+ysina+k, Y = xsina—ycosa+l. 
Then 


ty 
4 J (XY’—X’Y) dt 
by 
= 4 (eoosartysinact bie sin a—y’ cos «)— 


—(xsina—ycosa+l)(x’ cosa+y’ sin «)} dt 


ti ty hy 
= 42 | (e’'y—ay') dt+ Hksina—Leosa) fx’ di—4(keosa-+lsina) | y/ dt 
b t ty 


ti 
= $f (e’'y—ay') dt for x(t) = x(t), y(t.) = y(t), 
to 


since the curve is closed. 
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10.93. The evolute is 
% = ap®+ (4072+ 40?)2a/4a? = 3ap?+ 2a, 
y = 2ap— (4072+ 4a*)2ap/4a? = —2aps, 
ie. 4(a—2a)® = 27ay?. 
10.94. The evolute of the curve # = x(s), y = y(s) is 
X= a—y(z+y)(a'y’—a’y’), Y= yta'(e?+y")/(2'y"—2"y’). 


But 2’ = a = cosy, y’ = sing and so 2” = ag = cos sO 
that X = x—sin > Y = y+cosys —, and therefore 
pS zee ¥y y2 ap 
(a) = (G) +(e) = Gea) 
ds i 
; dX d*s dy , dY dts dys 
since iP Fi is zn wb aap 
Hence o =F siny, = +cosy, that sign being chosen which makes 


= positive. Thus  eeaeans = 0, ie. cos(¥—) = 0; but 


—n7 < Y—y < wand so ¥ = 4+ 4n, choosing that sign which leaves ‘¥ in 
(—47,}7), ie. Y=y%+hr if sing <0 and ¥ = f¢—4dr if sind > 0. 
Furthermore 
dS ds dis 
s= [Zens | Roem + | pen tH 
choosing the upper sign if ds/dis is positive, and the lower if ds/db is 


negative. 


10.95. Cartesian coordinates of P relative to O = coordinates of N © 
relative to O+ coordinates of P relative to N, and so 


tp = cshpcos%—cchysinyg, yp = cshpsing’s+cchy cosy, 
and similarly 

tq = cshcosp+cchy¢sny, yg = cshysinys—cchycosyp. 
Denoting differentiation with respect to % by a dot, we have 

tq = 2cchiscosp, Ye = 2echysing, wg = 2c(shpcosp—chpsiny), 
and Gq = 2c(chycosp+shypsin yp). 
Hence te¥oq—Ha¥q = 4c% chs = 43+-92; 
and the evolute is 
X=x%g—-Yo=%tp, Y= yatta = yp. 

Furthermore s = 2e f chy a = 2cshy, and 


r—e? = csh%+c%ch*s—c? = 2c*sh™ = 3s? 
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10.96. ¢ = —(a+y), ¥ = x—y and # = Qy, ¥ = — 22, therefore 
ity? — xt ty2) — der%, 
feo] 
and so s=2 J e-% dt = 2[—e*]? = 2, 
cy 
Furthermore 


ty — dy = 2x(e+y)—2y(a—y) = Aae*+y?) = Bry? 
and therefore the centre of curvature (X,Y) is given by 
X=2-y=y, Youytt= —a2. 


Hence the locus of (X, Y) is the spiral on which (x, y) lies rotated about the 
origin clockwise through a right angle. 


10.97. Let the vertices be numbered in order from 1] to n. Initially the 
side m1 rests on the line, then the side 12, then 23, and so on. The polygon 
turns about the vertices 1, 2, 3,... in turn, turning through an angle 2z/n 
about each vertex. When the polygon turns about the vertex r, the vertex 
n describes an arc of a circle of angle 27/n and of radius rn. The diagonal 
rn subtends an angle 2r7/n at the centre, and so the length of the diagonal 


is 2asin(rz/n). Hence the length of the path of the vertex n, in one 
n—1 


revolution of the polygon, is 4a > “sin. 
T=1 
But ou * 
> Zsin > { sina dz, by Theorem 9.141, 
6 


= [—cosa]} = 2. 


Thus the length of an arch of the cycloid, the locus of a point on the 
circumference of a rolling circle of radius a, is 8a. 

The area bounded by the path of the vertex n, in one revolution, and 
the line on which the polygon rolls, is the sum of the areas of the n—1 
sectors with centres 1, 2, 3,..., n—1, angle 2n/n, and radii 2asin(rz/n), 
r= 1, 2, 3,..., n—1, together with the sum of the areas of the triangles 
12n, 23n, 34n,..., (~—2)(n—1)n, ie. 


1 Qa , gi att Ny. or > Zsint 48 at sin 22 
ay sin’ ntge = non nity? eis 


but 
a 
T ina ?™ a NO ie = goa ani 
> Zein a > [ sinte dx 4m «and g sin[ = 7a IaJn —> 7a’, 
6 


and so the area bounded by an arch of the cycloid and the base line is 
2ra*# +a? = 37a*. 


10.98. Let («,8) be a current point on S*, and denote differentiation 
with respect to the arc length o = a(t) of S* by a dot, and differentiation 
with respect to the parameter ¢ by a dash. 
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Any point (X,Y) on the tangent to S* at («,B) satisfies 


X=atge, Y= +48, 
where |g| is the distance from (a, B) to (X,Y). 

Let the points P,, P, correspond to g = q, ¢ = q, respectively, and let 
Xx, = a+9,4, ete. 

The normal to S* at (w,8) is (e—a)&+(y—f)B = 0 and the normal to 
S at (X,Y) is (e—X)X’+(y—Y)Y’ = 0, and so the normals at P,, P, and O 
are concurrent if 

A=| Xi Yi X,X[+Y,Y;, |= 0. 
X,Y, ¥,%2+%,¥2 


& £p oc +BB 
Now XX’+YY’ = aX’+PY’+q(aX’+ PY’), 
and &X+BY = ac+P8+g, since a2+f? = 1, 


and therefore 
(aX + BY’ = = a&-+Ph+1+q—aX—BY = 1+ 4 since a&+ff = 0. 


In the determinant A, taking « times the first column and f times the 
second from the third column, we have 


do 


A=a.| Xi Fi a(l+q) |, thatis A=| XP Yi g(l+q) |. 
XX, Ys 92(1+4s) XX, Ys aa(1+da) 
a Bp 0 a =p’ 0 
But B'X’—a/Y’ = D,(@’X—o'Y)—(p"X—«’Y) 
a” *Qy 7Qr dt 
= Djop’—o'B)— of" —a"B)—a(0/B’—0"B') 5 
AQT dt 
= —qa’p”—o"B ae? 
therefore 


di 
A = {a1 491 -+4i)(0B"—a°B')-+-95 Gal + Gao’ B”—0 BS 
dt 
= 19(d.—)(o'B"—0"B') 5 = 0, 


for q,—4, is either maximum or minimum and so q,—4, = 9. 


XI 
11.1. (i) (D—1)*ye~* = x-+2 082; consider (D—1)?z = a, 2 = ye, then 
z= (14+2D)e = «+2. 
Consider next (D—1)?z = sinaz; 


(D~—1)(D+1)*sinaxz = (D*—1)*sinaxz = (1-+a?)*sinax 
and 


(D+1)*sinax = (D?+1)sinaz+2Dsinaaz = (1—a?)sin av+ 2a cos ax. 
Thus a solution of (D—1)*z' = sinaz is 
z = {(1—a?)sin az-+ 2a cos az}(1-+a?)-*; 
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differentiating with respect to a we find that a solution of 
(D—1)?u = xcosaaz 
is 

u = dz/da = — 2a(1+a?)-*sin aw— 4a(1—a*)(1+-a?)-? sin aa— 

— 2aa(1 +a*)-? sin ax -+2a(1—a?)(1+-a?)-* cos ax+ 2(1+-a2)-* cos ax— 

— 8a7(1-+a?)-3 cos ax 
and so a solution of (D—1)"ye* = xcosz is ye* = ~—4[(1+a) sina-+cosz]. 
Thus the general solution of (i) is 

y = (A+ Ba)e* 4+ e* (a+ 2)—fe*(sinx+cosa+asinz). 

(ii) Since (D4+ D?+1)cosaz = (1—a?+a*)cosaa, therefore a solution of 
(Dt+-D?+1)z = cosax is z = cosaa/(l—a?+a*), whence a solution of 
(D44+-D?+1)u = —2sinaz is 

wu = dz/da = —[asin ax(1—a*+a*)+(4a8— 2a)cosax]/(1—a?+a!)? 
and so a particular solution of (ii) is y = asinaz+2cosz. 

Since 

BLP+L = (P+t+1)(PO—t+ 1) = ((¢+4)*+(v3/2)}{(t— 4)? + (v3 /2)} 
it follows that the general solution is 

y = et{A cos $v3x2+ Bsin }v32}+e-#*{C cos 4v32+ Esin 4v32} 

+2 sin 2-+ 2 cos 2. 

(iii) Transposing e3* we have (D?+-4)*ye-%* = sina+sin 2x; a solution of 
(D?+-4)?z = sine is z = sinz/9, and a solution of (D?-+.4)?z = sin 2a is 
2 = wsin(2a-+37)/4*.2! = —2*sin 2z/32, hence the general solution is 

y = e*{(L+ Ma)sin 22+ (P+ Qx)cos 2x-+4sin x— dw*sin 22} 
= e{( 0+ Ma— dgx*)sin 20+ (P+ Qx)cos 2x-+-3 sin x}. 

11.2. dz/dz = 1-+dy/dx and so xdz/dx = zlogz or (1/zlogz) dz/da = 1/x, 
whence loglogz = loga-+loge, ie. logz = cz, and so x+y = e, 

11.21. dz/da = x d*y/da*+dy/dx—dy/da = xd?y/dx? 

xdz/dx = (2u°+3)z, ie. (1/z)dz/da = 2u+38/x, 
and so 
logz = x?+3loga+log2a, whence ady/da—y = z = 2ax%e%, 
ie. dy/dx—y/xz = 2ax%e**; the integrating factor is e~J4/# — ¢e-lose 1/z, 
therefore y/x = a | 2xe™ dx = ae*-+b, and so y = axe**+ ba. 
11.3. dy/dx == (dy/dt)(dt/da) = (1/x)dy/dt, 
d*y/da? = (—1/x*)dy/dt-+ (1/x%)d®y/dt?, 
ie. ady/da = dy/dt, x*d*y/dx* = d*y/dt?—dy/dt; in fact if D"y denotes 
d"y/dx" and A"y denotes d"y/dt" then a"D"y = A(A—1)(A— 2)..(A—n- 1)y, 
for if this is true for n = p, then 
Dry = D{(1/x?)A(A—1)...(A—p+1)y} 
= —(p/x?+)A(A—1)...(A—p+ Ly +(1/2?2)A%(A— 1)...(A—p- Ly 
= (1/a?)A(A—1)...(A—p+1)(A—p)y. 
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Hence (2?D*—2D+1)y = (A?—A—A+1)y = (A—1)*y, and the equation 
becomes (A—1)*y = e', i.e. A?ye~# = 1, whence 
y = (A+ Bi+}!) = 2{A+ Blogz+ Hlogx)*}. 
11.31. dzfdx = —ye-Svde — —yz, 
dzfda® = —zdy/du—y dz/dx = —2z(dy/dx—y’), 
and so dz/dz®+2(213y) = 0, whence d?z/da®—3dz/dx-+2z = 0, ie. 
(D?—3D-+2)z = 0, and so z = Ae*+ Be**; therefore 
yz = —dz/dx = —Ae*—2Be* 
and so 
y = —(Ae*+2Be%)/(Ae*+ Be) = —(2e*+c)/(e* +c) = —2+e/(e*+¢), 
c= A/B. 


11.4. Write dy/dz = p, then d*y/dx* = dp/dx, and so (dp/dx)? = 4p, 
whence either dp/dz = —2pt or dp/dx = 2pt; if the former pt = a—zx and 
if the latter pt = a+2; but p = 0 when z = 0 and so a = 0 and p = 2? 
in either case, from which it follows that y = 42°+1, since y = 1 when 
a= 0. 


11.41. Write dy/dx = p then d?y/dx? = (dp/dy)dy/d« = pdp/dy and the 
equation becomes p dp/dy = 2sin 2y, whence p* = —2cos 2y+a; but p = 2 
and y = $7 when x = 0 so that 4 = 244, ie. a = 2, and 

p* = 2(1—cos 2y) = 4sin’y, 
whence p = 2siny, the positive root being chosen since p = +2 when 
y = kn. Hence cosec ydy/dz = 2,0 < y < a, whence 
logtan dy = 2a-+a = 2% 
since y = $7 when x = 0; therefore tan }y = e** and so 
4 siny = 2e%*/(1e%) = 2/(e%*+-e-**) = sech 2a, 
m 
. cosy = (1—e§)/(1+- et) = —(e*—e-**)/(e%*-+ e-**) = —sha/cha. 
Hence when 0 < y < 47,2 < 0, and when $7 < y < 7, > 0; accordingly 
y = cos“'(—th 2x) = 7—cos“(th 2x). The solution y = sin-\(sech 2x) is 
valid only for z < 0, and when x > 0, y = w—sin~\(sech 22). 


11.5. If y = e®, dy/dx = na*—ly, dy/da* = n(n—1)x™*y+nix2"-2y, and 
so 2+4a? = n(n—1)x"-*+-n*22"-2, which is satisfied by n = 2, so that 
y = e* is a solution. Write y = we", where wu is a function of x; then 
Dy = &Du+uDe™, D*y = e“Du+2Du.De"+uD%e™ and so y = ue™ 
is a solution provided e**D?u-+2Du.De™-+uD%e™ = 2(1 + 2a:?)ue**® = wD%e™* 
(since e*? is a solution), ie. D*u+4aDu= 0; write v= Du, then 
Dv+4zxv = 0, ie. (1/v)Dv+4e = 0, whence logy = log a—2a7, v = ae—***, 
and s0 u=—a j e“*dz-+b, whence y = ae™* j e-2** dz-+-be™*. The integral 
fj e-**" dx cannot be expressed in terms of any combination of circular or 
exponential functions; its value is given by integrating the series 


1 — (2a)2/1!-+ (Qar)4/2!— (2ar)8/314+... 


so that — | e-** dx = w—(2x)/116-+ (2u)9/2!10—(2x)"/3!14+.... 
0 
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Alternatively the second solution may be obtained as follows; let Y¥=Y 
and y = y, be two solutions, so that 


By, /dx* = 21+ 22%)y,, By,/dx* = 2(1422%)y,, 
whence y, d*y,/dx*—y, d®y,/dz? = 0; write W = Y_dy,/dx—y, dy,/dz, then 
dW {da = y,d*y,/dx*—y, d*y,/da? = 0 so that W = constant = a; hence 
Dilys/¥2) = Wlyt = a/y3 = ae", 
taking for y, the solution e**, and therefore 
yy = As f e*™" dt by, = ae** f e227 de + bet*, 
Since fe" dx = (1/V2) fe“ dy, y = xV2, the solution may also be 
written in the form y, = ae” f e-** dx-+-be™. 


11.6. Let y = 1+23/3!+-48/6!+...; the series is convergent for any value 
of x, therefore Dy = x9/2!+25/5!+... and Dty = v+at/4!+... so that 
Dy+Dyt+y = SY xn! = &, ic. (D?+D+1)y = e*. When x = Ooy=1 
and Dy == 0. The general solution of (D?++D+ l)y = e7 is 

y = $e*+e-# {A coshv32-+ Bsin 432}; 
taking + = 0 in y and Dy, we find 1 = $+4 and 0 = 4—A/2+ Bv3/2, 
whence A = }, B = 0. 


7 kyx 1—=—gv=—y <4 og x and so (k— Yy = —~alog a, 
Hed, . dx ofl eS ( 1) dx . 


whence fie = (&—1) | SA de-+loga, 
ie. logy = loga+(k—1)loglogx or y = a(logx)F-1, 
11.8.  —D*$/(D$)? = 1/$, andso D*d/D$+D¢/h = 0, 
whence log Dé+log¢ = a, i.e. 24D = a and so ¢* = ax-+b. 
11.9. The Wronskian of ¢,, t, is 


W(t,,t,) = | e?® me? =| er Q |= etre > Q, 
pert neePt+ eve 0 ep 
W(uy,U,) =| sinazx cosax = —a(sin’ax+cos’ax) = ~—a X 0. 
acosax —asinax 

W(uz, Ug %, Yq) 
= sin ax cos ax xsinax 2x cosax 

acosaz —asinax ax cos ax-+-sin ax —axsin ax-+cosax 

—@sinax —a*cosax —a*xsinax+2acosaz —a%xcosax—2asinaxr 


—a@cosaz asinax —a®ecosax—3a?sinax a®vsinar—3a2cosax 


= sin ax cos ax 0 0 
acosaz —asinaz sin ax cos ax 
~—a'sinax —a*cosax 2a cos ax — 2asin ax 
—a@cosax a'sinax —3a?sinax —3a%cosar 
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— sin ax COS ax. 0 0 
0 0 sin ax cos ax 
a? sin ax a* cosax 2a cos ax —2asin ax 
2a? cosax —2a®sinazx —3a*sinax —3a?cosax 
= sin ax cos ax 0 0 
0 0 sin ax cos ax 
0 0 2a cos ax —2asin ax 
2a%cosaz —2a'sinax —3a*?sinax —3a?cosax 


= 4a4| sinaz cosax |? = 4at 40. 
cosax —sinax 
11.91. If y, Yo... Yn is @ fundamental set of solutions of L(D)y = 0, 
then any other solution 7 is such that y = A,y¥,+Agyat---+tAnYn, where 


each A, is constant. The Wronskian of y,, Y2,---. Y, is not zero for any x, 
in particular for z = a, so that the set of equations D'7 = > A, Dy, 
i 


0<r<n—l, is solvable at =a. Thus A, A,,..., A, are uniquely 
determined by the value of D'n at x = a, 0 <r < n—1, and therefore 7 
is uniquely determined. 

If Dyn = 0, at x =a, O< r < n—1, then 2 ALD ye = 0, at r=a, 
0<r<n-—l. Since the determinant of the coefficients of the A;’s is 
not zero, the only solution of the set of equations x A, Dy, = 0, 


O0<r<n—l, is Ay = Ag=... = A, = 0, and therefore 7 = 0 for all 
values of x. 


11.92. Since the determinant W(71, 72... 7n) is zero at x = a, the set 
of equations $ A, D', = 0,0 <r < n—I, is solvable for Ay, A,,..., Ax 
& 


not all zero, at x = a. Then 7 = > Az nx is @ solution of L(D)y = 0 such 
that, at «=a, 7 = Dn = D*y = ... = D*™"'y = 0, and therefore, by 
Example 11.91, 7 = 0 for all values of x. Differentiating the equation 
4 = 0 repeatedly, we find 2 AnD =0,0<r<n-—l. Since the A’s 


are not all zero, it follows that the determinant of the coefficients of the 
A’s is zero, for all values of a, i.e. W(71, Y2)---» Nn) is zero for all values of a. 


11.93. Take D—1 times the second equation from the first, giving 
(D?+-4)v = sing, 


of which the general solution is v = Asin 2x-+Bcos2z+}sinz. Whence, 
from the second equation, 


(D+1)u = 2A cos 2a—2Bsin 2x+4cos2+2%, 
and the general solution of this is 
u = Ce*+2(A+2B)cos 27+2(24 — B)sin 2x+-}(sin z+ cosx)-+ 2? — 2a + 2; 
it is readily verified that the first equation is also satisfied. 
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11.94. The formula holds with n = 0 for all p. If it is true for all Pp 
with n = 1, 2,..., & then 


(D?--a?)eHykt+ +1 gin aa = (D?-+a*)F{(D?+ a*)e'+2+1 sin ax} 
= (D?+a?)"{2a(k-+-p-+ 1)a*+? cos az + (k+p+1)(k+p)c*t?— sin ax} 


2 yi {F D4 Bap) } 
= 2a{(k-+p+ ip 2 Y+G—1i .(2D)*-1-4.... }eos ax 
"gpa : 
+(k+p+1)! pay CD +)sinae 
D DL k\  (I\) x?-2 
= tpt y'[E apy (era) = apy'+ (2) + (I) ape 
k k\\ aP-8 _ : 
+{(3)+(3)} (p—syi 29)" [sina 
xP k+1\ @?-1 k+1\ -2 - 
= (e-+ept yi apysy (*F )epr+("t pa D+ 
k+l) 2P-3 : 
+( 3 ) err 2+ ..}sin az. 


Since we may replace sin az by cos ax, the formula holds also for n = k+1, 
and so by induction for all values of n. 


XIT 


12. By Rolle’s theorem f’(x) has at least one root between any two of 
J(z), so that f(x) has at least n—1 roots; hence f(z) has at least n—2 
roots, f”(2) at least n—3, and sd on. 


12.01. The numbers a, 6, ¢ are the roots of the equation 
f(t) = ®-2°+t—abe = t(t—1)?—abe = 0. 
But f’(¢) = (3t—1)(¢—1), and a root of f’(t) = 0 lies between two of the 
roots of f(t) = 0, by Rolle’s theorem, and thereforea <4 <b <1<e. 
Since f(c) = 0, therefore ab = (c—1)? so that a@ > 0, and therefore 
(0) = ~—abe < 0. Since f’(4) = 0, f(t)—f(4) has the factor (¢— 4)", and 
since the sum of the roots of the equation f(t)— S($) = 0 is 2, the third 
~ root is ¢= §. Thus f(t) = (¢—4)(é—4)?+f(4). One root only of f(é) = 0 
lies between 0 and } and f(0) < 0, therefore J(4) > 0. But f(c) = 0 and 
80 (c—$)(c—4)? = —f($) < 0. Thuse < 4. Hence 
O0<a<}4<b<l<c<#, 


12.1, By the mean-value theorem we can find ¢, such that 
F(%) = (w@—d) f(x); 
let g(x) = f’(cz), & 4A, g(A) = f(A), then, by Example 3.5, g(x) is con- 
tinuous in (a,b). It does not follow that g(x) is differentiable; e.g. 
(w—A)® = (w—A)(x—A)? but (w—A)? is not differentiable in an interval 
which contains A. 


12.11. Immediate consequence of Examples 3.5 and 3.6. 
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12.12. Let . 
A(t) = g(x)(¢—a)(t—b)—g(t)(x—a)(x—b), ax<u<b, 
then H(é) vanishes at ¢ = a, t = x, and ¢ = b and so, by Rolle’s theorem, 
H(t) vanishes between a and z, and again between x and 6, so that 
H(t) vanishes (at least) once at ¢, say, in [a, 6]. 


But H(t) = 29(x)—(x—a)(x—b)g’(ét) 
and so g(x) = 3(x—a)(x—b)g"(c), 
which proves that g(x) # 0 in [a,b], since g’(c) 4 0. 

12.2. If 

(f(X)—f(@)}/{g(X)—g(a)} > {£(0)—F(a}/{9(6)—9(a)} 

then A(X) > fla) +0) f(a) X)—9(a)}/{g(b)—9(a)} 
andso = f(6)—f(X) < £f(b)—f(a){g(b)—9(X)}/{g(b)—g(a)}, 
whence WX,b) < v(a,5), ete. 

12.21. (f(x)—f(@)}/{g(@)—9(@)} = v(a,2) = v(a,b) 
and so f(x)—f(@) = {9(z)—g(a)}o(a, b) 
whence F(x) = g'(z)v(a,b) for all x in (a,b). 


12,22. Since g(x) is differentiable we can determine g depending on p 
so that {9(y)—9(x)}/(y—x) = g’()+0(p) provided y—z = 0(g). Choose p 
so that 0(p) < A then {9(y)—9(x)} /(y—2) > A and so, if y > a, 

Hy)—g(") > Ay—x), provided y—zx = 0(q). 
If « and f are any two points in (a,b), divide (a,8) into k equal parts 
(Op Oya) 7 = O, 1, 2,..., F—-1, & = a o% = B, 80 that o,,.—c, = 0(g), then 


k~ = 
9(8)—9(a) = © (oles) —9lar)} > NE (e414) = NB—a), ie. 


9(B)—9(a) > AB—«). 

Divide the interval g(a), g(b) into two equal parts by the point A. Since 
g(a) < A < g(b) and g(x) is continuous we can find & so that g(a) = A. 
Now 

{F(@)—S(a)}Kg(4)—9(a)} +{F (6) —-F(@)}/{9(6) — 9(@)} 

= {f(6)—f(a)}/4{9(6)—g(@)}, 

ie. v(a,a)+v(b,a) = 2v(a, b). 

Hence v(a,b) < max{v(d,a), v(b,@)} and v(a,b) > min{r(d,a), v(b,a)}. Let 
(a@,, 6,) denote that of the two intervals (a, 4), (b,@) for which 

v(a,b) < v(a,,5,). 

Next divide g(a,), g(b,) into two equal parts, and choose that part g(a,), 
g(by), say, for which v(a,,6,) < (a, bg), and so on. Thus we have determined 
intervals (a,,6,) each of which is contained in its predecessor and such that 
v(a, b) < V(Bns by). But ba—Gn < {g(bn)—g(Gn)}/A = {9(b)—g(a)}/2"A —- 0, 
and a,, and b,, tend to a common limit c,, say; hence 


V(Gn2 On) = [{f(0n)—F(4n)}/(On— Sn) Gbn)— 94 n)}/(On—4n)] 
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tends tof ’(c,)/9’(c,) and so v(a,b) < f’(cg)/9’(cg). Similarly we can determine 
c, so that v(a,b) > f’(ce,)/9’(e). 

12.23. Since v(a, x) is not constant we can find X,a < X < b, such that 
v(a, X) is different from v(a, b); suppose v(a, X) > v(a,b), then 

v(X,b) < v(a, b). 
By 12.22 we can determine a c, in (a, X) such that 
F'(€a)/9’(2) > v(a,X) > r(a, b) 

and a ¢, in (X,6) such that f’(c,)/9’(c,) < v(X,b) < v(a,b). Thus v(a, b) lies 
between the values of f’(x)/g’(x) at c, and c,. Since g’(z) > 2A > 0, 


f’(%)/9'(z) is continuous and so there is a point c, between c, and c,, such 
that »(a,b) = f’(c)/g(c). 


h 
12.3. Let d(h) = f F(x) da—2hf (0), 
—h 


then $(0) = 0, hh) = f(t) +f(—h)— 2f(0), 
$(0)=0, ph) = f'(h)—f(—h) = 2hf"(cy), 
by the mean-value theorem. Hence by Theorem 12.52 there is a point « 


in (0,h) such that sa a ge) = 4/7(cy) and so (h) = $h°f"%a), whore 


& = ¢y which is a point in [—u,u] and so a point in [—h, h]. 


12.31. If d(h) = ; f(x) da—h{ f(h) +f(—h)} then 
-h 
$'(h) = —h{f'(h)—f'(—h)} = —2hf"(cp); 
since 4(0) = 0, ot) ao — 3S" (cu), 
whence $(h) = —§h®f”(8), where B = «,, 


h 
12.32. If — p(h) = | f(a) de—(h/2){f(h) + 2f(0) +f(—A)} 
—h 


then = $(0) = $0) = 0 and $%(h) = —(h/2){f"(h) +f"(—h)}; 

but {/’(2)+f7(—h)}/2 lies between f’(h) and f”(—h) and so, since f’(z) is 
continuous, equals f”(c) for a certain c in (—A, h). Thus ¢’(h) = —hf"(c) 
and so (hk) = —(h?/6) f(y). 


12.33. Let 
h 
12h(h) = 12 ff@) du — hf —f(—h)+8f(0)+ 5f(h)} 
a 
then 4(0) = $’(0) = ¢"(0) = 0 and 
12g"(h) = —h{ f"(—h)-+ Bf "(h)}— Bf "(h)—f’"(—h)} 


= AS" —h) + fh) + Bf "(c)} 
by the mean-value theorem, 
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But 
min{ f"(—h), f"(h),f"(e)} << {f"(—h) + fF "(h) + Gf "(e)}/12 
< max{f"(—h), f"(h),f'"(e)} 

and so, since f”(x) is continuous, there is a point c, between —h and h such 
that {f"(—h)+5f"(h) + 6f"(c)}/12 = f"(c,); thus f"(h) = —hf"(e,) and so 
p(h) = —(ht/4!)f"(8). 

12.331. Write $(h) = f(a--h)—f(a—h)—2hf (a), then 

$(0) = $(0) = (0), and $%(h) = f"(at+h)—f"(a—h) = 2hf (E) 
and so, by Theorem 12.52, 
2M) _ $O—FO)_ $00) _ apa), a = Ee. 
12.332. Write G(x) = g(x+h)—g(x—2h), then 


GQ’ (a) = g'(x-+h)—g’(a—2h) = 3hg"(z+0h), —2<4< 1, 
and so . 


G(a+h)—G(a) = h@’(a+¢h) = 3h%g"(c), a—2h <¢ <a+2h. 
12.333. Write. 
$(h) = f(a+ 2h)—8f(a+h)+8f(a—h)—f(a— 2h) + 12hf"(a) 
then $(0) = (0) = $(0) = 0 
and gt) = 8(f"(a+ 2h) —f"(a-th)—f"(a—h) +.F"(a—2h)} 
= 24h?f5(c), by Example 12.332. 


Therefore Hh) _ $a) = #f5(B), by Theorem 12.52. 


~~ 60a# 
12.334. Write 
ph) = f(a+h)—2f(a)+f(a—h)—h*f"(a) 
so that $(0) = ¢(0) = $0) = 0, 
and $"(h) = f"(a+h)—f"(a—h) = 2hf *(£) 


and therefore oA = = 


12.335. Write 

$(h) = f(a+2h)—16f(a-+h)-+ 30f(a)—16f(a—h)-+f(a—2h) + 12h8f"(a) 
so that $(0) = (0) = 60) = $"(0) = 0 
and 


Gh) = 16{f*(a+2h)—f*(a-+h)—f*(a—h) +f (a—2h)} 
= 16.3h7f%(), by Example 12.332, 


Hh) _ __$%(a) 


2 
= —_' __ — — f ef), 
and therefore ns 6.5.4.3.02 is! (B) 


12.4. By the generalized integral mean-value theorem 


N v N 
| f@)g(e) de = g(n) { fle)dx+g(N) f fle) dx, n<v<N. 


5039 Ff 
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Since f(x) > 0 and f f(x) du exists, therefore for n > nx, 
@ 


7 N N N 
J fle) de < | f(x) de < 1k, f Sle) dx < { flx) de < 1k, 
and since g(z) is bemused: |g(r)| < M, |g(N)| < M, and so 


< 2M/k, 


which proves f F(x)g(x) dx converges. 
12.41. As above, 
N v N 
| Fe)g(a) de = g(n) | f(x)de +9(N) | f(x) de < 2M{\g(n)|+-|9(N)]} > 0. 
12.5. N and n are integers such that Na > b/n, then 


N N N 
J {f(ax)—f(bx)} deja = A flaw) def — A f(b) dee/x 
In 


= THe) a ik du/u, t= ax,u= bz, 


ajn 


b]/n 
= J f(a) dare — fs fle) dala 
aln Na . 


dfn Nb 
= f(a/n) J du —f(NB) | delz, a<a<ba<p<b, 
Na 


= {f(a/n)—f(NB)}log b/a 
— (A—p)logb/a, since a/n > 0 and 1/NB —> 0. 
N Nb 
12.51. Hl {f(ax)—f(bx)} dja = f(ajn)logbja— f f(a) dufe 
in Na 
b 
| = flajnjlogb/a— | f(Neydtjt, x= Nt, 
—> Alog b/a. : 
N bln 
12.52. f {f(ax)—f(bx)} dx/x = i J (x) dae/x—f(NB)log b/a 
ijn ajn 


b 
= J f(ujn) duju—f(NB)logbja, u = na, 


—> ploga/b. 
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x 
12.6. The sequence 7 D,{i/sin 2— Pa converges, for if N > n, 


x 
f- i {D,(1/sin x«— 1/2)cos ax} ae| =| | "Tijana 1/x)cos ax dx 
1jN 1m jy 
ijn 
= |cosa/p { D,(1/sinz—1/z) dx], n<v<N, 
1jN 


since D,(1/sinz—1/x) > 0, by Example 5.31, 
Ijn 
uN 

< I/sin(1/n)—n < n/(6n?—1), by Example 5.32. 
Furthermore 


a |cosa/r[1/sin x— 1/x] 


x 

f D,(1/sin 2— 1/2)cos ax a 

ijn 
= |cosaX,[{1/sin X—1/X}—{1/sin(1/n)—n}]|,  1/n < X_ < X, 
< 1/sinX—1/X. 


ia 
In particular ..(1/sin «— 1/x)cos ax ar < (4w—2)/z. 


ja in : 
12.61. Penang = | (1+200820-4 2008 4+... 2008 2na} dx, 
) 0 
by Example 5.12, 
=}. 
Furthermore 
f (enn On TW) dn 
sin x x 
0 
+7 
= J sin(2n-+ 1)a(1/sin «— 1/x) dz 
6 
1 in 
= meri | Detisine— 1/x)cos(2n-+-1)x dx 
6 
< (1—2/7)/(2n+1)—> 0, by Example 12.6. 
in, 
Thus | ROPE ae > dr but 
é 
Pus (n+4) 
[SORE ae = J “aint ay , t= (2n41)2, 
3 é 
<0 : 
and 80 . | Sat = dr. 
0 
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N. is N 
12.62. [= * - [=-eeee| 4 J FOS a, 
x —& ifn x 
Yn - 1)n 
integrating by parts, 
peed 
| 1 cose 4 
id 
since amt 2 >0 
31 <9 
1—cosl/n 
and O< Tr < n{1—(1—1/2n*)} = 1/2n > 0. 
Furthermore 
N NN. ; N/2 a o | ¢ 
1—cosz Be 2 sin’ 2 oe a sin t us (=) dt. 
Eos a al t 
an fn 1f2n 0 
N : Na, i) 
12.63 ar oie [FAs if a>0 
1jn ajn 


Ny ° N . A 
If a = —b, b > 0, then | oye =— le a —4n. 
in 1)n 


12.64. By the mean-value theorem 


log(z+1)—loga = <, O<x<c<2+1; 


hence 
1 1 1 
D{sf{log(2-+1)—log x}] = one logz——— 5 as alee os | > 0, 
and 
D[(z+ 1){log(x-++ 1)—log x}] = log(x+1)— —logx—* = -—* <0, 


eH 
so that ( 1 +2)" is increasing and (1 +4) is decreasing for x > 0. 
1\et1 W\- 1\-9 
Tf y = «+1, then (1 +2) = 6-9 , so that (1-7) decreases for 


y>1. Now (1+5)" < (14 ye < (14+1)%, x > 1, since (142)" de- 


creases, and therefore 
1\%t1 
(14-4) —(14 =\" = = (14 r)’.: Se £30 as zo. 


nth 
Hence if a, = ( 1 +2)" , o, = (1 +3)" then a, is steadily increasing, b,, 


is steadily decreasing, and a, < b, and b,—a,-> 0. Thus (a,,6,) forms 
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a nest of intervals which contain a unique point which is the limit of both 
a, and b,. But if > n, then 


1\* 1\% 1\*1 y\#+1 
ay = (145)" < (143) < (143) < (145) =o 
1\* ]\#+ ee 
and so both ( 142) and (a +4) tend to the common limit of a, and b,. 


12.7. Let 104(h) 
= 3h[ f(—3h)+ 5f(—2h)+f(—h) + OO) +f (h) + Of (2h) + f(3h)]— 


then 
$(0) = (0) = $0) = $"(0) = giX(0) = (0) = Pr(0) = 0 
and 
1Og*(h) = 18[243f%(3h)+ 160f %(2h)-+ f(b) —f(—h)— 160f*(— 2h) — 
— 243f%( —3h)] + 3h[729f4( 3h) + 820f7( 2h) +f V(b) +f —h) + 
+ 320f%(— 2h) + 729f ( — 3h)]— 7290[ f (3h) —f%(—3A)] 
= 18[2Af¥(x)+ 160. 4hf (8) — 162. GAS Vi(y)] + 3A[729{ fV4(3h) + 
+I — 3h)} + 820{ FH 2A) + FH — 2h) + {FA) +P — A, 
—-h<a<h, —2h < B < 2h, —3h <y < 3h, 
10d*(h) < {18(24+ 640+ 972) + 6(730-+320)}Mh 
= 35352Mh, 
whence, integrating six times from 0 to hk, we have 
d(h) < {35352/10(7!)}Mh? = (491/700) Mh? < 3Mh’. 


and so 


3 3 
12.8. [ f@g(w) dz = f (w—1)t de = H4¥241); 
0 o 
3 3 
F(X) [ ow) de = (X—1)t [ (w@—1) de = H(X—1), 
0 Q 
and, in (0,3), 3#(X—1)t < $V2 < 3.442 < 3(4¥2+41). 


4 4 
12.81. | fl@)g(a) dz = f (—2ye dx = —112/185, 
0 0 
a | 
and £0) f glx) dx = §X# > —112/15, X>0. 
0 
12.82. By the mean-value theorem 
[f(a +1| = |fe)—F/(0)| = [2f%(0)| < 2Zal/sa|=4, —2a <2 < 2a. 


: Hence, since f(a)—a@ = f(a)—f(0) = af (x), therefore 
|f(@)| = lal|1+F(@)] < dal. 
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Furthermore |a+6| = |a+f(a)| < $|a| so that a+6 lies in (— 2a, 2a) and 
so f(a+b) = f(a)+bf’(B), B in (—2a, 2a), 
= f(a)1+f(B)) 
and so Ifla-+b)| < 4lf(a)| < dal. 
XIII 


13. The first five derivatives of tana are 1+ é*, 2¢(1+¢), 2(1-+ 44+ 324), 
8t(2+- 52+ 3t4), and 8(2-+ 17#-+ 30t4+ 152°), where ¢ stands for tan x, and the 
values these take for x = 0 are 1, 0, 2, 0, 16, whence result follows from 


Theorem 13.521. 
Since (l—2?)-? = 1+422/2+ 3x4/8+... for |x| < 1, therefore 


singe = #+23/64+325/40+... 


and so the values of the successive derivatives of sin-1a at x = 0 are 
I, 0, 1, 0, 9,.... whence the result follows from Theorem 13.521. 


13.01. lim(1/sin 2—1/x) = lim{(a—sin x)/x sin x} 
20 20 
= limsina/(2cosx—asinz) = 0. 
20 
lim(1-+-cos7#)/tan’7x = lim(—7 sin 72/27 tan wax sec*mx) 
a1 ao 
= lim(—1/2sec*zz) = }. 
ol 
{log(1+2)}#/(tanz—sin x) = {w—2%(4+ a,)}*/[e+a($+B.)—{2—2(t +yx)}] 
= {1—2($-+a,2)}/(+Betye) > 2 as v0. 
lim cos 3z/(e?*—e7) = lim (—3sin 3x/2e?”) = $e-*. 
w—7r/2 an/2 
{sin x sin~1a—a} = [{e—43/6-+2°(zh5 +a) }Ho+0°/6+2°(25+Px)}—2"] 
= @(Ae tote + Be) — (27/6) (5 + Be — Oe) + 2a + Oe Fo +Be)} 


and 
(tan ztan—l2—2?) = {a+23/3+05(4:+-y_)Ha—23/3+-025(24-8,)}-—2? 
= @8{(F4-ye+8e) + (27/8) +82—Ye) HAN + e$+8,)}- 
Hence lim(sin x sin-!a— x?) /(tan x tan“1%—2?) = 3,/2 = }. 
2-0 


lim{cot?x— (%—7)-*} = lim(cot*y—y*), y = a—7m, 
en +0 
= lim{1/sin’y—1/y*}—1 
yo 
— 1 Him ($+ 2ay)— obo) Vib +oy)}* 
= —l+}=-#. 


1—3sin2/x(2-+cosx) = (24+ cosx—3 sin x)/x(2+ cos x) 
= D( get o,—3B,)/x[3—2(h+7e)]- 
Hence 1/a4*—3 sin v/2°(2+cos av) > g5/3 = zz. 
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13.02. Since e¥ = 1-+-y(1+a,), where a, > 0 as y > 0, therefore 
(ev—1)/y—>1 as y> 0, 
and so n(e™—1) —> z, where y = 2/n, whence n(Na—1) > logx, x = ef. 
13.03. By Taylor’s theorem 
@ = Late tuto tpi” oo el 
and since e® is positive, therefore x"*te% is positive or negative according 


as 2"+1 is positive or negative. 


13.1. We have F(a)+A = 0, F(b)+A+B = 0 and so A = — F(a), 
B = F(a)--F(b). Each choice of G(x) gives a different form to the 
remainder. For instance, we may take (i) G(x) = (x—a)/(b—@) or 

(ii) G(x) = sin(z—a)/sin(b—a), ete. 
Since F(«)+.A+ BG(«) vanishes for « = a and x = b, by Rolle’s theorem 
_ there is a point ¢ in (a,b) where F’(c)+ BG@"(c) = 0. 
In (i) F(x) = —(b—a)"f"t'(x)/n! and G(x) = 1/(b—a@) 


and so (b—c)"f *+1(c)/n! = F(a)/(b—a) since F(b) = 0. 
Thus F(a) = (b—a)(b—c)*f"4(c)/n! 

i.e. 

10) = flay 2= 9 p(a) 4 OS p10) + + 


4 CaP" pra) + (6—a) PEP gms 0), eeet 


In (ii) G(x) = sin(z—a)/sin(b—a), then G’(z) = cos(z—a)/sin(b—a) and so 


(b—a) (b— sr 


f(b) = flay += =a ay er 


oy ‘a sin(b—a) (b—c)" 
+ ni J (9)+ Ga(e—a) nl nt! “ar ee 
13.11. Here 
F(a) = atf4(b—x)/nt, =—F(h) B= F(h)—F(0) = F(h) 
and so f*\(b—c) = —F(h)@"(c); 
“but F(h) = flb)—fla)—hf (a)—.— fa) 
and therefore 
nf +1(b—c) 


f(6) = fla) +hf(a)+5,f"(a)+-. +E 7"a)— Wont * 
13.12. Here 


h—c)*f eH 
100) = fa) +14 (a) + Ma) OT, 
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13.13. By Taylor’s theorem we can find 6,, 6, such that 
2 n—1 n 
HO$H) = fa) 4 19 (+E Fat nt re fea) 7m a+ 0,h) 
and ; : 
; k2 - kn kn 
S(a+k) = f(a) +4 (a)+5f (a) + tay Ma) + Fat Ge k), 
whence 
‘, hath? a 
S(a+h)+fla+k) = 2f(a)+(h+k)f(a)+ a f(a) +e + 


AMAL KAD anen(a+0,h)-+k"f"(a4+Ogk) 
+a fF @)+ soar a, 


AN ™(a+6,h)+k"f"(a+-0q k) 
An+k" 
f"(a+6,h) and f"(a+6,h), and therefore, as f "(x) is continuous, we can 

find \ between a+6,h, a+6,% such that 


[A*f™(a+O,h) +k (a+O,k)] [(A"+k") = fA), - 
whence the result follows. 


13.14. If $(t) = fla+ht)—f(a+k), then p(t) = Mf(a+ht)—kf"(a+kt), 
and so ¢'(0) = (h’—k*) ft(a); but 


BD) = $O+$(0) +5, 80) +--+ 7b" 04+ 46), 


therefore 


S(a+h)—fiatk) = (h—k)f(a)+ 


lies between. 


Since h, k have the same sign, 


h2 


—K., Ann 
anf Greta (a) +- 
gat "(a+-0h)—k"f (a-+6k) 


n! 
13.2. We have : ae 
x) n— 
S(a+h) = FATAL SIA) + te ah a+ 
+E 7a+Oqh), 0< 6, <1, 
and 
he" n het 41 0...h 
Hath) = fla) ++ TIM + aah a+ Ons hy 0 < Ona <1, 
and so 
h 


naps G+ Ons h) = f"™a+6,h)—f (a) = 0,hf"(a+60,h), 0<0<1, 


by the mean-value theorem, and so 
6, = {1/(n+ YS a+ On hf "(a+00,h) > W(n+]1) as h— 0, 


since f"*1(x) is continuous and f*+1(a) < 0. 


13.21. Since f(x) > f(a) as z—> a, we can find a, so that |f(z)—f(a)| < 1/2k 
provided a < x < oy and therefore 


IF(X)—f(@)| = |f(X)—f(a)—{f(z)—fla)}| < Wk 
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for any x, X in the interval (a,o,). But f(x) is continuous in (a;, 6) so that 
(a4, 6) may be divided into a finite number of parts such that, for any x, X 
in the same part, |f(X)—f(x)| < 1/&. ‘Thus we can divide (a, b) into a finite 
number of parts such that | f(X)—f(x)| < 1/k for any x, X in the same 
part, which proves that f(x) is continuous in (a, 6d). 

13.3. If f(z) = x+e—9-3, f(2) = -08906, f/(2) = 838906, and so if 
k=}, kf'(2) = 1-048...; in the interval 2—2kf(2), 24-2kf(2), ie. in 
(1-98, 2-03), f’(z) = e* < 8 = M (say), and therefore 

-08906 = f(2) < 1/12k°M = -6. 


Hence we may apply Theorem 13.93, and we have in turn 


 ¢, = 2—f(2)/8 = 2—-01113 = 1-98887, c, = 1-98887-+-0036/8 = 1-98982. 


The error in the approximation c, is less than c,—c, = -00045, and so the 
root lies between 1-98887 and 1-98977, so that, correct to two places, its 
value is 1-99. 


13.31. Since D,sinz/x) = (cosa/x—sin x/x*) = —1/7 when 2 = 7, it” 
follows that the function sinz/z has a unique inverse near 7 = m7 and so 
the equation sinxz/xz = 6 a unique solution near z = 7. 

Differentiating sinz = x8 with respect to 0 we find in turn 


(cosa—6)dx/d@ = zx, —sin x(daz/d0)?-+ (cos 2—6)d?x/d6? = 2dx/dé, 
— cos 2(da/d0)*— 3 sin x(da/d0)d®x/d0*+- (cos x—9)d?x/d6? = 3d?x/d0?; 
hence when x= and 8@=0 we have dx/d? = —7n, d*x/df? = 2n, 


dx/d0° = —7 —6r and therefore, by Theorem 13.521, 
w= 7—70+789— (1 -+-27?/6)8? + B39, 
where a —> 0 when 6 —> 0. 
13.32, If f(z) = %a—sinz, then f’(x) = 3—cosz, f’(x) = sinx. Hence 
\f’(2)| < 1. Take « = 47 as a first approximation; then 
S (47) = (47-1) = -0472, 


and if k = § then kf’(47) = § and so -0472 = f(}7) < 1/12°M = 053, 
Then 


C, = 4r—4§(-0472) = 1-5118, f(c,) = 1-0079—-9983 = -0096, 

Cy = 1:5118—4(-0096) = 1-4998, SF (eg) = *9999—-9986 = -0013, 

Cs = 1-4998—4(-0013) = 1-4982. 
The difference between c, and c, is -0015 and so the root lies between 
1-4967 and 1-4998, so that its value correct to 2 decimal places is 1-50. 


13.4. Since D,(y®+y) = 3y?+-1 = 1 when y = 0, the function y°+y has . 
@ unique inverse near y = 0. Thus y*+y = x has a unique solution near 
y¥=0,2 = 0. 
Differentiating with respect to z, we find in turn 
(3y?-+1)dy/dx = 1, 6y(dy/da)?+ (3y?+ 1)d?y/da* = 0, 
6(dy/dx)® + 18y(dy/dx)(d*y/da*) + (3y*+ 1)d°y/da* — 0, 
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36(dy/dax)*(d*y/da*) + 18y(d?y/dx*)? + 24y(dy/da)(d>y/da*) + 
+ (8y2-+ 1) dty/dat = 0. 
90(dy/dar)(d?y /da*)? + 60(dy/dar)*(d°y/da*) + 60y(d?y/da?)(d>y/dx*) + 
+ 30y(dy/dx)(d4y/dat)+ (3y?+ 1)d5y/daé = 0, 
whence, as y= 0; dy/dz = 1, d®y/dx* = 0, d®y/dz* = —6, d‘y/dzxt = 0, 
d'y/dx>’ = 360, and therefore y = x«—2°+325(1+e,). 
13.41. D,logy/y) = (l—logy)/y? = 1 when y = 1 and so logy/y = 2, 
i.e. y = e*¥, has a unique solution for y in terms of 2, near y = 1, 
From y = e*” we have logy = xy, 


dy/dx = y*+ay dy/dax, d?y/da? = 3ydy/dx+ax(dy/dx)?+ xy d*y/dz*, 


and 
dy/da® = 4(dy/dx)*+ 4y d*y/da* + 3a(dy/dax)(d?y/da?) + xy d®y/dzx*, 


and therefore when « = 0 and y = 1 we have dy/dx = 1, d*y/dx* = 3, 
d®y/da? = 16, whence the result follows. 
13.5. On y = aaz?+bx?+cxt at the point « = 0, we have dy/dx = 0, 
d*y/da* = 2a, dy/dx? = 6b, dty/dx* = 24c, d'y/dx' = 0. 
The general equation of a conic through the point (0, 0) is 
Ax*+ 2Hxy+ By?+2Ge+2Fy = 0, 
which contains effectively four parameters. 
On the conic, denoting successive derivatives by y’, y”, and so on, we 
Beve Ax-+Hy+G@+(Hx+By+F)y’ = 0, 
A+2Hy’+ By”+ (Ha+ By+F)y’ = 0, 
3Hy"+3By'y’-+(He+By+F)y” = 0, 
4Hy" + 4By'y"+3By”-+ (a+ By+ F)yv = 0. 
For contact of the fourth order at « = 0, y = 0, we require y’ = 0, 
y” = 2a, y” = 6b, yiv = 24c, and therefore 
G=0, A+t2aF =0, 6Ha+6bF =0, 24Hb+12Ba*?+24Fc = 0, 


whence 
A/F = —2a, H/F = —b/a, B/F = 2(b?—ac)/a® 


and the conic is ay = ata? + a®bxy+(ac—b*)y?. 
Contact of the fifth order requires y¥ = 0; but 
5Hy'¥ + 5By’y + 10By’y” + (Ha+ By+ F)yy = 0 
and therefore Hc+ Bab = 0, whence 2b? = 3abc, i.e. the conic has contact 
of the fifth order only if 6b = 0 or 2b? = 8ac. 


13.51. The general equation of a parabola through the origin is 
(ax-+ by)? = 2px+ 2gy, 
which contains effectively three parameters, and so on the parabola 
(ax+ by)(a+by’) = pty’, (ax-+by)by”+(a+by’? = gy’, 
(aa by)by” + (a-+-by’)by”+ 2(a-+-by’)by” = gy”. 
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If the parabola has contact of the third order at the origin with the 
curve y = f(x) which touches the x-axis, then at the origin 


y=f(0)=0 yY=f" (0), yy =f"(0); 
but f(z) = tan and so 
f(x) = sooty - =secs/p and f(x) = 3sech, sin p/p*—sooty / ps 
whence f(0) = 1p, f(0) = —p'/p*» 

Thus from the conditions on y’, y”, y” we have 
p = 0, a? = q/p, 3ab/p = —gp'/p*, whence a = y(q/p), 6 = —(p'/3)v(a/p) 
and the equation of the parabola is (3a—yp’)* = 18py. 

For contact of the fourth order we require 4aby”+ 3b?y”? = gyi’, where 
y’ =f"(0) = Ip, y” = F(0) = —p'/p?s yt = f(0) = (3-+2p%—pp")/p®, 
whence 5p’? = 9+ 6p"—3pp”. Thus the condition for contact of the fourth 
order is p’?-+9 = 3pp”. 

13.6. We have 
dajds = cosy, d®x/ds* = —siny/p, d°x/ds* = — cos b/p?+ (sin b/p?)(dp/ds), 
and 

dy/ds = sinys, d*y/de* = cosy/p, dy/ds* = —sin/p*— (cosy/p*)(dp/ds); 
at the origin « = 0, y = 0 we have % = 0 and so dx|ds = 1, dx/ds* = 0, 
d3z/ds® = —1/p*, and dy/ds = 0, d*y/ds* = 1/p, d?y/ds? = —p’/p*, whence 
2 = s—s?/B8!p?+... and y = s?/2!p—p’s*/3!p?+.... 
At the origin d‘a/dst = p’(p+2p’)/p*, d*y/ds* = {2p’*— p(p’+p”)}/p® and so 
to the fourth power of s the expansions are 
u= 8—s?/3! p?-+ p'(p-+ 2p’)s4/4! p*, 
y = 87/2! p—p’s?/3! p*-+-{2p— p(p’ + p”)}8*/4! p® 
13.601. (i) If s,(%) = Vnx(1—a)" then, when 
z=1, 8,(z) = 0, 
Oo< a< 1/n, 8,(2) < avn < Ifwn, 
In<cax<l, 8,(2) = (aVn)[(L—2)-" < (avn)/na = 1/Nn, 
since (I—2x)-" = 1-++na-+ positive terms. 
Hence for all x in (0,1), 0 < 8,(") < 1/Wn, which proves that s,(x) is 
interval convergent in (0,1), with limit zero. : 
(ii) Lf s,(x) = 2*(1—x) then, when 
1—-Ifvn <x cl, 8,(t) < 1—w = 1jwn, 
O<a < 1—I/Nn, 8,(2) < (1—1/vn)® = 1/(1—1/vn)-” < I/vn, 
since (1—1/Vn)-* = 1+~n-+ positive terms; 
thus for all x in (0,1), 0 < 8,(%) < 1/Vn, so that #,(z) is interval convergent 
with limit zero. 
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(iti) If s,(%) = na(1—x)", then s,(0) = s,(1) = 0 and when 0 <2 < 1, 
8,(%) = naf(l—a)-® < Qna/n(n+1)2? > 0 


for a fixed x, so that lims,(x) = 0 for any fixed x in (0,1). But however 
great n may be chosen, s,(2z) is not small for all values of z in (0,1), since 
8,(1/n) = (1—1/n)" —> Ie, so that s,(1/n) > 4 however great n may be. 


13.61. We have Dts sin(xsina) = e°Ssin(zsina-na), and so if 
f(x) = e*8+sin(zsin x), then |f(x)| < et8e < ealeosal, if |x| < a, and 


f™(0) = sinna«. 
Since f(x) is bounded, f(x) equals its Taylor series and so 


f(z) = > 2 sin na. 


a é a” 
Similarly e% 008 ¢ cos(x sin «) = > nt COs nee 


13.62. Since > u,, converges we can find 7; so that UntUngt--+tuy < ; 
when N > n > n,, and so 


|4n(@)+Gnyi(@)+...+ay(@)| < fan(%)|+|On4r(@)|+...+]ay(x)| 
< UntUngi tee ty (2) < . N 2zne My AQus b, 


where 7, is independent of x (depending only upon the series > un), which 
proves that > a,(z) is interval convergent in (a,b). 


13.63. fle) ae = 2 f pes d0, x = csin%9; 
6 a 


n 
but ¢(z) = > $"(0)a"/r!+a%e(x), where e(z) > 0 as x ->0 and therefore 
r=0 


c a iv 
eae _ 2S a0 | sina) of /r\-+-20" I <(csin®6)sin2"9 dO. 
0 0 0 


Moreover, 
3a 


i 
f e(csin?6)sin?"9 d@ = ¢(csin*x) i) sin?*9d0, 0O<a< dr, 
0 0 


=, (say), 
80 that §,—> 0 as c > 0. 


13.64. Since the contact is of the nth order, and 


flath) = fla)+hf’ (+5 "(@)+. att or ita) +a), 


g(a-+h) = ga) -+hg(a)-+e9" (a) OMA) +E (Ha) + Ph), 
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where a, —> 0, 8, > 0 when h > 0 and f(a) ¥ g"+1(a), therefore 


Hath)—gath) =f (a)—g""(a)-+y,}, where yx = an—Pr 


(n+1)! 

Thus for sufficiently small values of |h|, AB et is of constant 
sign, since f"+1(a)—g"+1(a)+-, is of constant sign when h is small enough 
to make |y,| < |f*(a)—g"+1(a)|. Accordingly f(a+h)—g(a+h) has the 
same sign as h"™+1 and so f(a+h)—g(a+h) changes sign, and the curves 
cross, when 7 is even, and does not change sign, and the curves do not 
cross, when n is odd. 


13.7. Since > v,(x) converges in (0,00], we can find nz so that for any 


N 
N > n, and for all positive x,| > v,(x)| < 1/k, and so 
m+1 
N N |. ; N 
yw |=| > limey(x)] = him| ¥ v(x) < 1/k, 
ntl me+1 2-00 wool ng +1 
which proves that >) w, converges; incidentally we observe 
N 
x »,(x)| =| lim; > v,(a)}| < I/k, 
r>n+1 N->00' ng+1 
and similarly | > w,| < 1/k. 
. T>n 
Since 
Pn me Pn 
| Sete — Su] <|¥ co(a)—wn| +] F owt] Sw, 
1 1 ™mH+1 r>nz+1 


and since we can choose Nj, so that for n > N; 
ju,(n)—w,| < Lfknz, 17 = 0,1, 2,..., ps 
therefore, when n > N;, and py > ny 


Pn 
% (0) Wr 
13.71. Since log(1-++-x”)/* — 1 as x — 0, we can find 2 so that 
ees <2, |x] < x 


“As > |x,(x)| converges in (0, 00], we can find my so that |v,(x)| < % when 
re mq Hence \iogti+o,(a)}] < 2le,(a)[, 7 >.M6. 
Thus > log{1-+v,(z)} converges in the interval (0, 00], and 
lim log{1+-»,(z)} = log(1+-w,). 
00 


Dn 
< 3/k, i. Sv,(n) > > w,. 
1 


Hence, by 13.7, > log(1-+w,) converges, and 


E log -u,(n)} > ¥ log(1+w,), 


and therefore il {1+4,(n)} > T][ (1+4,), 
r=1 r21 
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Pn Dn Pn 
for é Llog(it+er(n)} es tl elog{(t+er(n)} — Tl {1 +u,(n)} 
1 1 
and 


a n 
eLlog(i+w) — elim Zlog(tter) _ Hm eter"! since e* is continuous, 


= lime [I (1-40) = 1] +). 


13.72. It follows from Example 5.2 that if n is odd sin n@ is a polynomial 
p(sin§) of the nth degree in sin; since sinn® = 0 when 6 = +rn/n, 
r= 0, 1, 2,..., (n—1)/2, the roots of p(t) = 0 are ¢ = +sinrz/n, r= 0, 
1.) (n—1)/2. 

Writing ¢ for sin @ we have 
sinn§ = At(t?—sin®2/n)(t?—sin? 27/n)(t?—sin? 37/n)...[2—sin*%{(n—1)/2}a/n] 
i.e. 
sin n6/sin 6 

= B(1—sin@/sin* z/n)(1—sin?6/sin? 27/n).. 1 dial ah ae 
Since lim sin n6/sin 9 = lim n cos nGjoos 8 =n, therefore B = n. 
6—>0 
Write n§ = ¢, then : 
(n—1) 7 F 
(sin ¢/p)/{sin(¢/n)/(p/n)} = Il {1—sin*($/n)/sin*(r7/n)}. 
r= 


Let v,(x) = —sin*(/x)/sin*(rz/x) for x > 2r and v,(x) = 0 for x < 2r, then 
since |sina/a| < 1 for any « and sit oof > 2/7 provided 0 < a < 47, we 
have, if x > 2r (and therefore rz/x < 47), 


|vp(a)| = [{(sin 6/x)/(p/)}/{(sin rar/xz)/(rar/x2)}P(B?/r?m*) < (dr) *(G?/1°m?) 
= ¢*/4r? 
and if x < 2r, |v,(a)| = 0 < $2/4r%, and so S$ |v,(x)| < ($*/4) ¥ 1/r? for 
P D 
any x; but > 1/r? converges and therefore > |v,(x)| converges in (0, 0] 
for any fixed ¢. 
Furthermore, since (sin «/x)/(«/z) > 1 as x-> oo, for any «, therefore 


v(x) —> —d?/r°a7? as 2 — oo. Thus 2,(x) satisfies the conditions of Example 
13.71 and therefore 


“TL (—sin*(d/ny/sint¢rm ny = "TD ato, > TL (1 9t/rtnt); 


but (sin ¢/¢)/{(sin f/n)/(¢/n)} > sing/d, whence 
sing = ? It (1—¢?/r°7?) for any ¢. 


13.8. If d(h) = f(a)+r{f(a+h)—f(a)}}—f(a+rh), so that ¢(0) = 0, then 
$'(h) = rf (a+h)—7f (at+rh) = r(l—r)hf{a(h)}, ath > ath) > atrh. 

Hence by the Cauchy formula 
Hh) _ $6) _ rl=r)ef “{o(o)} 


2c 2e 


O<c<h, 
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whence 4(h) = $r(1—r)h?f"{a(c)}; since a < a+re < a(c)< ate <a+th, 

therefore a(c) is of the form a+6h, 0 < 9 < 1. (Alternatively deduce from 
Theorem 12.541 writing a = y, ath = z,a+rh = 2). 

Take f(x) = sinz, a = 4n, hh = 447 andr = }. Then an approximation to 


._ Ir. (Z 1 =) z 7 3(sin : ) 242 
sin 35 = sin +3: B 1s sing ts sin= —sing eo 
é 112 7 ae a 
with an error 3°3°3° 4am 75 (9-+2) < 3599" 


13.81. Let a—x = y, so that § < y < a; then ify > 1 and ify = 1+d, 
n 
so that 0 < d < a—1, it follows from (142) > 1+d that 


by <14e c 14%, 


whence [y/”—1| et — <5, ifn > (a—1)/8. Ify = 1, |y"—-1] = 0 < 8, 
for all n. ity < tsand ite iy then YB > # > 1 and : 
|ym—1] = sa = < |l-2im| <8, ifn > (89-18. 


Thus in every case, if 0 <  <a—8 then |(a—x)/"—1| <6 forn > ng. © 
Similarly, if |f(x)| < M, then for 0 < # < a—e, 


[(a—z)4(e)—F(a)| < S| f(@)| <8, forn > vy 
and for0 < a—aw%<¢e, <1, 
|(a—a)U"f(x)—f(x)| = |f(x)| < 8, for all n, 
so that | fn(z)—f(x)| < 6, > vg, and all x in (0,a). 


Furthermore = fx(x) = (a—a)U"f “(@)—(a—a)' £2. 


and by the mean-value theorem, since f(a) = 0, —f(x) =(a—2)f {ce(x)}, 
where x < c(x) < a, so that 


falar) = (a—a)IMf (x) += (aap {o(2)} 
hence, if |f’(a)| < K, then when 0 < x < a—n (y3 < 1) 
| fa(x)—f "(@)| < \(a—ay"—1 K-42 (a+ 1)K 


< pitts, n> Mas 


<8 if n> max{2(a+1)K/6, ps}. 
If 0 < a—z < mp |fa()—f'(z)| < |f’(@)|+1f{elz)}l/n < 8 by continuity. 


ge - —e*(14 9) tee(145) ey = 05 
13.82. a ne ad a +e it; and so (an) oo tey = 0; 
hence, in turn, 


2, 
ein) SY a4aB4y=0, wim Tata try =0, 
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dy 
dx ay 
whence the result follows by Taylor’s theorem. Furthermore 


i e-(.se) |S] 3 ene 8) 


ee ae) 
S © (2, +2242 a )>0 


13.83. (i) Let x > X; by the mean-value theorem we can find ¢, 
X <c < 2, such that 


(eo HAA) =f'(0); therefore fe) IE) (1%) p10). 


= (2n+3nx—2)y/(x+n)3, 


Choose X so great that i= <f(e)< 14, k > 1, and keeping X fixed 


choose 2 so great that 


Bl< Hl<d 


F(«) 
then fe) 24 (14 Z)(44) < 14 2c+a, 

f(a) 1 1\/, 1 
and eo) 5 —7+(1-F)(:-2) > 17 (+2) 
whence 1), as 2 —> 00. 

(ii) (x) = eh >} > 0, therefore ee) 3.) 7 hence, since ae) 1, 
we have hte) 7 To) $2) a — . 
2 x “1 


13.9. We observe that if g and s are both positive the ae and 
ptr 
g+s 


Since both 6,—c and c—ay,, are positive and 


Fbn)—F(Gn) _ {fOn)—F(O}+{F(C)—F(Gn)} 


r reer ptr 
= have opposite signs, so that raw 


lies between 2 and — =. 
q 8 


b,—Gy, (bn—c) + (C—Gn) 
therefore /Pn)— Len) lies between ete) ana) Len), each of which 


has the limit ¢ (for b,c < b,—a, —> 0, c—ad, < b,—@, —> 0). Hence 


Flbn)—F(Gn) _ hi 


by— Gy 


13.91. Using Example 13.9 and the fact that the point-derivative (x) 
is given to be continuous the proof proceeds exactly as in §§3.61, 12.21. 
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13.92. By Example 13.91, given any x, X in (a,b) we can find 2* in [x, X] 
such that {f(X)—f(x)}/(X—a) = ¢(x*); since ¢(x) is continuous in (a,b) 
we can find p, independent of x, X such that ¢(X)—¢(x) = O(n) for any 
wz, X in (a,b) satisfying X—z = O(p,). Hence if X—z = O(p,), then 
x*—x = O(p,) and therefore {f(X)—f(x)}/(X—2z) = ¢(x)+0(n), which 
proves that f(x) is interval-differentiable in (a,b) with derivative ¢(2). 


XIV 
14.3. Use Example 9.61 and integrate from 0 to 27. 


14.41. Use Example 14.4. 
14.7. If y = v2 then 


eel l ral 
eed ee 
i i 
a " 
1 1 
and so 2" | —dy = | —dz. 
y x 
i 2 
Since 2,1 = Vt, therefore a but if 2) > 1 then x, > 1 
n1 n L_—1 Eayitl’ 0 n 
Bni4—1 1 L_—1 1 
for all n and so < = and therefore < = so that z,— 1. 
a ne Zp—1 ~ 28 


If a < 1 then 1/x, > 180 that, by the foregoing proof, 1/x, —> 1, that is, 
t,—> 1. Finally, if x, = 1, then all x, = 1. 
Next we observe that 
i 
f G/2) de 
lim +—_—__- = lim 1/t = 


bad in 
an { (1/2) da f Qi) de 
1 1 


and so 1, 


2%(c,—1)  a,—1 
which completes the proof. 
14.71. Since a4, = Xp/{1-+4(1+22)} therefore |rn41| < $|%ql and so 


1 
Iza] < gale > 0. 


. ee —— 
Under the transformation y = 2/{1+./(1-+2*)} = visio we have 
1 2/(1+a%) 1_ 2 
arr = “eae? yy — 2’ 
1\1 dy 1\dy 2 
sai (vt )ean (4g 
5039 G zg 
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pence 2 dy Bt 
when eT, ae y+tdyy)’ y dz gz 4(1-+-2) 2 T+27° 
att l l on 1 
Hence i aw=3/ Ta @ 
3 0 
ra a 4 
and. therefore an I+y dy = J 1+a? sai 
0 0 
t 
fa/a+2%)} dx i 
: Pa) = lim—_— = 
Since (er ae =tnia* 
Ly mn 
anf a/aty dy  f (/l+y%)} dy 
therefore 2 = + > 1 
224 Xa 
fo. 
and so ame, —> | ita ™ = arctan xo. 
é 


14.8. By the mean-value theorem we can find c and c* in (a,b) such that 
b b 
pag | fords = se) and 54, [ togsta) de = logs(o% 
. and therefore Al, = fic), Gh» = flc*). 
14.81, [#@,¥) de = Frey) de 
= [Lf@¥)—fle.y)] det [f(w,¥) de — f fix,y) de. 


By interval ire acasd 


(x, Y) dx 


py |ftew )de| < 


<i n> Ny 


By ee 
1. 1 
»Y)—-f(z,y)| <= if |Y¥—-y] < —, 
Ife ¥)—-feonl <z- if [¥-yl < 5 


whence 


1 
¥)—Hey) ao <p n= My 
which completes the proof. 


ao oO 
14.82. If > f up(z)de= S and f Tualz) de = 8’, 
‘ @ @ 
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then f > u(x) dz = > f u,(x) da < S for alln, 


and therefore S’ < S. 
Furthermore 


XE nla) de = [ eels eas. ray 
z J vale) = [Zale < J Rule) =S’, forall N, 


and therefore S < S’, whence S = 8’. 

If u,(x) may have any sign but the conditions of the theorem are satisfied 
both for u,(z) and |u,(x)| then by addition and subtraction respectively, 
the conditions are satisfied for the positive functions |u,{2)|+u,(x), whence 
by the first part 


E f lente) +-uq(a)} de = [ Y {lup(z)|-+ug()} de 


and = = J {\t4q(2)|—ten(2)} dx = ff E {lun(@)|—ren()} de, 
whence by subtraction 
= if uy (@) dex = f Y up(x) de. 

14.9. Let q be greater than p, and let a? = af, a?,, = af, then 

= 2 F(aP)(aP,,—a?) = 2 S(@P){(AF41— 99) + (0$42—941)+... + (af—af_s)}, 
and 

y=  FlaB)aB +1— 28) 
= D {f(a9)(a9,.—29) +F(09,1)(08.2— 9841) +--+ F(af_ 1) af —aF_1)} 

and therefore 
Sy~8p = ¥ {EH Ho N08 .—a)} = OP) ¥ (a..—a8) = (0—a).0(9), 
which proves that S, converges. 


14.91, Exactly as in Theorem 14 we prove © 
z Ha? NPs —aF)— 2 F (OP (OP 41 —5?) = (b—@).0(p—1). 
0 T 
Thus S},— S23, — 0; hence if 1,, 7, are the limits of S}, Sj (convergent by 14.9), 
then 1,—1, = (1,—S4)— (1,.—S})+(S}—S}) — 0, and sot, = k. 
This proves that the integral of f(z) is independent of the particular 
p-chain on which it is formed. 


14.92. Let a = a®, aP, af,..., a2 = C, G2,1,-., a? = b be a p-chain for the 
semi-continuous function f(z). Then 


i-1 $ jo1 b 
E Ha? akss—at) > f fla)de, SS flar\(ar,.—a?) > | fle) de, 
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452 
gol » 

and Sa? (aP,,—aP) —> | fer) de,” 
c b 5 . 

so that f f@) de+ | fe) de = J fe) de. 


14.93. Let a = aP, a?, a?...., af, = 6 be a p-chain for all three functions 
S(z), (x), and f(x)+-9(x), then 


b b 
E Sar \(ater—at) > | fle) de, — S glaP\(az,,—aP) > | g(a) de, 
b 
and X (MaP)-+9(aP)HaP,1—aP) —> f {f(e)+9(x)} de 
b b b 
so that J fle) det [ g(x) de = | (fe) +9(x)} de. 
14.94. If m< f(x) <M in (a,b), then Sy = > f(aP)(a?,.—aP) lies 
between m > (a?,,—a?) and M >d (a? —a?), i.e. berween (b—a)m and 


r 
(b—a)M, and therefore (b—a)m < limS, < (b—a)M. 


T t 
14.941. | J f(z) dx — | f(z) ay = | J f(a) da + [17 dz ~ { f(x) dx 
a a a t a 


T 
{sey ae| < mcr, 
H 
t 
where M is a bound of | f(x)|, which proves that J f(a) dx is continuous. 
@ 


14.95. We prove first that if a = a?, QP, A2,.., af, = b is a p-chain for 

F(z) then * 
O41 b 

Xa?) [ oe) de > f fle)g(e) de. 
Tt a? a 


For 


b Fen oP, 
J Feral) dx — & flat) [ g(a) de] = x J (fe)—#ab ya) ax 


arya 
<M f[ (f)—fla?)}de, since f(z) is non-decreasing, and lo(x)| <M, 


. = M.O0(p) > (aP,,—aP) = M(b—a).0(p). 
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But 
4 bob b ob 
Ep = Ea?) f gle) de = 1e)( J- foe az) +08)( f-f we) de) +. 
ar a of of of 


b mot b 
= fla) | ole) dae +S (Flabss)—Sar)} J gle) des 
e ia OP, 


since f(a) and f(a?,,)—f(a?) are all positive, and 


fr—1 
S(a)+ Ds {F(P,1)—f(a?)} = f(b), 
b 
therefore if 1 and g are the least and greatest values of J g(x) daz, where 


a<t< b, it follows that ; 
f(b) < Lp < gf(d). 


But yy > i S(x)g(x) dx, and so 


: ; 
l< ( f f@)g(a) az) [1 <9 
i.e. (f J (a)g(x) dz) | f(b) lies between two values of the continuous function 


b . b 
f g(x) dx, and therefore is itself a value of [ g(x) dx. Thus there is a point 
i : 
c in [a, 6] such that : 
b 
f F@)glw) de = f(b) f g(x) de. 
@ ec 


14.96. If for some k, (k—1)7 < |x| < ka, and ifn > k, then 


ni—k® = (n—k)(n+k) > (n—k)® 
and so 


¥ ahellrtnt—at) < (2h fm) FU (r®—K2) < (2k/m) ¥ Wflr—k)® 


Nok 
= (2k/z) 2 If? = O(p), n> my, 
a— 
since > 1/r* converges; thus > 2a/(r?x?— x") is interval-convergent in the 
interval [(4—1), kz], for any &. 


_ 2x 
=e 


Pe) 
But D, log (1 -<)) 
and, by Example 13.72, 
Fv ; 
BS log (1-5) = logsinz—logz 
‘and therefore, by Theorem 14.61, 


eo 
P i 
D{logsin x—log x} = —2x va Pat—ar’ 
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1 — 1 
i.e. cots = Parad > pom mar for any x not a multiple of 7. 
Since cll SR the result may be written 
wt rig eon etre » , 
1 
cotz = F 
> v—rr 
r=—00 


14.961. By Example 14.96 


CJ 1 = 2 


and therefore 


1 1 < 1 — (—1)r 
sina sob ee tates) = » 2—Qr7 > 2—(2r+1)7 xs x—ri 


—2 a) 
14.962. Since 
ie = iw tatoetae. pte for any n 
Ii+a I+ : 
therefore 
1 . 1 1 
J aod _ hel iy [ att det (—1)" gorn—l 
Ita” ~ 2 ( . 1+ 
a é i) 
n—1 


er where 0 <8 <1, for any n, 


(—1)" eet ie os i. ‘ F 
> aie? the series converging since > ey decreasing to zero. 
got a ( 1y° 
Th —— dx = - 
sia Tae” > a+r’ 
0 0 
but 1 n 
ee _ yet _ 1 
ie - [ow w= yi, 
1jn 1 
co 
| ie 
— fy 
1 ? 
7 it 
and so 
("a (ee Se Se 
ae a —iy —1 
dx => = = 
Je |e l1—a+r a—k’ 
i 6 0 1 


since 1—a is positive, 
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whence : 
. a—1 i ae A PA 1 
2 7 _ 
| le” ~ | ie + | ine” 


XV 


15. Taking x, y as the independent, and wu, v as the dependent variables 
we find from the first equation, taking x and then y as the variable, 


cosu = Pt sinu = v— 
- oa’ i ta ey’ 
whence Lai PP 2 eeu = 0. 


° Baby * on By tO ay 


From the equation xsinu—ycosu = v, taking y as the variable, we find 


dv 
OUTS, = By? 
thus ed ee 0, 
ie. ota Fy —cost-+sinta = 0. 
wt oF (213) 
similarly oa = n(2 2) F 
and so ne becomes oF = 0; 


therefore 2H/du is independent of wu, i.e. 2H/év = ¢(v), and so H— § dw) dv 
is independent of v, wherefore H = J oo) dvut+f(u) = f(u)+g(v). 


15.02. We have 
2Zlog{d(x)-+yy)} +z = log 2+logd’(x)+log p(y), 
whence, keeping y constant and differentiating with respect to 2, 


26"(a)/(a) + Wu} +55 = #"N/b'@). 
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Differentiating this equation with — to y, we find. 
OW WOO + Huron =0, ie 2% mee 


1 oH, 2p, eh 18H _ 2g 
H ox ~H2 Ht2® tt’ 
ast 


whence fie op +4pre 


15.03. 


Furthermore 

LOH pe i 

Ha ~“ PRp-d 
oH _ 0H ox , 0H dy | 0H bz 
Or dn Or dy Ort de or 


@H oH 
and so Dat + BS = 48H. 
15.04. 


. ,oOH  , . ,OH oH 
= cos Jain g — +sin Osing By Toba,» 
OH _ OH de OH dy | oH de 
a6 (Ox apt ay ap ' dz ap 
= reosBeosp = -+rsin Boos = —rsing 


whence sing = on +08 ao a cos A sin ra By" 


Moreover 
0H 0H 0x | OH dy | 0H az 
20 — dx 20+ dy 20+ oz a0 

whence follows the second result. 

15.05. Let J(t) = f{a+(A—a)t,b+(B—b)t}, so that $(t) is differentiable 

in (0,1), and (0) = (1); hence by Rolle’s theorem we can find 7 in [0, 1] 
such that ¢’(7) = 0. But 
$'(t) = (A—a)f,{a+ (A —a)t, b+ (B—b)i}-+(B—b)f,{a-+(A—a)t, b+(B—b)t} 
| and so, writing a+-(A—a)r = a, b+(B—b)r = B, we have 
(a—a)fa(a,B)+(B—B)fy(osf) = 0, since 7 ¥ 0. 
15.1. If z = flog(v?+-y?) then 
a 
dx tty? = — dy ~ w+? 
if z = tan—"(y/z) then 
oe yler y oe 1 2 
ae ~ I+ @ay~ apy 84 ay I+(yjay zpyer ote 
15.11. Regarding z as a function of x and y satisfying ¢(x,y,z) = 0, we 
ang °¢.% (= 
da" dz \dx 


= —rsin 0 sing 22 Gg Frees Osin gS, 


and so (=) +(Z)' = 1/er+y; 


), = 0; similarly, regarding y as a function of x and z, 
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ad ad (dy ad ad (82: 
ae (24) = 0 and regarding « as a function of yand z, = dbs 4 oe(=) = 0; 
om eat aN) 

Ox Oy Oz Ou Oy Oz Oy! ,\O27 
and therefore (2) (=) (=) ei], 

a uy 2 

since none of = =, eee is zero when ¢@ depends upon all three 2, y, z 


ae? By’ dz 
15.2 ‘Under the éraneionnia don Y = Apt, %+0,07+...+09 10" 14 v2", 
P(x, y) takes the form 
Ay+A,%+Agu?+...fAn 1 2*1+a"Q(a, w), 
where Q(x,w) is a polynomial, and A), Ay,..., Ay, are polynomials in the 
n variables do, Q,,...) G,_,. Thus @ set of values dp, @;,..-) @n_, may be chosen 
so that Ay, A,,..., Ay are all zero; for this set of values 


P(x,y) = u"Q(z,w), 


oP ey n°Q j oy n 
whence, differentiating with respect to w, —— oy on = Oe Since bp 
it follows that for all values of 2, except perhaps x = 0, - = 2, b 


continuity this holds also for x= 0. Let w= ww, be a solution of 


Q(0,w) = 0, then since a = “ x 0 when x = 0, there is, by 15.85, a 


unique differentiable solution of the equation Q(x, w) = 0, say w = w(x). 
If a, = w(0) and «a = w(x)—w(0), so that « > 0 as x — 0, then 

¥ = Ay+a,2+ we $y 2" 1+ 2%(A_ +e) 
is a solution of P(z,y) = 0, where « is a differentiable function of x, such 
that « —> 0, as z—> 0. 

The solution may be written in the form y = a9+a,%+...+ 2" "ay, 1+f), 
where B = (a,+«)x so that 8 > 0 as x —> 0 and we determine ap, @5..., @p_a 
by the condition that the coefficients of x°, x1,..., 2* "7 in 

P(x, Gg +0, 04+-...4+Gq_1 2") 
are all zero. 

If P(w,y) = 20?+-ay—y?+25—2y?+ 3, then P(0,0) = Oand P,(0,0) = 0, 
so there is not a unique solution at the origin; taking y = zx we have 

x2 P*(x,z) = P(x, 20) = o{2+2—22+4+"—2x27-+ x25} 


and so P3(x,2) = 1—22—2x2-+ 322. 
Now P*(0,z) = Oif 2+z—2? = 0,ie.2 = 2orz = —1, and P#(0, —1) = 3, 
P#(0,2) = —3 so that P*(z,z) = 0 has a unique solution in the neighbour- 


hood of (0,2) and a unique solution in the neighbourhood of (0, —1). 
Each solution is of the form z = a,+a,2+2%(a,+f,), where B,~> 0 as 
a —> 0 and ag, a1, a, are to be chosen so that the coefficients of x°, a1, x 
‘in P(x,a)+a,;"%+a,2*) are zero. Thus 
Q+a,—a} = 0, ag—2a,a_-++1—aj+aj = 0, a,—a2— 2a, a_+ 3aja, = 0, 
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whence, either a, = 2, a, = $, ag = —82 or ag = —1, a, = $5, a, = —44, 
giving the solutions y = 27+ $a?— 7925+.) and y = —z+40*—a23(1s+y,), 
where f,, and y, tend to zero with x. 

Furthermore P(0,1) = 0, P,(0,1) = 1 and so there is a unique solution 
of P(x, y) in the neighbourhood (0,1) given by 


Y = Cote, xe, 27+ 2°(c,+5,)3 


the coefficients cy, ¢,, Cg, Cs are determined so that the coefficients of 
x, at, a, 23 in P(x, ¢y+¢,%+¢.2?-+¢c, 2%) are all zero. Thus —c?-+-c3 = 0, 
Cy— 2eg0,—C2 + BeR ce, = 0, 2+0,—C2— 2cq Cg— 2c C,-+ Be2 cg-+3e,c? = 0 and 
Cy— 2c, Cy-+ 1 — 0? — cq Cg+ 302 Cg+- 6g C, Cg +c? = 0; since y = 1 when x = 0, 
therefore cy = 1, whence c, = 0, c, = —2, cs = —1 and the required - 


solution is y = 1—2a*—23(1+8,). 


15.21. Since f(a, c) is the double limit of f(z, y) as x and y tend to a and ¢, 
we can find «;,, y, such that 


| f(%,y)—f(a,c)| < = provideda <4 <cap,e<y < yy 
and therefore for any points (x, y), (X,Y) in (a, a%)(¢, y,) 
IMXY)—flay)| = EY)-Sae)— (Kes v)—sla,e)}] < 2. 


In the interval a, < x < 6, f(x,c) is the continuous interval limit of f(x,y) 
as y —> c, therefore |f(x,y)—f(x,c)| < x provided c < y < y¥;, whence 


If(X.¥)—f(w,y)| = |X, ¥)—f(X, 0) +42, 0) f(x,y) +4(X, ¢) fla, €)| 


<; provided |X—2z| <A c<y<Y < yy 


since |f(X,c)—f(x,c)| < x provided |X—z| < ,, f(x,c) being continuous. 


Thus the rectangle (a, b)(c, y,) may be divided into a finite number of parts 
such that for any two points (X,Y), (x,y) in the same part 


IMXY)—flewl < z- 


Similarly we can find x, > a, such that the rectangle (a,2,)(c,d) may be 
divided into a finite number of parts and 


IX.Y)—fley)| < 2 


for any (x,y), (X,Y) in the same part. 
Furthermore, since f(x,y) is continuous in the rectangle (az, b)(y;, 2), 
this rectangle may be subdivided into a finite number of parts in each 


are I ‘ 
of which [f(X,Y)—f(x,y)| < ze Accordingly the whole rectangle (a, b)(c, d) 


may be so divided, and therefore f(z, y) is continuous in the whole rectangle. 
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az 
15.3. = = aemfle+y)—ae"g(u—y) + emf (ary) temg"(a—y), 


rad 

i= = ae f(x+y)+ are g(x—y) + 2aef (x+y) 
anti "(a+y)+e-%9"(z—y), 

a 

By = OT et y)—eg'(z—y), and —_ eepetyyters ey), 

whence the result follows. 


Yates Ws 
. Tr 78 r* 


2) = lary 
~rt ay rs 


)= i 32:7 i 3y? _i 
er er a ne 


F a 
Since oe logr=->- = =, and 5 = 5 logr = = g therefore 


2 2 
Vilogr = 2 2H) 0, 


v2 —1 ¥ = - 
therefore tan = 
W 2 — 9g 2 2 — _— == —_—s 
riting RB = & +y +2’, then 5 Ro R and so = RR 


2 2 2 2 
whence (Sta Z *) 5. A = 


2 

dat aa)" ~ RRS R 
Finally, 
2 (5) = JOR 2 pnd “(4)--z S68 
a\R) ~~ Ri de ~~ RS . a 3 = 
te a2 @2 2) L 3(a?-+- y?+-23) 
so that (3 ay t bat aA) R= = Re = 0. 

16.4. A curve of the family ®(x,y) = A can be found through any given 
point, e.g. the curve O(z, y) = (a,b) passes through the point (a, 6). 

At a common point of a curve (x,y) = A and a curve ¥(x,y) = p, the 


curves touch if dy/dx has the same value on each curve, i.e. if +8, ma = 0 
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and ¥ EY = 0 are true simultaneously, whence the locus of points 


dx 
of contact is 0, ¥, = 0,¥, 


The family of parabolas is z?/y = constant, and the family of circles is 


—q)2 2 2 . 
seh! at a = constant, taking the z-coordinates of the given points 


y 
to be a—b and a+b. 
The locus of points of contact is therefore 
—g)?--yt—b? 2 - 
a Pe a) ty 6 +2) _ Bs 2), 
¥y y y 


y* 
ie. y2—(x—a)?+b?+a(2—a) = 0 or y?+a(z—a)+b? = 0, which is a 
parabola. 


15.41. On d(x, y) = 0 we have 


$ot$y =0, grat oy = 4 4,(2 uy +654 
whenee BES = eed Bev hebut bu $3 


and so the centre of curvature at (x,y) is 


§ =o [14 (4) E/E = =—belG8+- $0) bea) 2her bey tb 


n= yt{1+ (2) '}/S4 = y—4y(8-+$)/be0$t—2bev be by by $2)- 


15.42. By 15.41 


i = (w7—€)*+-(y—n)? = (2+ $4)*/(bea bi— Pay Pa Py + Puy $2)? 
If $(z,y) = sinz+siny then ¢, = cos#, bry = —8inZ, bay = 0, by = cosy, 
and ¢,, = —siny and so 
= {cos’x-+ cos*y}—3{sin x cos*y-+sin y cos*x}?; 
but, on the curve, sinz-+siny = c and so 
cos*z-+cos*y = cos*x-+1—(c—sinx)? = 2cos*e+ 2csinx—c?; 
similarly sin x cos*y-+sin y cos’ = ¢(1-+sin’z—csin2) 
and therefore x is the positive value of 
¢(1-+sin®z—csin x)/(2 cos’x+ 2c sin x—c?)f, 
15.43. Let the origin be the fixed point, and let xcosa-+ysina = p be 


the directrix and (A,u) the focus of the variable parabola. Then the 
equation of the parabola is 


2f(x,y) = (w—A)*+ (y—p)?—(weosa+ysina—p)? = 0, 
which passes through the origin if p? = )?+y2. At the origin 


$e = peosa—a, gy = psina—p, 


gun = sin’a, dy = —sinacosa,  dgyy = costa. 
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If the inclination of the tangent at the origin is —6, where 5 is constant, 


then (pcosa—A)/cos8 = (psina—jp)/sind = v, say. 


Hence the constant radius of curvature p is given by 


: p = /v* cos*(a—8) = v/cos*(a—8S). 
Therefore 


A = pcosa—pcoss cos*(a—8), p = psina—psin6d cos*(a—S), 
whence p? = +p? = p?+p* cos*(a—5)— 2pp cos*(a—8) 
and so pcos(a—s) = 2p, 
i.e. dpcosdcosa+4fpsindsina = p, 
which proves that the directrix xcosa-+ysin a = p passes through the fixed 
point (3p cos5, tpsin 5). 
Furthermore, from 
peosa—A__ psina—p 


cos8 smo ? coatia—3) 


. it follows that 
pcos(a—8)—(Acos5-++psin5) = pcos*(a—8), 
whence 2p*—p(Acosd+psin8) = 4p, 
i.e. A?+p?4+4p(Acos$+psind) = 0, 
which shows that (A, 2) lies on a fixed circle. 
15.44. Let ¢(X,Y) = (X—a)*+(¥—b)* = c* be the circle through P, 


P,, P,, where a, b, c are functions of x, x1, x, the -coordinates of P, P,, Ps. 
The points {x,f(x)}, {a1)f(21)}, {a,f(%2)} lie on the circle and so 


P{a,f(x)} = p{trf(e%s)} = P{@a»f (X2)}- 
Hence by Rolle’s theorem we can find a, in (a,2%,) and a, in (x, 2) such 
aaa bald (a }+oyfor S(t f (or) = 9, 

Palas (o2)} + pyle S (oa) F(o%2) = 0 
and hence, by another application of Rolle’s theorem, this time to the 
eee Selerf a) + bye S(Ns es 
we can find y in (0,0) such that 
1+f'yP+(y—b)f"ly) = 0 (since Pee = 2, pay = 0, Pyy = 2). 


Hence as 2, —> 2, £, —> &, 80 that a —> 2X, W% —> @, then a, b, c tend to values 
dq, bg Co Satisfying the equations 
(a—ao)?+(y—bo)? = 6, 
(2—aq)+(y—bo) f(x) = 9, 
1+f («)?+(y—bo) f(x) = 0, 
which are the conditions which determine the circle of curvature at (x,y) 
on y = f(z). . 
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15.5. Write u+v = w, and treat x, u, w as the independent variables 
and v and y as functions of 2, u, w; then since f(y, v)—f(z,w) = 0 we have, 
differentiating with respect to wu, 


aly,v) dy , F(y,v)  _ 4 
ay ou’ ov ou” 
and differentiating u++-v = w with respect to u, it follows that 1 +2 = 0, 
h 
ence ay _ Sf (y,») /afly.) 
. au sy 
= ey _ Of(x,u) -  ofly,”) {2 (y.v) . 
But y = f(x,u), so that a at and therefore a ae is 


independent of v, so that dy/du is a function of y alone. 


15.51, 
a B f|_|« B f-ofe—Ple |_oror ap dlenf) 
Og Be Se Og, Bz Sao— Og fa—Batp (fof Phelace, yy? 


% By fy oy By Fy— ty fa— Bubp 
: since See = fa OytSp Bx and f, = fatty the By 


15.52. Since S = aB—}y* = 0, therefore 8, «;+S,8; = 0, regarding y as 
a function of «, B, and so 


a Br _ Bayo _ __Bu—afy 


Sp a —S, 7 oS, +BS3 ; yly—ay.—Byp)” 
But x = v,%+%,f;, regarding « as a function of «, 8, and therefore 


B: — 2,||%« Su) _ 4) ee) 8S) =( O(a, az 8) (a, B) _% O(a, B) 
~ 8, 4 larg Spl “tl O(c, B) Aa, y)/ (x,y) Sy, x,y)’ 
un completes the proof. 
15.521. 

2 ; 
ae ee mw Pe velaj* Bo vlija B vlog 
Oey Be Ya Oey Be Ya 0 0 @ Oy B Va 
1 Oy By oy By Vy oy By Yy 0 0 0 

and similarly x 2 = 0. 
¥ Oy Ba Va 
Oy B, Vu 


15.53. If S = 0 is the conic, y = 0 the chord, and a = 0, B = 0 the 
tangents at its ends then «, 8 can be chosen so ey S = oB—}/. 
By 15.52 
% A058) Baya (a By 
7S, x,y) ~ Ay—aye—Byp) aT By 
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But, by 15.51, 
a&a,B) | a Boy 
(y—ay.—Pyp) oo = constant, 
a(x, y) Oy Bs Yau 
oy By Yy 


since «, f, y are linear functions of x, y. Hence, since y = te-+my-+n and 
Sy = 2(he-+by-+f), therefore 


a, dt 
(la+my+n)(hae-+by+f) 
where A and B are constants, whence the result follows, since the per- 


pendiculars from a current point P to the tangents a = 0, B = 0 are 
proportional to a and f. 


= Alog3+B, 


15.6. We have = u+v+w = Wertz, 9 = u+ow-+wu = 3a?— yz, 
¢ = uvw = 2t/y, and : 


au,v,w) — a,b) [AE m2) 
a(x, 4,2) A(x, y, 2)! (u,v, w)* 
aE,me) | 1 vbw ww] ve ayia 
Thus Be) i oan anel (u—v)(v—w)(w—4), 
1 v+u ww 
aaa ag, aE,» 0) _ 2 62 0 = —2(24/y?) 1 Se O 
O(a, y,z) yz) 0 —z —z4/y? 0 1 1 
1 —y 423/y 1 -y 4y 
= —2(3x-+ by)z4/y*, 
which completes the proof. 
oH OH du , 0H dv oH eH 
oie Be Ou de Go oe = (25 +95) 
0H oH a 
Bn Yau t* ae) 
and so 
eH oH oH 
Fat = 2G Teale at") oa at 4u(z at" 5) oe 


a a a 
= Fret at uaa HY pa) 


en 0H a a a 
of +4(y2 2, —20y A +0 SS), 
whence 
ET H eH 
ys x ee = 2y2-0%) 2H 4 Bayly? tar) & Ey aty ‘—a\ aa 
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oH oH _ 2) 92 Od 
and ta a 2(y qn a? 


so that the transformed gi is 
oF iy? —ar oH =0, ie. (uz v2 


15.62. We have 
2 = H(u+e)"4+(u—0)"}, y= H(wtv)"—(u—v)"}, 


and 
af af (ey Pai ie ev) 2s (eu)? of Hx , of ay 
du? da? \du dudy \éu dy? \au) "de dud * dy du®’ 
of _ Of (dx af (ax af (ay Of x of By 
i lz) 2 (e se ) dys (3 eu" ae Boa oy Oe 

But = = 7 4 ¥)P34(u—0)"2} = wy 

and Fe =F e(utoyt—(u—oyryy = 2E, 


ut ~ Budo ava 9" Bua = Gu?” 
and therefore 


of en Ca) 
= (F5—F4) mato tu—e yr 
=H)" 


2 
i.e. (on (2428) = n(22— y( J sl 


. 15.621. Regarding y and z as functions of x and w we have, from 
z= 2(x,y) and w = w(x,y), 


2) -@) +2, @), on o- 2s @Q. 
wom), CY) ~ 9) -). 2), 


v 


15.63. Regard 2 and y as functions of ¢ satisfying u? = 2key for all 
values of ¢; then, differentiating with respect to t, 
Quin t+ Uy Hy) = Bley, +-ya) ; 
but u, = a, u, = 6, and so 


x; Ye rYp— YX LY, — YX 


ub—ke ky—ua  key—uax+key—uby u(u—ax—by)’ 
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% HY _ LH _ 
<i ep ulub—ka) ~~ 2ckay xu (t—2). 


which completes the proof. Example 15.63 is of course a special case of 
Example 15.53. 


eH aH ae aH dy _ =, 


Wty Boe oa aa cos +5 sing, 

2 

ae oF cos! p+ 258 Zcobsing +o H aint, 

CH AH ce 

agt = dat” wu? sin? — 2 5 wising cosg-+ 57 wt costp— 

oH oH, 
— Fy HOC8d—F, uing, 

; @®H 10H 10H @H @H 
whence 


ou? Tut 06? "u du da? " dy?" 
Write u = rsin§@, then z = ucos¢ and y = using, and so 
2 2 2 2 2 2 
a +t = watas apta bat ae 
and aa since u = rsin@, 2 = rcos@, therefore 
OH OH _ OH, 1 OH, 1 OH 
out * zt Ort "8 O68 ' r Or 


and 

2H @Ho 0H00 eHu He .. are _ 
eu Or du’ 06 du Or rt oO 7 since r? = u?-+-23, @ = tan—u/z. 
Thus 


OH OH OH OH LOH, 1 aH 20H , oobf aH 
dy? * G28 Gr? Tr? 06? Vrtsin’ ag? *r Or" 7? 0B" 
15.71. Since «, y may be regarded as functions of p and g therefore Z is 
a function of X and Y. 
Hence 
_ Of _ aa gt (ee dz ay 
. == jp (Pe ay—2) = 2+ PF top lax dp t dy apl — ® 


and similarly es = y. Regarding X, Y as functions of P and Q, we have 


aX _@p_, ox o% _, vy _, oY =i 
eP- az” 2Q aaty tt” ) ed @Q ¥ 
eX @P ax aQ 
Hence rR+sS = 5P* ax t5Q ax =l1 
‘ eP ax aQ ax 
and S+s8T = 55+ 5p av'30 = 
Similarly sR+2S = 0, sS+tT = 1, and therefore 
fof rte 
TT ~“S Rk Tt+Ss . 
5039 Hh 
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15.72. We have 
oT (eT 
petqytre = aoe ety By oy t* me = 27: 
since 7’ is homogeneous and of es a degree in 2, y, 2, 
ie. pe+qyt+rz = 27. (i) 
Since p = ax+hy+gz, q = hat+bytfz, r = gz+fy+cz, and the determi- 
nant A is not identically zero, therefore we can solve for x, y, z in terms 
of p, g, and r (as well as u,v). 


Regarding 2, y, z as functions of the five independent variables p, q, 7, 
u, and v we have 


(Fa) pan (St) aya Be (Bey gy 34 (Be) pag Be (Bu 


Par DQr 


~ (52). Ga), ., + 05a) +? Ga) 


Mt! par 
But, differentiating (i) with respect to u, 


Dar 


o(Z2) =) +e) +r) 
subietes 2 -O. 
Sie (Boar = ~ (Se) ena | 
(F)_~ (Ge), (ae). (Gy) -(o2),, + Ge) (ae) 


and from (i) oS ee +0(5 a +4 (3%) + (3) 
whence, since p = e. etc., we have (3 *), =. Similarly )..7 y 
and (=) = 2. 


Da 
15.8. Let x, y, z be the roots of the equation, then ¢ = #+y+2, _ 

nH = wyt+yz+z2u, [ = xyz, and so 

a7) _ | 1 yte yz 


a(a,y,2) l ztoa 2x —(a—y)(y—z)(z—@) 


; 1 x+y xy 
and Susi» Sn4a98nts) _ (n+1)a™ (n+2)a™t1 (n+3)a02 
O92) (H+ Dy™ (n+2)y"4 (n+3)ym2 


(n+1)z™  (n+2)2"41 (n4+3)2"+8 

= (n+1)(n4+2)(n+3)ery"2"| 1 x a 
ly ¥ 

12 2 


= (n+1)(n-+2)(n+3)0"(a—y)y—z)2—2), 
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and therefore 
O(Sn41> F249 Fn4s) _ A8nias Snp2s Faia) aE, 2) 


ag, Ns g) _ a(x, y, 2) O(a, y, 2) . 
= —(n+1)(n+-2)(n+-3)0". 
15.9. If u = Uay), v = Ux)+ly) then u, = yl'(xy) = y/xy = Ix;2 > 0, 
au,v) 1 1 


y > 0. Similarly u, = 1/y, vz = 1/2, vy = Uy, whence a) a ae 
so that there is a functional relation connecting u and v, say v = ¢(u), i.e. 
Kx)+lUy) = d{l(xy)}; hence, if y = 1, Ux) = ¢{l(x)} for all « > 0, and 
therefore U(x)-+Uy) = P{l(xy)} = Uxy), provided x > 0, y > 0. 


15.91.1If u=f(z+y), v=f(x)fly) then u,=f"(e+y)=4, 
=f"(a+y)=u and », = f(x)fly) =v, v, =f(z)fly) =v, whence 
so) _ = uv—uv = 0 and so v = (uw), i.e. f(%) f(y) = ¢{f(x+y)} for all x 
and y. Taking y = 0 we have, for all x, f(x) = ¢{f(«x)}, and therefore 
S(@Ffly) = ${f(e+y)} = fle+y). 
15.92. If 
u=fet+y), v=f(x)gly)+flyg(@) then u, = f"(u+y) = g(a+y), 
Uy = g(e+y) and v, = g(x)g(y)\—f(@)fy), — %y = o(a)g(y)—S(@) fly) 
Ae = 0 for all x and y. Accordingly 
S(agy) +h you) = $f(z+y)} 
for all x and y; taking y = 0 we have, for all x, f(x) = ¢{f(x)}, and therefore 
F(z) y)+f(y)o(z) = O{f(a+y)} = flat+y), ete. 


whence 


15.93. J ara [; tan-1— AN = 5 (tan-ta—dn]; 
a 
a a ne ee 
sia da | apa al ea tlt aay 
2a 1 
| ate ata --f erap apa apa 
1 = 7 (1—a)? 
sais f (at panye = aq5 8 Bai aa Lat) 
a 
Furthermore 
1 3 1 3a 
ia | arpape = — am Ot a pant eat ast pap Tae 
5089 nh2 
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a 
1 4a 2a 1 
ont | apap — | eras era ee 
a F @ 
whence 
3, 8a _(a—1)(2a*—a* + 3a—2) 
i ara” = Bas OO — 3a g5 8a°(1 ++ a3)2 
15.931. Since 


% | e-em a= [ e—or-ye) a+ FE @—2y-Ylo) 
O° 0 


= (m—1) | (e—t)"-f(t) dt 


therefore ae j (a—t)™-$f(t) dt = (m—1)! j F(t) at, 


whens 2 f (otf dt = F j Hit) dt = fle) 


18.932. Since f(x, y) is continuous in R, we can find k so that |f(x, y)| <k 
in R. 

Let R be (29, %,)Yo. ¥1) and choose (a,x) containing a, and contained 
in (%9,%,) such that if |y—b| < |x—a|k, and a lies in (x#,x#), then y lies 
in (Yq 41). Call (x$,x#XYor¥1) the rectangle R*. 

We prove first that if x lies in (a¥, x*) then ¢,(a) lies in (yy, y,), for any n. 


For |¢,(z)—}| = | F309 de < |w—alk, so that ¢,(z) lies in (yg,y), and 


if f(x) lies in (yo,¥1) then |Pp41(7)—5| = | fre tote dx| < |x—a|k, 


which proves that ¢, +1() lies in (yp,¥,) whence, by induction, ¢,(z) lies 
in (Yo. ¥1) for all n. 


Let ys be a bound of 


tI Heb) ay in R*; since 
a 


\f(x, Y)—f(zy)| < M| Y-y| 
it follows that 


[beva(™)—Fayi()] = $nyal) fees bal(2)31 as| 
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Hence 


< Mul|z—al, 


|¢a(x) —¢,(x)| < 


& —a)y? 
fe-alar| = prea 


Sa Figaloy—dute)| as| < pM? 


(c—a)? 
9 > 


for if x > a, 


flea a = fea) dz = 


and if x < a, then 


|e de = | f (@—2) de = SO" =, 


and if, for some p, bpar()— —¢,(z)| < paele—ak ii 
then 
_, Mor] * ‘MPH ag — gq iptt 
bossa) Fouled] < WA | [|e —a? da] = NOI 
Thus lbny2(2)—¢,(2)| < wage 3k a for any n. 


. * M?|x—al? = . . 
Since = eM\*—a|, is interval-convergent in any interval, there- 


fore Y |Pnii(z)—¢,(z)|_ is interval-convergent in R*, and therefore 
> (bays(2)—bn(2)} is interval-convergent in R*, i.e. the sequence ¢,(x) is 
interval-convergent in R*. 


But \f {x, Pnyal® }—-S (2, $a(x)} | <M lbnya(z)— $,(2) | Fy 


and so > |f{%,¢n4(7)}—S{#,¢n(2)}| is interval-convergent, whence the 
sequence f{x, Pala} is interval-convergent. 


Furthermore $ baile) = F{x,¢n(%)}, and therefore, if y(x) = lim¢,(x), 
it follows by Theorem 14.61 that £ ya) = f{ax,(x)}, since f(x,y) is con- 


tinuous, and so y = ¢(z) is a solution of the equation 4 = f(x,y); further- 


more, $,(a) = 6, for all n, so that (a) = b. 

It remains to prove that y = (x) is the only solution in R* of the 
differential equation which takes the value b at x = a. 

Let y = w(x) be a solution of the differential equation in R* iaidiig the 
value 6 at 2 = a. Divide the interval (7%, 2¥) into p equal parts by the 
points z¥ = &), &, &.... &) = z¥, where p is chosen so that the length of 
each part is less than 1/2M. 

We show first that if (x) = w(x) at some point of ‘a closed interval 
(Er &e4.1) then ob(2) = w(x) throughout the interval. : 
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Let (x) = w(x) at = a in (£41), then if g(x) = $(x)—w(2), 


J Y@—o'(o} at 


|o(z)| = = | [LA bey — See (engl ae 


< u| J |p —eo()| ae 


= | f lata 


= M|x—allg(c,)|, for ac, in (a,x), by the mean-value theorem, 


< 4lg(er)| in (&»€41), since jz—a| < |f41—§| < 1/2. 
‘Hence if c, is the value of c,(z) at x = c,, ¢, the value of c, at x = c,, and 


1 i 
so on, then |g(x)|-< 4]g(e,)| < galo(ce)| <..< gn 9(Cn)» for any n; but 


|g(x)| is continuous, and so bounded in (é,, €,,,), and =m — 0, and therefore 


|9(x)| = 0 at all points of (&,, é,,1), i.e. w(x) = (x) in (€,,&,1). In particular 
w(x) = w(x) at « = &, and at x = &,,,, and so, by the foregoing argument, 
(x) = (x) throughout both (€,_,,é,) and (£,41,& 42). Thus step by step 
the equality extends to all the intervals (€,,é,,,), and so to the whole 
interval (x¥,c*). We have proved that if w(x) = (x) at one point in 
(x, 2*) then the equality holds throughout the interval; but 


w(a) = (a) = 6, 
and therefore w(x) = (x) throughout (a%, x*). 
15.94. Let R be the rectangle (a,b)(c,d); since u(x,y) is continuous in 
(a, b)(c, d) it is z-continuous in (a, b) for any y in (c,d). 


Hence by Example 13.91, if (p,Q) and (P, Q) lie in (a,b)(c,d), there is 
a p* between p and P such that 


F(P; oa Q) = u(p*, Q). 
Similarly ed = o(p,9*), 


therefore 
S(P, Q)—-f(p, 9) = (P—p)ulp*, Q)-+(Q—goln, ¢") 
. = (P—p){u(p, g)+ 0(n)} + (Q—g)elp, g)+0(n)}, 


provided P—p = O(A,), Q—g = O(A,), since u(x,y) and (x,y) are con- 
tinuous in R. 

Hence f(z, y) is differentiable in R with x-derivative u(x, y) and y-deriva- 
tive v(x, y). 


15.95. Let $(@,y,k) = f(x, yt+k)—f(x,y), 
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then 


baa o(a+h, y k)—d(a, ¥y; k) 
= hd,(«+6,h,y,k) by the mean-value theorem, 
= Wf, (e+O,h,y+k)—fe(e+O,h, = AKL faylt+9,h, y+, k)}, 
by the mean-value theorem, 
= Wk fy(sy)+0(n)}, provided h = O(p,), k = OPn), 
since f,, is continuous. 


But 
aa a *) Sy Naey) —>f,(z,y), ask-—> 0. 
Hence 


f(ath, v—fle y) 


=fr yl, y)+0(n—1), provided h= O(n), 
which proves that jal y) exists and equals f,,,(x, y). 
16.96. For non-zero values of x and y, 
a. yf ye at. y? y? 
te = “pes He t= ee 
Sey = — 45 sin’ * 4-T2%cos!- M5 Day? sin = fye 
Furthermore 


ACH = lim SL” 0, for all x. 


fel09) = inf) —f09) _ tim@ sin® = 0, y #0, 
20 Y¥ od 


- 


2 
since sin’| < l, ete. 


XVI 


16. Let f(z,y) take a maximum or minimum value ¢ at (a,b) on 
g(x,y) = 0; the tangent to g(x,y) = 0 at (a,b) is (e—a)g,t+(y—b)g, = 0 
and the tangent to f(x,y) =c is (x—a)fat(y—b)f, = 0. But f+dg is 
stationary at (a,b), whence fat+Aga = 0 = fp+Ag, and so 


(e—a)fa+(y—b)fy = —M(e@—a)ga+(y—b)9}- 
16.2. Use Example 16. 
16.3. «= 6, cos@ = 3. 
16.4. Minimum values 4/(4+2V2), 4/(4—2v2). 
16.6. Consider XY(X+Y)?, where X=2,VY=y'. 
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16.92. Let z= —f be the directrix and (acos@,asin@) the focus; 
equation of the parabola is 

y®— 2ay sin O— 2x( f+acos6)+a2—f? = 0. 

16.93. Envelope is « = x{a(t),, y = y{a(t),}, where the function a(é) 
is to be so chosen that this curve touches each of x = x(a,t), y = y(a,t). 
Condition for contact is 


en (Oy de By) _ 2y (ed Ba), 


Bt \Ga di? at) — Bt \da dt + at 
. da O(a,y) _ 
that is, Zz’ Bent) = 0, 
a(a,y) da 
and so Oat) = 0, since rn + 0. 


16.94. Regard a, 6 as functions of a single variable ¢, satisfying 
A(a, 6) = 0. Envelope satisfies d = 0, a4/ét = 0. But 
a6 a da ah db ada, db __ 
aaa deta dé" tate a 


2A) _ 9. «p Up,A) _ @ da, edb _ 
whence B(a, b) = 0; conversely if 5(a,b) = 0 and oe dit 3 Tho 0 then 
aa &% _ 9 and so a _ 9, sinoe 26, 


ab * Gt at a 
Normal at (a,b) on (x,y) = 0 is given by (x—a)h,—(y—b)yp, = 0, 
i4(a, 6) = 0, whence envelope satisfies 
(a—a)(fan hy — Poo ta)— (y—5) aa to—Wara) = p2-+Yi. 
Solving this equation with that of the normal we obtain the evolute as 
given in Example 15.41. 
16.95. Family of rectangular hyperbolas is 
w+ ay tan 6—y?— a sec 0+ 2y sin 9@—sin*9 = 0. 
16.96. There is a maximum at x2 = ¢, y = t, where 
mA 4-2-1) — nBr-m-1(14-2-*4), 


XVIT 
‘17.1. Divide the triangle 7 bounded by y = a, y = 4—2, and «= 1 
into 7, bounded by y = x, y = 2, x = 1 and 7, bounded by y = 4—z, 


y = 2,2 = 1, and apply f = [ + f. 
hh 


17.3. 
1 


[ fet+y") dedy tim f f 70) ZeH) 
C nro 


2a 
[re ar, 8) drd6, x= rcos0, y = rsing, 


1jn 
i 
=lima7 f 2rf(r2) dr = lim w{F(1)— F(1/n2)} = wF(1). 
no 


n> Jin 
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17.4, If C is the boundary of the area required then 


ow [Poet 


2 Ds 
where u = 2*/y, v = y?/z, so that zy = uv and therefore a = ulvt, y = utvt, 


and ey = 4. Accordingly 
J dady = 4(p1—P2)(%—42)- 


17.5. Express the double integral in two ways as a repeated integral. 
17.6. Under the given transformation the ellipse _— tae =1 
becomes the line segment 0 < v < 27, u = constant, and so R transforms 
into the rectangle 0 < v < 27,0 < u < sh“lb/c. 
Ir, +1 /rz = 2cchu/(c? ch?u—c* cos*v) 
and the Jacobian of the transformation is c*(ch?«—cos*v), whence + 


2m sh—d/c 
i] (1/r,+1/rs) dxdy = J J 2cchu dudv = 4nb. 


4 


17.8. Take 0 < « < VX, and let Q be the quadrant of the circle 
x+-y% = 2X which contains the square (0, VX)(0,VX), and let Q* be Q 
less the quadrant of the circle z?--y? = ¢?. Then 


a xX NX : WXVX | 
(F f pintie-# at) = ( pantie a)( f y2ttig—ut ax) = i (ut)*nt1e-ur—t? dudt 
€ ee 


€ € 


(2X) iz 
< f (ut)2He-4—-# dudt = ( J pin tier ar\( sin?"+19 cos?"+19 i), 
Qt € 0 
t = rcos@ and u = rsin#g, 


(n!)? 3 
wintle-= dz, where « = 7°, 


= 4{(2n+ 1) 2 
and so, letting « —> 0,: 
NX ( 12 2x yt 2 Ox+1 
antig—t ids 2n-+1, I antle—a da: 
(J ms an) < qenr1s J ° ond < Fen i} ii a, 
% x rp: 4 
but fi: xe-® dx = 2 J sntte- dt, x = 1, 


6 
whence taking X = n we find ui < Uanys- 
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Algebraic equations, solution in series, 
366, Ex. 15.2. 

Alternating series. See Series. 

Alternation of maxima and minima, 
343, Ex. 7.31. 

Amsler’s planimeter, 351, Ex. 10.61. 

Approximation to the root of an equa- 
tion, 234 et seq. 

— formula, Neville’s, 238. 

—-—- Newton’s, 235. 

— to a definite integral, 251; 357, Ex. 
12.3-12.33; 359, Ex. 12.7. 


Binomial theorem, 53; 340, Ex. 4.8. 


‘Cauchy’s formula, 206. 

— — generalized, 207. 

Centroid, 35, Ex. 10.8-10.812. 

Circular functions, periodicity of, 76. 

—— —, inverse, 78 et seq. 

Constructive definition of an integral, 
242, 

Contact, 231. 

~~ polynomial of closest, 232. 

Continuity, 29. 

— of power series, 35. 

Continuous functions, roots of, 33. 

Convergence, absolute, 19. 

—, Cauchy’s test, 337, Ex. 1.6. 

—, definition of, 4. 

—, Gauss tests, 340, Ex. 4.6, 4.7. 

—, interval of, 20. 

— ratio test, 19. 

~~ tests, 17 et seq. 

Coordinates of a point, 154. 

Curvature, 175. 

Curvilinear integrals, 315. 


Decimals, arithmetic of, 12. 

Definite integral, 123 et seq. 

Derivative, 37 et seq. 

—, notations for, 58 et seq. 

Differential equations, 184. 

— —, existence of solution, 369, Ex. 
15.932. 

Differentiation, 37. 

— of composite functions 40-2. 

~— of determinants, 339, Ex. 3.3. 

— of integrals, 290. 

— of power series, 50. 


Differentiation of sequences, 50, 255. 
Double integrals, 313. 


Envelopes, 302. 

Equation of a line, 154. 

—— — curve, 154. 

Error term, 361, Ex. 13.8. 

Euler’s constant y, 363, Ex. 14.41. 

— theorem on homogeneous functions, 
275. 

Evolute, 181. 

Expansions, 344, Ex. 7.7—7.921. 

Exponential function, 161. 


Fallacies, 131-5. 

Fourier series, 349, Ex. 9.6, 9.61; 363, 
Ex. 14.3. 

Frullani integrals, 358, Ex. 12.5~-12.52. 

Function, 27. 


Gamma function, 350, Ex. 9.94. 
Gauss integral, 349, Ex. 9.8. 
Generalized integral, 140. 

— Cauchy formula, 207. 

— limit, 222. 

— Taylor series, 220. 
Geometric series, 16. 

Green’s theorem, 321. 


Hermite’s rule, 82. 


Implicit functions, 44. 

Inclination, 158. 

Indefinite integral, 102 et seq. 

Index laws for endless decimals, 337, 
Ex. 1.511. 

— — — fractions, 336, Ex. 1.501. 

Infinite integrals, 145. 

— products, 361, Ex. 13.72. 

Integral, 102, 123. 

— as limit of a sum, 242. 

—, generalized, 140 et seq. 

— of a semi-continuous function, 364, 
Ex. 14.9-14.95. 

— of a sequence, 149, 255. 

Integration, by parts, 106, 125. 

—, by substitution, 104, 130. 

— of quadratic irrationals, 115; 345, 
Ex. 8.3, 8.31. 

— of rational functions, 113. 

Invariance of area formula, 354, Ex. 
10.92. 
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Inversion of a functional relation, 277. 
— — the order of differentiation, 268. 
-— integration, 318. 
Involute, 181. 


Jacobians, 276. 


Laplace operator, 366, Ex. 15.31. 


— —, transformation of, 368, Ex. 15.7. 


Leibnitz formula, 91. 

— —— generalized, 187. 
L’Hospital’s theorems, 228. 
Limit, 5. 

—, double, 258. 

—, interval-, 224. 

—, point-, 225. 

—, repeated, 258. 


Maximin and minimax, 301. 
Maximum and minimum, 96, 293. 
Mean slope, 46. 

— value inequalities, 47. 

— — theorem for derivatives, 205. 
— — — — integrals, 209. 


Neville’s approximation formula, 238. 


_ Newton’s approximation formula, 235. 


Normal, 172. 


Pappus theorems, 354, Ex. 10.82, 10.83. 


Parametric equations, 154. 
Partial derivative, 257. 

— — of an integral, 290. 
— fractions, 82 et seq. 


Point-derivative, continuous, 362, Ex. 


13.9-13.92; 370, Ex. 15.94. 
Polar coordinates, 169. 
Pringsheim’s theorem, 336, Ex. 1.32. 


Recurrence relation, 338, Ex. 1.8. 


475 
Reduction formulae, 110. 

— of double integrals, 320. 

Repeated integrals, 314. 

Restricted maxima and minima, 295. 
Rolle’s theorem, 205. 


Schwartz’s theorem, 370, Ex. 15.95. 

Semi-continuous functions, 338, Ex. 
2.8-2.83. 

— -factorial, 136. 

Sequence. See Convergence. 

Series, 116. 

—, alternating, 336, Ex. 1.3, 1.31. 

—, power-, 19. 

Simultaneous differential equations, 
202. 

Stirling’s formula, 349, Ex. 9.91. 

Subnormal, 172. 

Subtangent, 172. 

Successive differentiation, 90. 

Summation of series, 348, Ex. 9.51- 
9.61; 365, Ex. 14.96~-14.962. 

Surface of revolution, 171. 


Tangent, 156. 

Tannery’s theorems, 361, Ex. 13.7, 
13.71. 

Taylor’s theorem, standard and genera 
remainders, 217. 

— —, generalization, 220. 

Tchebycheff polynomials, 341, Ex. 
5.201. 

Transformation of axes, 158. 


Value of 7, 76, 150. 
——e,6l. 

Variation of parameters, 201. 
Volume of revolution, 171. 


Wallis’s formula, 349, Ex. 9.7. 
Wronskians, 190; 356, Ex. 11.9-11.92. 
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